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YK 519.873

JIBycTOpOHHUE OIIEHKU BEPOATHOCTHU O0€30TKA3HOM
paboThbl cuctembl npu aucnuiimiae CojioBbeBa

0. CaxobosB*

* Hayuonasonwi Ynusepcumem Ysbexucmana,
Mezanukxo-mamemamuueckutl gaxysomem,
Tawxenm, Ysbexucman, 100174

Awnnoramus. B aToit pabore pa3BruBaeTcst METOJ, TIOJIY Y€HUST IBYCTOPOHHUX OIlEe-
HOK JIJIsT XapaKTEePUCTUK HAJIEKHOCTA BOCCTAHABIMUBAEMBIX cucTeM. DyHKIHMO-
HUPOBAHUE TAKUX CHCTEM OIUCHLIBAETCS, KAK M3BECTHO, MPOIECCAMU MAaCCOBOTO
006C/Ty>KUBAHUsI, TJIe POJIb IIOCTYIAIONAX Ha OOC/IyKHUBaHHEe TPeOOBAHUNA UT'DAIOT
BOBHUKAIOIIAE OTKa3bl YacTeii cucreMbl. IIporecchl 06CyKUBaHUs, OMUCHIBAIO-
e MOBeJIeHNe BOCCTaHABJIMBAEMBIX CUCTEM, BECbMa CJIOXKHBI M MX XapaKTepu-
CTUKN OY€Hb PEJIKO HAXOIUTCs B 3aMKHYyTHOU dopme. [Tostomy 3a mocsennne
25-30 sier B ocuoBHoM V. H.Kosanenko, A./l.CosioBbeBBIM, X yUI€HUKAMU OBLIN
pa3paboTaHbl ACHMITOTUYECKHAE METO/bI aHAJIN3a BOCCTAHABIMBAEMBIX CHCTEM,
HCIOJIL3YIOMIHE TOT PEeaIbHbII (PAKT, ITO BPEMsI PEMOHTA 3JIEMEHTOB, OTKA3bIBa-
IOIUX B CUCTEME, B CPEJHEM BO MHOT'O Pa3 MEHBIIE HHTEPBAJIOB BDEMEHU MEXK Iy
cocemHUMU OTKa3aMmu. JlOKa3aHHBIE B 9TOM TEOPUH TpPEIEIbHBIE TEOPEMBI AT
npubIMKeHHbIe (DOPMYJIIBI JIJI XaPAKTEPUCTUK HAJEKHOCTHU, OTHAKO, STH Ipe-
JIeJIbHBIE TEOPEMbI JAI0T TPUOJINKEHHbIE (DOPMYJIBI JJIsi XaPAKTEPUCTUK HAJEHK-
HOCTH, OJJHAKO, 3TH IPEJeJIbHbIE TEOPEMbl HOCAT TOIIOJIOIUYECKUN XapakTep, U
M3BECTHBIMU OOIIMMY METOIAMU TPY/IHO C IIPUEMJIEMOI TOYHOCTHIO OLEHUTH CKO-
POCTB CXOJIMMOCTH B 9THUX CXEMaX, T.€. OIIEHUTH IOIPEIIHOCTh B COOTBETCTBYIO-
X npubsKeHHbIX dopmysiax. [loydeHHble ABYCTOPOHHUE OIEHKH ITO3BOJISI-
IOT HaXOJUTh OIEHKH XapaKTEPUCTUK HaJIe?KHOCTH BOCCTAHABIINBAEMBIX CHCTEM
npu gucruminae CooBbEBa.

KuaroueBble ciioBa: HaJeKHOCTb, auciuiimHa (CoJIOBbEBa, JIBYCTOPOHHUE
OIIEHKH.

1. Bsenenue

IIpencraBum cuctemy, COCTOSIIYIO U3 N + 1 OJIHOTHITHBIX 3JIEMEHTOB -
OJIHOT'O pabovero u n pesepBHbIX. C TeUeHNeM BpeMeHH HEKOTOPBIE 3JIEMEH-
TBHI B CUCTEME OTKA3bIBAIOT M MIHOBEHHO IIOCTYIIAIOT B PEMOHTHOE yCTPOAi-
CTBO, KOTOPOE COCTOUT U3 7" PEMOHTHBIX eJnHUI. KarKas Takas eJINHUTA
MOYKET OJHOBPEMEHHO PEMOHTHPOBATDL OJNH HEUCIIPABHBIN d71eMeHT. B Ha-
JaJbHbIII MOMeHT ¢ = () Bce 3JIeMEHTHI HCIPAaBHBI. Ecam ogHOBpEeMEHHO
He UCIPABUTDL 60Jiee 7 JIEMEHTOB, TO PEMOHTHUPYIOTCS TOJBKO 7° 9JIEMEH-
TOB, OCTaJIbHbIe ocTaloTcad B odepenn. CrucremMa OTKA3bIBAET, KOIZA IIPU
HEUCIIPABHBIX 7 JIEMEHTAX OTKA3BIBAET ITOC/IEIHII PabOTAIONINI SJIEMEHT.
Ecmu B cucreme mHeucupasHo k 3/1eMEHTOB, TO CyMMapHasi UHTEHCUBHOCTH
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OTKa3a 3JIeMEHTOB HE 3aBHCHUT OT IIPOMLIOTO TOBEJIECHUS CUCTEMbI U PaB-
Ha \,. BpeMeHa peMOHTa OTKA3LIBAIONIUX 3JIEMEHTOB HE3ABUCUMBI U UMe-
etor dyukimio pacupegesenus G(x). Ilocie okoHYaHUsT PeMOHTA KazK-
JIBIIl 9JIEMEHT MIHOBEHHO BO3Bpallaercs B cucremy. lIporece s(t), omu-
CBIBAIOIHIT TIOBEJIEHNE TAKON CHCTEMBI, €CTh YHMCJI0 HEMCIPABHBIX 9JIEMEH-
TOB B MOMeHT t. MHOxKecTBO cocrosuumii mporiecca F = 0,1,2,...,n+ 1,
E, =0,1,2,...,n— MHOXKeCTBO HCIpAaBHBIX cocTostHmuit, F_ = {n 4+ 1}—
MHOKECTEO HEUCIIPABHBIX COCTOsTHU. ONMUCaHHYTO TAKUM 06PA3OM MOJIETH
oboznauaior (Mg, G,I',n). B wacruocru, ona sriouaer (A, G, T',n) - 06-
Y0 MOJIEJIb PE3EPBUPOBAHNSL.

Ob1mast MoJIeTh PE3epPBUPOBAHIS BOCCTAHOBJICHUEM IPEJCTABICHA HA
puc. 1.

Puc. 1. Mozens pe3epBupoBaHus C BOCCTAHOBJIEHHEM.

2. IlocranoBka 3asmaun. BcnoMoraresbHBIE PE3yJIBTAThI
Iycrs man perenepupyioniuii upouecc [1] s(t) cuenmanbHoro Buia, B

KOTOPOM KazKJIbIif IepHO/Ji pereHepanyuy COCTOUT U3 JIBYX HE3aBUCHMBIX
qacTeit

0 0
&+n,
rIe mepBas 9acTh UMeeT IMOKA3aTeJIbHOE PACIpeIe/IeHIe C IapaMeTpoOM A
P{" >t} = e,
a Bropad 1acTh 1’ — IPOU3BOIBLHOE PACIPEIETICHIE CO CPEIHIM

Mn® =T,.
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IIpeanosokum, 9T0 TPAEKTOPUH TPOIECCA HA ITUX YACTIX HE3aABUCH-
MBI, Ha BTOPOI YacTH NEPUOJia B HEKOTOPOH TOYKE 1), OTCIUTHIBAEMON OT
HavaJja BTopoil yactu 0 < i~ < 770, MOXKET IIPOU3OUTU HEKOTOPOEe COOBI-
Tue A (Hampumep, OTKa3 CHCTeMBbI) ¢ BepoaTHOCTBbIO ¢ = P(A), upudyem
9TO COOBITHE 3aBUCUT OT TPACKTOPUU IIPOIECCa Ha JAHHON BTOPOI yacTu
[IEPUO/Ia U He 3aBUCUT OT IIOBEJIEHUsI IIpollecca BHe 3Toil yactu. Ha nepsoii
YACTH TIepUoJia pereHeparn codbbiTne A He HACTYTIAET.

Beenem cremyronue obo3nadenms:

1t — Jumna BTOpOIl YACTU HEpHOJA PereHepaIii IPH YCIOBUH, YTO Ha
Heil He IPOM30IILIo cobbITre A;

X— UHAUKATOP coObITHs Aj;

n=n"1-x)+n"x; Mnt =Ty, Mn =T,
Mn=T=Tip+T q=T1+T1> <7y,

rne Ty =pTy, To =q7T_, p=1—4q.
O603HaYNM Uepe3 T MOMEHT II€PBOrO HACTYILIEHUsT coObIThs A.

Torna

=& )+ (&) G tnl)+H (&) =€+,

rie
E=&G+&+.+&; C=nf+nf+. i+,

ciydaiiHas »Ke BeJIMYMHa V— HOMEp IIepBOI'O IIepuojia pereHepanuu, Ha
KOTOPOM HACTYyIujao cobbitue A. J[jist HEro mmeeM, OYEBHIHO, T€OMETPH-
JecKoe paclpefie/ieHne

Plv=n}=g"!, n=1,2,
Hasee Haxommm pacupenesienne &:
P{¢ >t} = e,

Tak Kak cjIydaifHple BeJIMYUHbI £ U 1) DU YCJIOBUM, 9TO V = N, HE3a-
BUCHMbI, TO IJIOTHOCTB paciipeesieHus cyMMbl &1 + &2 + ... + &, ecTh
n—1
(At) Y

)\(n—l)!e ’

MHuoxkectBo cocrosiauit E mpomnecca »(t) pasbupaercs Ha JBa Hemepe-
CEKATOTIUXCST TIOIMHOYKECTBA

E=E,UE_
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12447,

o™ & 6,7 S FSNIRAT R

Puc. 2. T'eomerpudeckas nHTepperanus pereHepupyoiero mporecca
CIIENIMAJIBLHOIO THIIA

rae Ef — MHOXKeCTBO HCHPaBHBIX U E_ — MHOXKECTBO HEHCIPABHBIX COCTO-
SIHUH cucTeMbl (puc. 2).
IIycTs
T=inf{t: »(t) € E_}

- MOMEHT IlepBoro orkasa cucremsl. Pyuxuus R(t) = P{T > t}, koropyo
MBI XOTUM OIIEHHTH, €CTh BEPOSITHOCTH 0€30TKa3HOH PabOThI CHCTEMBI JI0
MoMeHTa t (T.e. R(t)— bDyHKIMS HAJEKHOCTH).

B peaJbHBIX cHCTEMaxX CHCTEMaX CpeJHee BPeMsi DEMOHTa SJIeMeHTa
OOBIMHO BO MHOTO Pa3 MEHbIIE CPEHEro HHTepBaIa MEXK/Ly OTKA3aMU HJIe-
MenTOB. ITOCKONIBKY CpejiHuii HHTepBaII

oo

1
M0: 7)\wd _ =
I3 /e T T

0

TO Takoe ycjoBue ozHadaet, uTo A1y = AMn® << 1.
Tosromy Mbl HaxoauMm JBycroponHue onenkn R(t) < R(t) < R(t) aus

KOTOpBIX R(t) « R(t) upn ATy — 0 paBHOMEpHO 110 t.
B pa6ore CosoereBa A. /1. u Caxoboa O. 1ojrydeHbl OIEHKU:

Teopema 1. [1] Just nponecca s(t) upu mobom ¢ > 0 cupasemsInBo
HEPABEHCTBO

e MU R() < e 4T, (1)
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Puc. 3. Teomerpuueckas miocTpaist oneHkn (1)

IJie §— BeposITHOCTH HMONaJaHus Mpoliecca B MHOXKeCcTBO F_ Ha 0JHOM Iie-
puoie pereHepanuu (puc. 3).

[Mockomeky 1(w) < n°(w), mourn Beiomy, To T = Mn < Mn° = Ty u
Torga umeeM OoJiee rpyOyIo, HO 60Jjiee IPOCTYIO OIEHKY

e M < R(t) < e M AT, (2)
Orcrona, u3 (2) nmeem

lim R(t) = e M.
ATp—0

B pabore [17] Mbl TIOJyInIM U HEDABHOMEDHYTO OLEHKY Jyist R(t).

t
SameruM, 9o B onenkax (1) u (2) ygacrByer g— BEPOSITHOCTH OTKA3a,

KOTOpasd OIleHUBaECTCsA 9epe3 CTalluOHapHble BEPOATHOCTU, YTO JIJid MOJIEJIN
pe3epBuUpoOBaHuA C BOCCTaHOBJIECHUEM NMEET BUJL

AnDn
qgo =~ q > Xolo , ( )

rjie P, — CTAIMOHAPHBIE BEPOSITHOCTH (B CHCTEMe HAXOAUTCS N TpeGoBa-

Iycrs & (d)— aucio TpeboBaHuU B cucTeMe B MOMEHT ¢ IIPH 3a[aHHOM
JUCIIATINHE 00C/TyKuBaHus d.

Paccvorpum Hanbosiee wacTo ynorpebiisieMble JTUCITUILIAHBI.
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1. Jucrummaa dy O3HAYAET, 9TO B KAXK/IBIII MOMEHT BPEMeHU O0C/Ty KU~
BaeTCs TOJIBKO TO TpebOBaHMEe, KOTOPOe NMeeT HAaUMEHBIITY0 OCTATOY-
HYIO IJIUHY.

2. Hucnumimaa dy, COTJIACHO KOTOPOil TpebOBaHUs MOCTYIIAIOT HA 00-

CJIyKWBAHME U OOCJIy?KUBAIOTCSI B IOPSIJIKE TPEObIBAHMS.

Hucnumanna do— 0OpaTHBIN MOPSIOK OOCTYKUBAHUSA C TMPEPHIBAHN-

eM.

Hucniumnuna ds— AUCIUIINHA PA3JIEJICHHUST IPOIECCOPA.

Hucrmninia dy4— B KaXKIbI MOMEHT OOCITIy?KHBAETCs TOJIBKO Tpebo-

BaHMe C HAMOOJIbINEH OCTATOYHON JIJTMHOM.

o W

B pabore [17] nocTpoens! aBycTOpoHHUE OneHKU Hajxexknoctu R(t) =
P{r > t} ;y19 ONMCAHHBIX BBINIE JUCIUILIMH OOCIY’KUBAHUA B CHCTEME

(>\’ G? 17”)'

3. OcHoOBHbBIE PEe3yIbTATHI

Hama 3amaga coctour B TOM, 9T00BI HAMTH JIBYCTOPOHHUE OIEHKH Be-
positHoct R(t) = P{7 >t} upu d4 - mucuuniune Conosbesa.
B pabore [17] 6bu10 10Ka3aHO, YTO

§i(do) < &i(d) < &i(da),

OTKy,ILa CJIe,ZLyeT
q(do) < q(d) < q(ds).

Iostomy, B cucreme (A, G, 1,n) cipaBeinBo HEPABEHCTBO

)\1)\71 n/\m2 )\1)\2)\71 n
———m7 (11— < <——W——M
i ( S ) <q(d) < (1) (A4 )",

rne m; = [ 2" dG(z), (i =1, 2)
0

Teopema 2. B cucreme (A, G,l,n) ¢ qocTarodHo MaJsoil HArpy3Koil
npu dy - mucnunimae CoJoBbeBa CIIPaBeIJInBO HEPABEHCTBO

q < q(dy) <7,
rjae
A A2 oA\, n ALA2 .. Apgd n
q= WM(U1+...+77,L+1) —Tl)'”JrM(m+...+nn+l) +1

A A2 oA,

(TL+1)' M(n1+---+7]n+1)n~

q:
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Nrak,

e~ M < R(t) < e Modt 4 1/\0%
- 0

rme A = max k.
1<k<n

CaencrBue. s cucremsr (Mg, G,l,n) upu dy - pucnummne Couto-
BbEBa

Bn,pf <q< An&,
n! n!

rJje

ApMo
anlf n . An: n—1/.v,\s—1.
R UED DU G

oo

p=Ami, mp = /xidG(:r) (i=1,2); v =€ -1
0

B Y P.S D W
exp{“M(m +...+nn+1)"} < R(t) <

(n+1)!
<e { —)\0)\1 N )\n mn (1 n)\m2> } + )\oTo
X —_—— — e
= xp (n+1)! ! mi 1—\T,

B ocroroM A.J1.CosioBbeBbIM 1 ero yueHukamu [2]-[17] 6buam paspado-
TaHbl ACUMITOTHYECKIE METO/IbI BOCCTAHABINBAEMBIX CUCTEM JIJIsI CJIyYas,
KOIJIa BpeMs PEMOHTA 3JIEMEHTOB, OTKA3LIBAIOIIMX B CHCTEME, B CPEIHEM
BO MHOTO Pa3 MEHbBIIIEe HHTEPBAJIOB BPEMEHH MEXK/Ly COCEIHUME OTKA3aMU.
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UDC 519.873
Two-sided bounds of the probability of failure-free

operation of the system under the discipline of
Soloviev

O. Sakhobov*

* National University of Uzbekistan, Faculty of Mechanics and Mathematics,
Tashkent, Uzbekistan, 100174

In this work, a method is developed for obtaining two-sided bounds for the
reliability characteristics of the restorable systems. It is well-known, that the
behaviour of such a systems is described by queueing processes, where the flow
of the customers is a the flow of emerging failures of the parts of the system.
Queueing processes describing the behaviour of the restorable systems are very
complex and their characteristics are very rarely in the explicit form. Therefore,
in recent 25-30 years, mainly I. Kovalenko, A.D. Soloviev and their students have
developed the asymptotic methods of the analysis of the recoverable systems,
taking into consideration the fact that the average value of the repair time of
elements that fail in the system is many times less than the average length of the
time intervals between neighboring failures. The limit theorems proved in this
theory give approximate formulas for the reliability characteristics. However,
these limit theorems have a topological nature, and it is difficult to estimate
the rate of convergence for these systems with reasonable accuracy. Il.e., to
estimate the error in the corresponding approximate formulas. The obtained
in the paper two-sided bounds give the possibility to find the bounds of the
reliability characteristics of the restorable systems with the Soloviev discipline
of the repair.

Keywords: reliability, discipline of Soloviev, two-sided bounds.
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Priority management in a semi-Markov queuing model

0.B. Zaytseva*, E.V. Kondrashova'

* Department of probability theory,

Moscow Aviation Institute (National Research University),
4, Volokolamskoe highway, Moscow, Russia, 125993, Russia
t Department of Applied Mathematics,

National Research University Higher School of Economics,
20, Myasnitskaya str., Moscow, Russta, 101000, Russia

Abstract. We study a single-channel queuing system with an arbitrary distri-
bution of the duration of service requirements, on the input of which there are
n Poisson processes. The requirements of the various processes come in differ-
ent queues. The task is to determine the rule for selecting service requirements
and to determine the optimal strategy for establishing dynamic priorities. We
consider a case n = 2.

To this end, a controlled semi-Markov process is defined, on the trajectories
of which a functional is constructed that determines the quality of management
and takes into account the number of lost requirements, the number of serviced
requirements, the time of the requirement stay in the system, and so on. An
algorithm for determining the optimal strategy is formulated.

Keywords: optimal strategy, controlled semi-Markov process, dynamic priori-
ties.

1. Introduction

At a research of queueing systems the structure of system often is
considered invariable, and characteristics of the system are investigated at
the fixed initial parameters and functions. It is important to note that in
actual applications not only the research of stationary characteristics, but
a possibility of structural change of the system and obtaining at the same
time new results is of great interest.

When developing mathematical models the concept of strategy is en-
tered [2], [3]. Strategy is meant as the rule of adoption of concrete decisions
in particular instants. Further work of system depends on the made deci-
sions. It is possible to change structure of system to increase in effective-
ness of its work and calculation of characteristics at optimum functioning
of the system (such as in papers [5], [4]).

2. Main section

The research of queueing system is investigated. The quantity of vari-
ous arrival-flows is equal to n. Let’s consider that each of flows represents
a i-th type flow with the arriving queries of i-th type, i=1,...,n. The
moments of numbers’ arrival form each flow make the simplest flow of
homogeneous moments with the parameter \;.
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Queries of i-th type come to queue of i-th type , i € (1,2,...,n). The
queue length for each flow is limited.

There is one channel in system. The channel can serve queries of any
type. At the arbitrary moment here can be no more than one requirement
on server. If there are no empty places in the queue, the query is lost.
Durations of queries service are independent equally distributed random
values. The cumulative distribution function of service duration changes
depending on that what query type arrived for service. We assume that
at the initial moment of functioning in system there are no requirements.

The G; symbol means that the cumulative distribution function of
service duration is arbitrary, but service duration depends on the type of
the served requirement. That is if type of the served query 7, then holding
time is distributed under the law G;(z) = P{n; < z}. The maximal
number of places in the queue of i-th type is equal N;.

In system discrete control is carried out by two factors - we choose:
type of queue from which the following application arrives on the serving
device; service duration for the query of i-th type.

The system can be considered as the controlled semi-Markov queueing
system. At a research of the controlled semi-Markov queueing systems and
construction of the controlled semi-Markov process describing evolution of
the system we realize the following algorithm [1], [6].

The Markov moments in the case are the moments of the termination
and the beginning of a query service.

Let’s define a set of states of the queueing system at the decision making
moments. Let’s designate | = {l1,la,...,0,}, where l;; - the number of
queries of k-th type turn at the time of decision-making, n- the quantity
of queries types (amount of turns). The number of requirements in queue
has terminating values, I, € Ey, = {0, 1,2, ..., N}, where N}, - the maximal

number of places in the queue of k-th type. Thus I = (Iy,la,...,l,) €
Fi1 x..xFE,=EFE.

The semi-Markov process £(¢)at the moment ¢ is defined as number
of queries in each queue in the next, previous ¢, the Markov moment. In
the accepted designations for a semi-Markov process it is possible to write
down &(t) € E.

The space of controls and the strategy of control is defined.

Each control consists of two components, and the set of possible con-

=

trols depends on a state. Let’s designate through U(l) a set of pos-
sible decisions in a state [. For a state [ we will designate a vector
ET(l) = (n1,n2,...n),0 < k < nl < np < ng < ... <ng <n for
which components the ratio l,,, > 0,2 = 1,2, ...,k is carried out. In other
words, for each state the set of turns in which there are requirements is de-
fined. Let’s designate through v type of the requirement or type of queue of
which the following requirement for service gets out. Therefore v € k().
If to designate through u duration of service, then it is apparent that this
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duration can accept any nonnegative values, that is u € [0, +00) = RT.
Thus we have (v,u) € U(l) = kT () ® RT.

We define Markov homogeneous randomized strategy, so is we will con-
struct a probability measure on control set. For a discrete component v-

the choice of queue type from which the application will arrive on service,
we will put down

—
+
O7k¢k (l)a pkz(]’ Z pk:17 (1)

Pk kek+(T)

—>
Plo=k/ 1} = {
_>
where through P{v = k/ I } the probability to the query of k-th type for
service is designated.
Components of managements dependent. Therefore we define distri-
bution of the second component as the conditional probability

Gt k, 1) =Plu<tfv=Fk 1} )

Elements of a semi-Markov matrix are defined as probabilities that

some state will be the following state of a semi-Markovian process U=
(11,1,...,1',) € E and transition to this state will happen until ¢ provided

that process passed into a state | = (I1,l, ..., l,) and the decision (v, u) =
(k,7) is made. We will designate this probability Qp; (t,k, 7).
If the requirement of k-th of type begins to be served, duration of

service is equal 7 and process stayed in state [= (I1,12, .oy ln),lg > 1, then
in time 7 this query will be served, and m; of queries will come to turn of
i-th type with probability

T ®

Let’s notice that at i # k, if m; > N; — [;, then there are lost queries and
their number is equal m; — N; 4+ [, at ¢ = k£ number of the lost queries
equals my — Ni + l, — 1 as one query left to service.

We will give reasonings for a case with two types of applications, n=2.

The system state is described by (l1,l2), where l1,l5 - the number of
queries in the queue of the 1st and 2nd type respectively, 0 <13 < N1,0 <
lo < Ns.

We give expressions for a semi-Markov matriz.

(A, T, my) =

Qo,01,0)(t) = /\1/\+1/\2 (1 _ e—(A1+>\2)t) 7
(1 _ e—(A1+A2)t)

Q002 (1) = 525
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These elements of a semi-Markov matrix are defined as probability that
until ¢ the application of i-th type (i=1,2) came to empty system of the
first.

If being in state (I1,l2) the decision to send the query of the 1st type
for service is made, that is ¥ = 1 and service duration is set u, then the
semi-Markov kernel will take a form Qi) 1) (5 1 u) =

Ot<u,

1 —11+1 1h—1
()(\lllu_)lll_l’_ll)l € >\1U()E?le22)]2 e_>\2u7l1 —1 S lll < N17l2 S l/2 < NQat > u,

=141 > k
Grrmre ™ Y Galemhn i — 1<l < Nyly = Not > u,
k=N3y—I2

—1 0 k
Qo 2 pdou 5% Qoo du g NI < < Nayt >,
2 k=Ni—l1+1
k oo k
(Alu) e—)\lu Z (k2u) e—>\2u,l/ — ]\fl’ll2 — N27t > u.

k! k!
k=Ni1—11+1 k=Ns—Io

(5)
The semi-Markov kernel can be written out for each case by analogy with
a formula (5).
The matrix of the transitional probabilities of the embedded Markov
chain is bound to a semi-Markov matrix equality
P11, 1)1 1) (Vs w) = tlg(r)lo Q1 ,1) 1y 1) (t, v, u). Therefore, from equalities

(4)-(5) easily we receive expressions for required probabilities.

Let’s enter the cost characteristics defining the functional characteriz-
ing quality of functioning and control:

cy- income from servicing one query of i-th type; c - payment per unit
of time for servicing one query of i-th type on the service channel; ¢y - the
expense per unit of time for the maintenance of the channel running idle;

- payment for one lost demand of ¢-th type; ¢ - payment per unit of

tlme for servicing one condition in the waiting room (in the queue) of i-th
type.
ypThese constants define the additive functional on trajectories of a semi-
Markov process. We write out the conditional expectations of the saved-
up income R, 1)y 1)(t, u,v) provided that process stays in state (I1,l2),
through time of ¢ will pass into a state ({1,l5) and the decision {u,v} is
made.

For any state (not (0,0)) (I1,l2) and states (l'l,l;) di—1 <1 <
Nl,l2 —-1< 1/2 < Ny we have

U4l —1

_ 1 1 1 21 +lz
R(lhlz)(li,lé)(u,u,l) =cpy+u+ey 5 U+ cj22u,
ltla—1 I +z (6)
_ 2., 2 2 2— 1 1
R(ll,lz)(li,lé)(u)u72) =cgtciutci| 25— |u+tct5u
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Conditional expectations of the saved-up income can be written out
including for other states taking into account loss of queries.

Further we use the following facts:

1) For the income functional equality is fair [1], [6]:

Z B S(11,12) T (11,12)
(ll,lz)EE

2 M) T )
(ll,lz)GE

S:

(7)

where s, ;,) are the conditional mathematical expectations of the accu-
mulated income for the entire period of the process in the state (I1,12) € E,

T, ,l,) — Stationary probabilities, m, ;,) — are the conditional mathe-
matical expectations of the time of the continuous stay of the process in
the state (I1,12) € E;

2) The functional S = S(G) is linear-fractional rather probability mea-

sures G, defining Markov homogeneous randomized strategy [2] , [6] and
optimum strategy can be looked for in a class of the determined strategy
of control.

3. Conclusions

So we give the algorithm of the income functional construction and
searching of optimum strategy for the system with two types of queries at
control of service duration and the choice of query type for service.
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Amnnoramus. The functionals constructed on trajectories of the controlled semi-
Markov process with a finite set of states are investigated. Theorems of functionals’
structure (dependences on the probability measures defining the Markov homogeneous
randomized strategy of control) and of structure of probability measures on which

the extremum of these functionals is reached, are formulated. Examples are given.
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1. Introduction

Jump-like processes (renewal processes, Markov processes, semi-Markov
processes) a long time and widely are used for analyzing of queueing models
and of models of reliability. Now these processes involved for description
and analysis of security issues. Study of controlled random processes allows
to put the task of optimization and to expand the area of application. When
solving these task, there are two problems: how functionals, defining the
quality of governance, depends on strategies of management and how to
determine the optimal strategy of control. Addressing these issues is set
out below.

2. Main section

The object of research is the homogeneous controlled semi-Markov
process X (t). The homogeneous controlled semi-Markov process

X(t) = (&(1), u(t))
is determined [1, 4] by a semi-Markov kernel Q;;(t,u), i,j € E, t >
0, u € U;, by a probability measures G = (Gi,i € E) and by the initial
distribution of the leading component £(0), where E is the spaces of stats
of leading component, £(t) € E,
(Ui, A;),i € E is the measurable sets of control parameters, u(t) € U,
if £(t) = 4, which some o-algebra A; of their subsets.

We will define a functional S;(t) as the conditional expected value of
complete effect to time [0,t) if £(0) =i € E.
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Let be £(0) = 4, u(0) = u, 0 =t (&z) =4, 0 < x < 0 =1)
and £(t) = j — a next value of leading component. We will designate
R;;(y,t,u) — as the conditional expected value of effect to time [0,y) if
£0) =1ie E,{t) =7 € E, u(0) = u, § = t. The functions R;;(y,t,u)
are defined in area of 0 < y <t < 00, 4,j € E, u € U; We will notice
that in the model of function R;;(y,t,u) is determined as the conditional
expected values of the accumulated effect, as in certain problems the
controlled semi-Markov process is often examined as the inlaid process in
more thin casual process that changes the states between Markov moments.
Let R;;j(t,t,u) = R;;j(t,u). We assume that for disjoint time intervals
accumulated effect (income) summed up. We will define a functional accumulation
S;(t) as the conditional expected value of complete effect to time [0,¢) if
€(0) = i € E. The object of study is the limit of the ratio ST(t) (if that
limit exists) for t — oo
Define the functionality of the other. We divide the set E into two
disjoint subsets Fy and E \ Ey. Then each trajectory of semi-Markov
process we put into correspondence the time 7 of the first occurrence of

the trajectory in subset E\ Ey and shall study the functional Sy), 1€ Fy -
the conditional mathematical expectation the accumulated income before
the time 7, if £(0) = 1.

The following two problems arise for the functional defined on a trajectories
controlled semi-Markov process X (t) = (£(t), u(t)). First we have to clarify

Si (t)
t

the probability measures G= (Gi,1 € E) which determine a homogeneous
Markov randomized control strategy. Secondly, we want to find the extremum
of these functionals and determine the structure of the distributions G =
(G;,i € E) on which the extremum is reached.

Now we will set forth a main theorem.

Let © is a set of acceptable strategy, Fy is a subset of the unimportant
states, Fx, k= 1,2,..., K, K < oo are subsets of the substantial states.

THEOREM 1. [5]

Suppose:

1. The set E is finite;

2. For any acceptable strategy G= (Gi,i € E) € Q the process X (t) =

(&(t),u(t)) is regular;
3. Conditions
m; =3 cw Ju, 157 2dQij(z,u)Gi(du) < oo,
ZjeE fUi f(;)o 22dQi;(z,u)Gi(du) < oo,
I fU Jy zdgRij(x, 2,u)]dQi; (2, u)Gy(du) < oo

and the functional Sfi) depend on

how the functional S; = lim;_,

are true;
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4. For any k =1,2,..., K there exists iy, — E} for which

JEE

Then
Si(t) = Sit + 0(1)7 t — oo, (1)
and S; is fractional - linear functional with respect to the probability
measure, defining homogeneous Markov randomized control strategy, and
1¥(G,, i € Ey)

Sk = 5, (GH)) =
"Gy, i € Ey)

1€ by, k=12,.... K,

K
Si=58:(G) =Y "7"s® ek
k=1

(k) _ 13 (G, n € Eo)
T T 1O(G,, n e Eo)

1 € Ey,

Functionals S’p,i € Ly have a similar structure.

THEOREM 2.

If a semi-Markov process has a finite number of states E = (1,2, ..., N),
N < o0, a set By = (1,2,...,n), is a subset of non-recurrent states, F; =
n+1,n+2,...,N),0 <n < N < oo, is a set of absorbing states of

embedded chain of Markov , then the functionals Sii),i € Ey are fractional

- linear functionals with respect to the distribution functions G = (G, €
Eo) € Q.

Problem fractional - linear programming can be reduced to problem
linear programming.

Denote fractional - linear functional

_ L(G1,Gy,...,Gy) _ L(@ @
IQ(G17G27"'7GN) IQ(@)

I(GlaG27"'7GN)
where for i = 1,2
IZ-(@):/ / o | Ai(ur, ug, e un )Gy (du )G (dus)...G(duy ),
Uy JU2 Un

Q7 is a set of acceptable strategy G such that Ig(é) > 0, 2y is a set of
acceptable strategy G such that I>(G) < 0.
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LEMMA. [2, 3] If the maximum of the linear-fractional functional (2)
over the set of acceptable strategy (2 exists, maxgs I((_j) = ¢, then

{F:1(F)= ggg[(é) =c} =

{F: I,(F) — cL(F) = glgg[h(é) —cly(G)] =0}

Il
(e
=

H; = {F : I;(F) — cI1(F) = max[[(G) — cIx(G)] = 0}.
Geo,
Next, we analyze the structure of strategies on which an extremum of

a fractional-linear functional is attained. .
Let be true {u;} € A;,u; € U;,i € E and G* = (GF,i € E),

Gi({w}) = 1,G{(B) = 0, B # {ui}. 3)

We denote by Q* the set of strategies for which the relations (3).
THEOREM 3. [6] If the maximum of the linear-fractional functional
(2) exists and Q* € Q, then

= = Al(ui,i S E)
I1(G) = I1(G) = w7

that is, the optimal distribution can be found in class 2* of degenerate
distributions.

The examples.

By this model we study the controlled semi-Markov queues, models of
maintenance and models of safety.

1. Queueing system [4,7]. We define the optimal duration of the service
(the dependence on the state of the system).

2. Queueing system [7]. Supposed that recurrent flow arrive in system
which have n servers and N waiting places, the distribution function G ()
interval between the moments of the arrival depend on state of system. We
shell control by the interval between the moments of the arrival and select
this interval (the distribution function) depending on number of demands
at queuing system.

3. Model maintenance of redundancy system [6]. We study a system of
two equivalent components (a basis element and a back-up element, which
do not come out of action, if his is found at the place of back-up element).
The damaged component is repaired by one worker, we shall call this repair
as repair after failure. In model it is possible also two kinds of preventive
repair: scheduled repair and non scheduled repair. The all kinds of repair
make element new. Built a semi-Markov process which changes its state
at the start of the repairs of one of the elements.
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4. Model safety [8]. Consider the model of functioning of technical
systems that protect information. Since the system is going to fail, and the
attacker can obtain during these periods, information, solves the problem
of choosing the optimal period for preventive maintenance, ensuring the
maximum expectation time to the loss of information.

3. Conclusions

The theorems formulated above allow us to construct an algorithm for
computing the optimal control strategy for the controlled queuing models,
reliability and security, in the case where the operation of such systems
are described by semi-Markov process with finite set of states.
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Abstract. The article is devoted to two joint work assignments with the pro-
fessor A.D.Solovjev. In the first part we consider K nodes in series in conditions
of identical service: the time of service of one customer on one device of nodes
is the same for all different nodes (a.s.). In every node N devices are located
(N more 0). Each node contains the infinite set of places for wait. The total
number of customers (in real situation), the time of wait, the total time of work
in nodes 2, ..., K remains limited for all moments of times in heavy traffic con-
ditions on the first node, if the classical loading is equal to 1 or more 1 or not
more 1. The fact takes place, if the time of service of one customer by one de-
vice of node is limited by the constant. In the second part of the article a new
class of the odd or even transforms of Laplace is presented. The class leads to
some unforeseeable consequences in the direction of the Fourier transforms. We
have proved a regularity of the transforms of Laplace in |z| < b > 0 for a new
class of functions. The regularity leads to some results in direction of a new in-
version of Laplace transform only with help of positive values of the transform
on real axis.

Keywords: Identical service for multi-channels nodes in series, heavy traffic,
total time of work, waiting times, transform of Laplace, transform of Fourier,
evenness of the transform of Laplace, new inverse of the transform of Laplace.

1. Introduction

The article is devoted to two joint work assignments with the professor
A.D.Solovjev. A primary aim of the first part of work (the theorem 1) is
a generalization of the [1-3] results on some general nets with the total
loading p > 0 (on input nodes) in conditions of identical service, [4, 5].
The sharp reduction of time of expectation and total work on the inlying
nodes was marked, [3-5] (for identical service). The leading role at such
reduction is played by the identity of Legendre (the first the identity for
the identical service appeared in works of author, [3-5]):

fY (@) - fY () =0,te0,1],
for any continuous on [0, 1] functions Y (¢),Y (0) = 0, where the transfor-
mations of Legendre is (by definition)

FY®) =Y(0) ~t = inf (V(a)—u)= sup (Y(t) = Y() — (t— ).

[0,1] 0<u<t

E-mail: avpavlovmgu@tochka.ru.
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Some applications of the given results are resulted in the examples 1,2.

In the second part of the article we consider a new results of the author
of given article devoted to the double transform of Laplace (lemma 1),
[5,7]. A regularity of such transform in the area of 0 results in many new
theorems, related to the inverse problem of the cosine-sine transform of
Fourier and Laplace (and for the new class of odd or even transform of
Laplace in the lemma 2 in the article), [5,7].

2. Identical service; the regularity of the transform of Laplace
in the area of 0

Main part of the first part is expounded in the examples 1-2. The
examples follow from the [3,5] works of author.

We consider the K nodes, K > 2. The arrival process for the j-th node
is equal to the output process on the (j — 1)-th node, j = 2,... K. In the
first node the customers are served in order of arrival, and as soon as the
service is finished the customer arrives on the next node. In all nodes the
customers are served in order of arrival. If a customers arrives on a node in
group (for non-ordinary process), the customers are disposed in the group
in the random order - all results d‘t rely on order in the group. The j-th
node consists of N service units (devices) with infinite set of waiting places,
ji=1,...K.

In our article for j > 1 we explore a net characteristics: W]t - the
total time of service of all the customers being on j-th node at ¢ moment,
j = 1,...,K (the virtual time of wait for one channel); l/jt. - the total
number of the customers on j-th node at ¢t moment, j =1,..., K; Vjt - the
full time of service on the j-th node of the customer, which arrives on the
j-th node at t moment j = 1,..., K (the time of wait plus the “length of
customer”).

By definition, A(t) is a number of final customer among all customers
arriving on first node during [0, ¢].

Let j be the number of the customer arriving on the first node j-th on
the account. By definition, §j is the time of service of the j-th customer on
the é-th node by one device (unit of service); all the different devices
on all nodes are identical:

== =¢kK

for all j = 1,2,..., and {¢j,j = 1,2,...} are the mutually independent
random values with the distribution function F'(z) = Pr(¢ Jl <z)forall T.

The process A(t),0 < t < 1, and the sequence {fjl-,j =1,2,...} are
mutually independent for all T’ € [0, 00).

Example 1. Let’s consider K consistently located devices with iden-
tical service (N = 1). If the time of service of one customer by one device
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more of m constant, and it is always limited by 2m constant:

0<m <& <2m < oo,

the number of customers on every devices with numbers j > 1 will be or 0
or one or two (independently from an intensity of arriving of customers
on the first device), if p < 1,p = 1,p > 1, where p is the traditional
loading on the first device: vf < 2, for all t € [0,00),5 = 2,..., K, if
v =0,j =1,...,K. The situation (the theorem 1) is executed for all
input streams of customers on first device ( [5]).

For instance,the number of customers on every devices with numbers
j > 1 will be or 0 or one or two, for all known input process and for
all p, if

m < £ < 2m,

where £} is the length of service of one customer.

Example 2. We consider K consistently located devices with identi-
cal service (N = 1) (one device in one node). The number of customers
on every devices with numbers j > 1 will be or 0 or one (not
more), if the time of service of every customer by one device is
the m constant for all nodes :

v <1,
for all t € [0,00),j =2,...,K,ifv) =0,j=1,..., K,
§}Em=const<oo, j=12 ...,

[5]-

As in the first example the situation (the theorem 1) is executed for
all input streams of customers on first device and for all Am < 1,Am =
1, Am > 1, for instance m = 0,1, A = 0,0001 or A = 10 or, A = 1000 .

Theorem 1. [3-5]

1.

“max _ sup max(W},V}) < C(N)A,

i=2,..., KOStST
A(T) = maxj<a(r) &}, C(N) = 2N —1; and C(N) = Lif N =1, C(N) =
2N — 1, if N > 1. (For all the input processes A(t)).
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By definition,

oo

Ly Z(t)()(z) = /ei‘”tZ(t)dt, ze0,00), Ly=L;
0

CoS(t)()(z) = /cos:ctS(t)dt, SiS(v)()(z) = /sinxtS(t)dt,
0 0
. x € (—00,00); .
FSOO0) = [ s FISOO6) = [ s
o 0
p € (—00,00).
Lemma 1( [5]).
The
Ri(z) = /e“dt/e“xsg(x —a)dx, LLSy(x — a)(-)(2),
0 0

functions are regular in the area z : |z| < 2a > 0, if

1. the function Sp(—z) is regular in the area G(S) = {z : [Im z| < 2a};
2. [So(2)] < co/|2|?19,|2] — 00,2 € G(S),5 > 0, cp, 6 = const. (We do not
use Sp(0) =0)

Proof.

In the integral

/eptdt/et“SO(m)dx:/eptdt / e 'Sy (x)dx—
0 —o0 0 —00

o0 o0

—/eptdt/et“S’o(w)d:E=L+F+SO(3C)(')(P)+

—a
oo oo

+ 7/6(p*“i)tdt/et”50(xfa)dx ,

0 0

the first part of the sum is regular in the |Rep| < 2a area, if the Sy(—z)
function is regular in |[Imp| < 2a (the fact is well-known, see [5,7] or
many works of Privalov).

We obtain, that the first part of the sum is regular in {|Rep| <
2a} = G1(s), where {z : |z| < 2a > 0} € Gi(s) . The second part
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of the sum together with the integral J(p) = [ePtdt [ e™'Sy(z)dz =
0 —00

jf [—So(z)/(p + ix)]dx is regular for all p : Imp € (—a,+00),a > 0 (the
— 00

integral obviously has dJ(p)/dp in the area ( [6,7]) .
o0 oo
We obtain, that the second part of the sum [— [ e®~®tdt [ et*1S(z—

0 0

a)dz] = Jo(p), is regular for all z =p —ai: Imp € (—a,+o0) {|Rep| <
2a}, or for the all Gy = {z : Imz € (—2a,+o0)({|Rez| < 2a}}, where
|z] < 2a € Gg. The lemma 1 we obtain now from LLSy(z — a)(-)(iu) =
(—i)Ri(—u),u € (0,400), [5].

From the lemma 1 we get the obvious Lemma 2:

In the conditions of the lemma 1 Ry(—p) = —Ri(p),p € C, where
Ri(p) = LCo(5(x))(-)(p), S(=7) = S(x), = € (—00,00); Ry(—p) = Ra(p),
p € C, where Ry(p) = LSi(S(x))(-)(p), S(—x) = —=5(x), v € (—00,0),

[5], (the values on the complex axis do not have the real part).
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Awnnoramus. In this paper we consider dynamics of complex systems using
random neural networks with an infinite number of cells. The Cauchy problem
for singular perturbed infinite order systems of stochastic differential equations
which describes the random neural network with infinite number of cells is
studied.
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1. Introduction

The recent research of random neural networks with an infinite number
of cells deal with the problem of the solutions analysis of certain infinite
systems of ordinary differential equations. A model for a large network
of "neurons"with a graded response (or sigmoid input-output relation)
was studied [4]. The idea was used in biological systems was given added
credence by the continued presence of such properties for more nearly
biological "neurons". In the paper [1| was given existence and uniqueness
results for the equations describing the dynamics of some neural networks
for which there were infinitely many cells. Such system was considered and
neural nets which were modeled were described by the singular perturbed
infinite system of ordinary differential equations. Bruce D. Calvert and
Armen H. Zemanian [2| investigated a nonlinear infinite resistive network,
an operating point could be determined by approximating the network
by finite networks obtained by shorting together various infinite sets of
nodes, and then taking a limit of the nodal potential functions of the finite
networks. Claudio Turchetti and other author [5], [6] provided applications
of stochastic neural networks.

In paper [7], we considered neural networks with an infinite number
of cells. The Cauchy problem for infinite order systems of differential
equations is considered. The theorems of existence and uniqueness of solution
is proved.

In this paper we propose method of analysis random neural networks
with an infinite number of cells. Cauchy problem is studied for singular
perturbed infinite order systems of differential equations with random
coefficients, which describes the stochastic process in neural network with
infinite number of cells.
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2. Large scale random neural networks model

In 1984 Hopfield investigated a neural network which was described
using system of ordinary differential equations [4]

du; N u; (t) .
- :ZTijg(uj(t))f 7 4,7 =1,...,N, t>0, (1)
j=1 '

where u;(t) € R is a monotone-increasing function of the instantaneous
input to neuron ¢, C; > 0 is a capacitance of the cell membrane, R; > 0
is a transmembrane resistance, I; > 0 is a fixed input current to neuron
and t € T (T € Ry) is a time parameter. The matrix element 7;; € R can
be assumed as a description of the synaptic interconnection strength from

neuron j to neuron ¢ and Tgl is a finite impedance between the output

V; and the cell body of cell 4, where u; = g; ' (V;) and g(u;(t)) € [~1;1]
is an increasing continuous function from R to [—1; 1], perhaps g(u;(t)) =

tanh(u;(t)).
We can rewrite the system (2) in the form
dt = fi(u7g7t) +azu1(t) + bia ,7=1,... aNa t>0,
2)
1 I (
] [
- T — ) bz =
(29,1 Z:: C, T ToR TG
whereu € RY (u1,us,...,un),f € RN (f1, fo,..., fn) are N-dimensional
vector functions and a € RN (ay,as,...,ax), b € RN (by,bs,...,by) are

N- dimensional vectors.
We can generalize the system (2) assuming g(u;(t)) is a random function

dz .
- _fN( ,g7t;W)+aiU/i(t)+bi,Z,j:1,...,N,t207

. Q
g0 = 3 ol (0.9),

where g(u;(t);w) € [-1; 1] is an increasing random function ((t;w) € T x €,
(Q; F,P) is an abstract probability space).

For describing rapid changes of processes in some element of the neural
network we can use a small parameter p > 0 that bring a singular perturbation
to the system (2)

B = fN(u, g, t;w) + agui(t) + b, i =1,...,n

(4)
g d“‘ = fN(u,g,t;w) + a;u;(t) + b, i=n+1,...,N,n < N,



38 ACMPT—2017

where s; € N (0 < 41 < Spg2... < sy) is a finite sequence of natural
numbers and ¢ € (n 4+ 1,...,N) is the numbers of neural cells in which
the speed of the processes faster than in neural cells with numbers i €
(1,...,n).

For the system (2) we can use extended variables 7; = ¢/u® where

s; =0 when i€ (1,...,n) or s € RN (0,...,0,8,41,...,8n) and rewrite
it in the form
dui N .
d :fi (u,g,Ti;W)+aiUi(Ti)+bi,Zzl,...,N, (5)
Ti

where (7;;w) € T; x  ((2; F,P) is an abstract probability space).
For system (2) we can formulate the following Cauchy problem
g = fN(u, 9,75 w) + agui(r) + bi,
w(0)=a,i=1,2,...,N,

(6)

where a finite numerical sequence (79,3, ..., a%) or 1 € RY is the initial
conditions of the problem (2). The sequence @i° determines the initial state
of the neural network.

We can consider the neural network with infinite number of cells and
we can formulate the following Cauchy problem in case N — oo in the
form

W = fi(u, 9,75 w) + aiui(r) + by,
w(0)=1ud,i=1,2,...,

(7)

where
> T
7 .
o) = 30 Batu ), =12
j=1 *

and u € R® (uy,ug,...), f € R® (fi, f2,...) are infinite dimensional
vector functions and a € R* (aq,as,...), b € R® (by,bs,...) are infinite
dimensional vectors. The initial conditions (u{, @, ...) of the problem (2)
or i® € R determines the initial state of the neural network.

3. Random neural networks with an infinite number of cells
modeling

We can consider the following Cauchy problem for infinite order systems
of differential equations with a random coefficient

?‘; =€, Ui+1(7_i)7 (8)

w(0)=1ud,i=1,2,...,
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where €., & N(r,0?) are independent normally distributed random variables.
For this infinite order systems of differential equations we can study a
similar problem without a stochastic variable such form

‘f#f = uit1(7),

ui(O)Za?,i:1,2,...,

Therefore, at least one solution of this system of equations passes through

every point (0,0,...,4¢,49,...). It is easy to see that the series
72
wi(Ti) = 4 + Ty, +§a?+2+..., i=1,2,...,

define the required solution. Now we can obtain the exact solution of the
problem (3)

where f(¢) is the probability density function. If €., is a Gaussian random
variable with mean r and variance o, then the integral can be evaluated

exactly if the initial condition of Chauchy problem we get as 49 = 1, i =
1,2,...,

ul(TZ):/O EXp(TZC) f(C)dC,Z:1,2,,

2
or turning to the usual variables we get solutions Cauchy problem

2.2
ui(n):exp(rﬁ—l—oT’),i:LQ,...

2

We can solve infinite order systems of differential equations with random
coefficients using wide class of continuous transfer functions.

2, —28;42
it
u;(t) = exp (r,usit—i-a a ) yi=1,2,...

4. Conclusions

In this paper we propose method of analysis random neural networks
with an infinite number of cells. Cauchy problem for singular perturbed
infinite order systems of differential equations with random coefficients,
which describes the stochastic process in neural network with infinite
number of cells, is studied. For this Cauchy problem consider the question
of the existence of solution and obtain some exact solutions.
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Amnnoranusi. The goal is to modify the known method of mirror descent (MD)
in convex optimization, which having been proposed by A.S. Nemirovsky and
D.B. Yudin in 1979 and generalized the standard gradient method. To start, the
paper shows the idea of a new, so-called inertial MD method with the example
of a deterministic optimization problem in continuous time. In particular, in the
Fuclidean case, the heavy ball method by B.T. Polyak is realized. It is noted that
the new method does not use additional averaging of points. Then, a discrete
algorithm of inertial MD is described. The proved theorem of the upper bound
on error in objective function is formulated.

Kurouessblie cioBa: stochastic optimization problem, convex optimization, mirror
descent, heavy ball method, inertial MD method.

1. Introduction

Many problems of an applied nature can formally be reduced to minimization
problem f(z) — mingex , where a priory unknown function f : X — R is
convex, set X is convex compact in RY; see e.g. [1,2] where both problem
statements and optimization methods are described. In such problems, in
order to sequentially estimate the minimum point z* € Argmin .y f(z)
it is assumed that, at each time t = 1,2,..., there is an ability to get
subgradient g; = g4(x4—1) € Of (x4—1) or its stochastic version w(x;—1) =
gt + & at current point z;_; € X where 0f(z) denotes subdifferential of
function f at point z, and &, represents a disturbance of the subgradient.’
The foregoing assumes that the minimized function is known up to its
membership in a given class F of convex functions (probably, under additional
smooth properties); in addition, it is assumed that at each current time
t > 1 it is possible to access the oracle at current input point z;_; and get
a stochastic subgradient as the output us(z:—1).

In [3] it is shown that in convex problems with the “correct” choice of
the MDM parameters, the latter is an effective method in the sense that

IWe are talking about the concept of an oracle of the first order in the optimization
problem under consideration (either deterministic problem, when & = 0, or stochastic
one, under E{¢&;} = 0) [3].



42 ACMPT—2017
for each ¢ > 1 the upper and lower bounds of the error (by the objective

function)
(@) — min f(z)

coincide up to an absolute constant; here Z; represents “final” estimate
of the minimum point by the time ¢, based on previous observations of
subgradients at the obtained points zx, kK =0,1,...,t — 1.

Often, as estimate ¢, the arithmetic mean of the preceding points is
taken, &y = (xo + 21 + -+ + @1—1)/t. We note that the fundamentally
new in the structure of the MD method in comparison with the classical
methods of gradient type is the (explicit or implicit) presence of two spaces,
primal space £ D X with an initial norm | - | and conjugate one E*
with dual norm || - ||+; for details, see [4], section 3.1. In the particular,
“Fuclidean” case £ = E* when both norms are Euclidean and the set
X = RY is the whole initial space, the MD method is transformed into
subgradient method z; = x;_1 — yue(xi—1), t=1,2,...Recall that the
introduction of an additional inertia term into the gradient method can
improve the convergence properties of the algorithm. This refers to the
heavy-ball method proposed by B.T. Polyak in 1964 [5] (see also [6]).
Hence, it is reasonable to generalize the MDM by adding an appropriate
inertia term [7]. Sections 3 and 4 are devoted to the realization and study
of this idea.

2. Stochastic optimization problem

Consider well-known minimization problem

f(@) 2EQ(z,2) — min, (1)

where loss function ) : X x Z — Ry contains random variable Z with

unknown distribution on space Z, E — mathematical expectation, set
X c RN — given convex compact in N-dimension space, random function
Q(-,Z): X — Ry is convex a.s. on X.

Let i.i.d sample (Z3,...,Z;—1) be given where all Z; have the same
distribution on Z as Z. Introduce notation for stochastic subgradients

up(z) =V, Q(x, Zx), k=1,2,..., (2)

such? that Vo € X, Eug(x) € df(z). The goal is in constructing and
proving novel recursive MD algorithms meant for minimization (2) and
using stochastic subgradients (2) at current points x = 241 € X, ¢t > 1.

2Below we mean V_,Q(x, Z,) be the subgradient which are measurable functions defined
on X X Z such that, for any ¢ € X, the expectation Eug(z) belongs to df(x).
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3. The idea of method of inertial mirror descent

In this section, let f : RN — R be convex, continuously differentiable
function having a unique minimum point * € Argmin f(z) and its minimal
value f* = f(z*). Consider continuous algorithm which extends MDM

¢(t) = =V f(=z(t), t=0,¢0)=0, 3)
e (t) + 2(t) = VW(C(#),  =(0) = VIW(((0)). (4)

Functional parameter in (3) is a convex, continuously differentiable function
W : RY — R, having conjugate function
V(z) = sup {(¢,z) = W({)}. ()
CERN
Let W(0) =0, V(0) =0, and VW (0) = 0 for simplicity.
Remark. Under parameter uy = 0 in (3), algorithm (3)—(3) represents
MDM (in continuous time) [3]; in particular, the identical mapping VW (¢) =
¢ and py = 0 lead to a continuous standard gradient method. Under p, =
w >0 and VW (C) = ¢, algorithm (3)—(3) leads to continuous method of
heavy ball (MHB) [6]. O
Further, we assume that parameter p; > 0 is differentiable, and method
(3)-(3) we call continuous Method of Inertial Mirror Descent (MIDM).
Assume a solution {z(t) };>0 to system equations (3)—(3) exists. Consider
function W, (¢) = W(¢) — (¢, z*),¢ € RY | attempting to find a candidate
Lyapunov function. Trajectory derivative to system (3)—(3) be
dW.(C(1))/dt = (VW —z%) = =(V[f(2), @ + 2z —2") < (1)

< f@") = f@(t) — md(f(x(t) — f7]/dt (2)
where last inequality results from convexity f(-). Now, integrating on
interval [0,¢] with W, (0) = 0, we obtain
JolF(@(®) = 1dt < =W (¢(8)) = el f (@(1)) = F1I6 + Jo [F (@(2) = [*inedt,
where two last terms in RHS got by integrating in parts. Taking (3)
into account, we continue (1 — SUPyeo,¢) ﬂs) fg[f(m(t)) — frldt <V(z*) —
welf(x(t)) — £*]|5 . Therefore, it is reasonable to introduce the following

constraints on parameter g > 0 : po = 0, gy < 1Vt > 0, leading to
inequality f(z(t)) — f* < V(z*)/p: . Maximizing p; under constraints

above we get =t t= 0. The related (continuous) IMD algorithm
((t) ==Vf(z(t), t=0, ¢0)=0, (8)
ta(t) +x(t) = VIW(C(1)), (9)

proves upper bound f(x(t)) — f* < V(z*)t~%, Vt>0.
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4. Algorithm IMD. Main results

Now return back to optimization problem of section 2. Let || - || be a
norm in primal space £ = RY and ||-||. be the related norm in dual space
E* =RV, set X C E is convex compact, 8 > 0 is a scale parameter.
Assumption (L). Convex function V : X — Ry is such that its (-
conjugate Wg(¢) £ sup,ex {—CTa — BV ()} is continuously differential
on E* with Lipschitz condition |[VW3(¢)—VWs( )| < (aB)~H[¢—C]|,, ¥
C,é € E*, 8> 0, where a is positive constant being independent of (.

Consider now the discrete time t = 1,2,... and introduce sequence
¢ > 0. Write a discrete version of algorithm IMD (3)—(3) using stochastic
subgradients (2) instead of the gradients V f(-):

T = T—1+v, t>1,7=0, (3)
G = C—1+vu(ai—1), (=0, (4)
Ty — Tp—
Tt tryiltl txy = _VWﬁt (Ct)v To = _VWBO (CO); (5)
4

parameters v, > 0 and 8, > f;_1 > 0 are specified in (4), function Wy
is defined by proxy-function V' : X — R, via Legendre-Fenchel type
transform [4], Ws(¢) = sup,cx {—(To — BV ()}, ¢ € E*.
Remark. FEquation (5) may be written ’cyzs
t t4+1
Tt T+ Vi1 Ti—1 T+ Yir1 VWBt (Ct)
Since the vectors [—VWg,((t)] € X under each t > 0, equations (3)—(4)

show that z, € X by induction. O
Further, let sequences (y;);>1 and (8;)i>1 are of view
vi=1, Bi=pBVi+1l, i=1,2,..., Bo>0. (13)
Then system equations (3)—(5) leads to the IMD algorithm (c.f. [8]):
G = G-1+uw(zi-1), G =0, x0=-VWp(Co), (6)
= o1 — (E+1) 7 (@ + VWs(G)), t> 1 (7)

Theorem 1. Let X be convex closed set in RN, and loss function Q(-,)
satisfies the conditions of section 2, and, moreover, sup,¢ x E||V, Q(z, Z)|?
< L%Q, where constant Lx g € (0,00). Let V' be prozy-function on X

with parameter a > 0 from Assumption (L), and let exists minimum point

x* € Argmin f(zx), perhaps non unique. Then for any t > 1 estimate x; ,
reX

defined by algorithm (6), (7) with stochastic subgradients (2) and sequence

(Bi)i>1 from (4) with arbitrary By > 0, satisfies inequality

E f(z¢) — min f(z) < (BoV (") + L%, o/ (aBo)) VE+2/(t +1).
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If constant V is such that max V(z) <V, and Bo = Lx, o (aV)~Y? then
re

E f(xz;) —mingex f(z) <2Lx ¢ (a‘lv)l/Q VE+2/(t+1). O

5. Conclusion

We considered the well-known convex problem of stochastic optimization
with the goal of constructing and investigating the novel recursive algorithms
of mirror descent type which generalize both heavy ball method and MDM.
It turned out that the new method does not require additional averaging of
the input points to the oracle and it ensures the same upper bound on the
objective function, as the previous, effective method of MD (on the class
of considered problems) [3,4]. It seems interesting the further research for
another classes of objective functions and requirements to oracle.
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Abstract. In the conventional Markov modulated fluid queue, the buffer content
process has a continuous sample path. This paper considers a general stochastic
fluid model with a single infinite capacity buffer whose buffer content process may
have jumps. The continuous, as well as the instantaneous, change is modulated
by an external environment process as a finite state continuous time Markov
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content is considered.
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1. Introduction

Classical fluid queueing models are queueing models in which work
enters and leaves a buffer non-instantaneously, i.e. like a fluid. They are
used for modeling and performance analysis of high-speed data networks,
and large scale production systems.

In the present study we used the analytical approach introduced in [2]
and prove a heavy traffic limit theorem for steady state fluid content for
fluid model with jumps, considered in [1].

2. The model

We will continue the investigation of a fluid model introduced in [1].
The buffer content X (¢) can increase continuously and also by instan-
taneous jumps. The rate of change of the fluid level depends on the
state of an external stochastic process {I (t),t > O}, with a finite space
S ={0,1,...,K}. The buffer content increases continuously with rate
¢i € (—o0,+00) if the process {I(t),t > 0} is in a state i. The process
{I(t),t > 0} remains an exponential amount of time at each state i € S
with a parameter \; and, when leaving such state ¢, it will make a jump
from state ¢ to state j, not necessarily different from ¢ with probability
pij- When the I(t) process jumps from state i to state j the amount
of fluid in the buffer can increase by a non-negative random amount
with a given c.d.f, Gi;(y),y > 0 with mean m;; and second moment
v;;. A bivariate process {X(t),I(t)} can jump from state (x,%) to state
(x + y,j) with rate \ip;jdG;;(y),y > 0. We need some notations C =
diag (CO,Cl,“-;CK)v P = ||pinaO <i4,j< K, M= Hml]”ao <1,j <K,
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V = ||vi]],0 < i,j < K, A = diag (Ao, M1,-.., k), A = AN, A% = diag
(ALY, A%, A > 0,0<i <K, A=A\ T =APoM,T% =X AO
Po M., Qij(z) = \ipijGij(z),x > 0,i,j € S, Quilz) = N\iPuGii(x
0,i € S, Q(x) = [IQyll,irj € 5, Qyy(s) = [ e dQyj(x), iy

+ e 5% ral

Jo e dGi(x), Qs) = |1Qy;(s)ll, Gls) = 1IGi(s)ll, 0 < i,
Qs) = AP o G(s).

Obviously, the process I(t),t > 0 is a continuous Markov chain on S
with rate matrix @ = Q(oc0). The matrix Q is defined as Q = ||g;;|[,0 <
i,7 < K, ¢i;j = A\ipij,t # J, @i = AiiPii — Ai. Further we will assume
that the process I(t) is irreducible with the limiting distribution 7; =
lim;_, o P(I(t) = i). The queueing system is stable iff

); @
i(s)
< K,

K K
Zm(ci + Z Aipijmi;) = 7(C+ AP o M)e=7(C+T)e <O0.
i=0 §=0

The matrix operation A o B denotes the matrix with (7, 7)-th element
is equal to a;;b;;. If the stability condition holds there exists a limiting

distribution . .
Filw) = lim P(X(1) < 2, 1(t) =),
x > 0,7 € S of the bivariate stochastic process {X(t), I(t )}
The LST @(s) of the vector F(X) = (Fy(z), Fi(x),..., Fk(x))

¢(s) = sF(0)C(sC — Q(s)) ™! (1)

is derived in [1].

We shall assume from now that A = AA°. As the main process we
shall consider the fluid content X(t) in steady state. Our goal is to find
the asymptotic behavior of the process X (¢) under heavy traffic condition
when € = m(C+AI'%)e — 0. To avoid unnecessary complication with minor
details we consider the following specific problem settings: all parameters
except for A are fixed, and \ increases in such a way that € — 0, or A — A
and \g = —mCe/nIVe.

The set of equations with respect to unknown ag.a; ...,ax :

Qa = (m(C+T)e)e— (C+T)e (2)

always has a solution, since the stationary distribution 7 is orthogonal to
the right side of this equation . We will define a matrix A and a matrix R.
The matrix A is defined by the rows and columns with numbers 1,2, -+ , K
of the matrix . The first row and the first column of matrix R are equal
to zero vectors, and next K rows and K columns form matrix A=!. Then a
matrix QR looks as follows: the first raw is (0, —m1 /7o, -+ , =7k /7), and
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the first column is a zero vector, and the next elements form the identity
matrix, and for any vector x = (zg,x1,- - ,x) we have

QR =z — xo7/ 7. (3)

The next equation
(ao,a1, -+ ,ax) = R((w(C +T)e)e — (C +Te) (4)

define the solution to the equation (2) when ag = 0.

3. The main results

The next theorem gives the mean value of a fluid level in steady state.

Theorem 1 The mean value fluid level EX in steady state is given by the
formula EX = (tAPoVe/2+m(C+T)a—F(0)Ca)/ (-7 (C+T)e)
where a is a solution to (2).

Proof. Let us consider the LST ¢(s) of the vector

(Fo(z), Fi(x),--- , Fg(z)) = F(x)

defined by the equation (2) ¢(s)(sC — Q(s)) = sF(0)C. After some alge-
braic manipulations of equation (2) we get the main equation for the next
study.

$(s)Q = ¢(s)(sC + AP o (G - G(s))) — sF(0)C, ()

where G = G(0) and multiplying both sides of the equation (3) from the
right by the vector e = (1,1,...,1)T), we have

F(0)Ce = é(s) (0 L APo G‘G(S)> ¢ (6)

s
After we let s — 0, and taking into account that ¢(0) = 7, and
m (G —G(s)) /s = M we get F(0)Ce =7 (C +T)e.

li
s—0
Now, differentiating (3) with respect to s at the point s = 0 we have

mAPoVe
TAPeve @

where EX; = E(X(t),I(t) = i) in steady state, i = 0,1,..., K. Multiply-
ing both sides of (3) by the vector a which is a solution to (2) we obtain

(EXo, EX1,...,EXg)(C +T)e =

B(s)Qa = si(s) <c +APo G_SG(S)> a— sF(0)Ca.
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After differentiating this equation and setting s = 0 we get

(EXo,EXq,...,EXK)Qa=—7(C+T)a+ F(0)Ca (8)

Now, summing (3) and (3) we obtain EX. Thus, the theorem is proved.

Theorem 2 Under heavy traffic assumptions, the random variables —eX (t)
and I(t) are asymptotically independent and random variable —eX (t) is
asymptotically exponential with the mean

N = (mAA°PoV)/2 4+ (C + XgA°P o M)d®,

V' is a solution to the equation (2) at A\ = \o.

Proof: In order to find the asymptotic behavior of the stationary distri-
bution of the process {X(t), I(¢)} we will consider the main equation (3).
From (3) follows the next equation

where a

#(5)(sC + AP o (G —G(s)))e — se = 0. 9)

From (3) , multiplying it by the matrix R, which was introduced earlier,
we get the equation

#()QR = ¢(s)(sC + AP o (G — G(5)))R — sF(0)CR. (10)

From (2), it follows ¢(s)QR = ¢(s) — o (s)/mo. Then the equation (3)
could be written in the following form

#(s) = wdo(s)/mo + ¢(s)(sC + AP o (G — G(s)))R— sF(0)CR. (11)

Substituting ¢(s) from (3) for ¢(s) in the right hand side of the equation (3)
we obtain

6(s) = Wiomo(s) (E+(sC+APo(G—G(s))R) +sY(s),  (12)

where Y (s) =

s¢(s) ((C + AP o (G —G(s)))R)*~F(0)CR (E + (sC + AP o (G — G(s)))) .

Substituting ¢(s) from (3) for ¢(s) in (3) we can express ¢g(s) as follows
A(S
do(s) = WOBl(s)—(i—)Bg(s)’Where (13)

A(s) = es — sY (s) (sC + APo (G — G(s))) e (14)



50 ACMPT—2017
G— Ms—G(s)

Bs(s) = s’ <C+APo G_SG(S)> R <C+APo G_G(S)) e (16)

Bi(s) = es + s*TAP o

S

Now, replacing s by —es in the equations (3), (3), (3), and letting ¢ — 0
and pointed out that

Y (—es) = 0, G _i(s_es) M, G(—es) (—_fs-)i-zM(—es)

—V/2
we will have

A(—es)/(—€*s) = 1, By(—es)/(—€*s) = 1 + %WSAOAOP o Ve,
By(—es)/(—€’s) = —m (C + AgA°P o M) R® (C + MA°PoM)e=

— 7 (C+ A\A°Po M) a,

where from (2) follows that a° is a solution to (2) and R® are defined for
A = Ao. Combining these equations with (3) we get that there exists

1
,andN = iﬂ)\OAOP oVe+m(C + XA°P o M)a®.

. M
iy do(—e) = T35

Finally, from (3) we obtain
251(1) O(—es) = 11_13% wpo(—es)/mo =7/(1+ Ns)

which implies the results of the theorem. Thus, the theorem is proved.

4. Conclusion

We studied the fluid level in a fluid model introduced in [1]. We used the
analytical approach introduced in [2] and derived that the scaled fluid level
converges to an exponentially distributed random variable in heavy traffic.
This limit random variable is independent of the state of the environment.
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Abstract. A globally distributed computing system providing a telecommuni-
cations cloud service under 99.999% SLA usually consists of a set of components,
designed to execute a dedicated function, such as user authorisation, data stor-
age, data analysis, media conversion, etc. Total number of remote servers is up
to tens of thousands. Such complex service requires efficient operations tools to
run Event Management, Incident Management, Change Management, Problem
Management. This paper provides study on control system for automated op-
eration of a globally distributed telecommunications network using well-known
tools such as monitoring tool, log collector, configuration management database
and other as sensors, controllers and actuators.

Keywords: cloud service, telecommunications network, configuration manage-
ment, CMDB, control system, automation.

1. Introduction

An efficient operation of a globally distributed computing system and
resource planning requires specialised software tools, such as a tool for
automated resources allocation (compute, storage, network bandwidth),
service restoration [4], deployment of software updates on all layers of the
technology stack (firmware, OS, application).

Thus, the specialised software tools are usually divided into two cat-
egories: a) business applications aimed for enterprise resource planning
(ERP tools) and b) information system operation tools, designed to ex-
ecute following functions: 1. Deployment of software updates as part of
SDLC, including critical security patches; 2. Control and monitoring of
computing system capacity [5]; 3. Update of operating systems, running
both on virtual and hardware machines; 4. Data and virtual machines
backup and restoration in case of system failure; 5. Authentication, au-
thorisation and access control

It is a common practice among I'T companies providing cloud comput-
ing services to use specialised monitoring and management software. It
significantly reduces the number of manual repetative tasks, reduces num-
ber of incidents cases by human errors, therefore, making operation of a
cloud service more reliable. [1]

The analysis of specialised software tools for automated operation of
a cloud computing system in big IT companies [2] showed that in most
cases the implementation of such tools was ’ad-hoc’, was done with no
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strategy, which led to the situation, when a company had to deal with
big number of heterogeneous software tools with incompatible API, which
blocked standartization of operation processes.

To prevent such a situation, the control system for automated operation
of a globally distributed computing system is introduced as a universal,
vendor independent solution.

2. Main section

A typical information system consists of computing units and informa-
tional links with flows of data. Besides this, each information system has
its function and clients using its service under service level agreement. A
monitoring system is used to achieve the service level agreement.

Implementation of a specialised monitoring software tool is always con-
sidered a complex project, part of general automation of operations. It
should be considered that there are several types of data, needed to be
collected for further analysis, independent of monitoring system used:

— Health data from remote computing units, including CPU utilisation,
network availability, business applications status

— Application activity log, including error log

— Versions of operating systems, third-party software and business ap-
plications, deployed in each computing unit and their comparison with
planned values

Fig. 1 shows the introduced control system, which consists of well-
known components.
Sensors:

— Health data and log collectors are scalable components with function
to collect and generalise data from remote monitoring agents, located
in virtual machines of any type. The collector of remote data should
garantee acquisition of data and its delivery to centralised monitoring
system.

— Time-series database stores full array of data from sensors and is
aimed to serve queries for historical data in real time

Actuators:

— Configuration Management Database (CMDB) has data on system
topology (units and links) as well as unit operation statuses

— Automated Deployment System (ADS) deploys additional computing
units for capacity extension and during ongoing maintenance

Controllers are based on ITIL best practices [6]:

— Change Management - assures a change is reviewed, approved and
communicated to stakeholders

— Incident Management - minimises system impact through escalation
and coordination of restoration activities

— Release Management - plan and schedule for roll-out of software up-
dates as part of SDLC
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Figure 1. Control system for automated operation of globally distributed

computing system

Problem Management - prevents chronic problems from repeating
through identification of the root cause, tracking of a permanent fix
from development to roll-out to production

Operator configures controllers, providing machine-readable rules of
operation.

In order to enable the above components to work together in the control
system, following requirements have to be met:

Sensors, including monitoring system are required to perform dis-
tributed data collection and processing from several nodes;

Each specialised software tool has to have an API for integration with
other tools;

The tools need to use CMDB as a single authoritative point of data;
The tools need to support software development lifecycle by support-
ing changes in the globally distributed computing system under opera-
tion, such as software updates, addition of new components, topology
change;

Scalability up to tens of thousands of remote hosts and hundreds of
thousands of remote checks;
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— Dynamic configuration of monitoring items including set up of thresh-
olds;

— Anomaly detection based on historical monitoring data;

— Monitoring of globally distributed computing systems and geograph-
ical redundancy;

3. Conclusions

A universal, vendor independent control system for operation of glob-
ally distributed computing system was introduced. It uses well-known
specialised software tools as its elements, introducing requirements to en-
able them to work as the system. This control system supports perspective
control scenarios, which are currently under development, such as:

— Incident prediction based on dynamic performance patterns and re-
sponse time measurements in different week days and time of a day;

— Fully automatic operation of a computing system due to ability to
adopt to dynamic performance requirements;

— Visualisation of a computing system topology in real time to show
dependencies between the system elements.
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Abstract. The preferential attachment models are widely used to describe
different web and social network (random) graphs. We concentrate on some
generalizations of these models. Namely, a random tree under consideration is
constructed in the following way. Let d(1), d(2),... be i.i.d. integer-valued ran-
dom variables. At each step n a new vertex is introduced. Then we select d(n)
vertices, chosen from the old vertices with probabilities proportional to their de-
grees and conditionally independent given d(n), and connect new vertex to the
vertex from the sample with largest degree. In preferential attachment without
choice d(n) = 1 for all n. We establish the upper class law of the iterated loga-
rithm for the number of vertices of degree k at step n. The proof employs results
of stochastic approximation theory along with analysis of specified martingales
and system of the equations describing an evolution of the model.

Keywords: random trees, stochastic approximation, preferential attachment.

1. Introduction

In the present work, we study how the addition of choice affects the
Mori’s preferential attachment model. Let describe the max-choice Mori’s
preferential attachment tree model. This model is a time-indexed induc-
tively constructed sequence of trees, built in the following way. First,
fix number 8 > —1 and distribution of a random variable d with val-
ues in N. These are the parameters of our model. Consider set of ver-
tices V' = {v;}2,. Define a sequence of random trees {T,}, n € N, by
the following inductive rule. Let 77 be the one-edge tree which con-
sists of vertices v; and vs and an edge between them. Given T),, we
construct 7,41 by adding one vertex and drawing one edge in the fol-
lowing way. First, we add a vertex v,y2 to T),. So, for the set V(T},4+1)
of vertices of Ty, 41 we get V(Th41) = {v;, ¢ = 1,...,n + 2}. Note that
EvieV(Tn) degy, v; = 2n, where degy v; is the degree of v; in T;,. Sec-
ond, we draw an edge between v, 12 and Y,, € V(T},), which we choose by
the rule describe below. So, for the set E(T,11) of edges of T, 11 we get
E(Th41) = E(Tn) U{vnte, Yn}. The randomness of T, given T}, is due
to randomness of Y,,. Order the set V(T},) by the vertices degrees in T,,.
In other words, V(Ty) = {v(}y, -, v(, 41y }> degr, v(}y < degy, v,y Let

The presented work was performed under the State Assignment N3.8032.2017/BCh of
the Ministry of Science and Education of Russia.
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¥;(n) denote the position of vertex v; in ordered set {v?l), - v?n+1)}, ie.

Uj = Uy, (ny) and if degy, v; = degy, v; and @ < j, then ¥i(n) < ¥j(n).
Consider i.i.d. random variables {U!},en,ien, distributed uniformly on
[0,1]. Define random variables X! ,i € N with values in V(T},) as follow.

Let X} = oy, if U} < “Edf? ang Xi = v, 1< j < n+1,if

(2+8)n+p
i1 de v+ i de v+ ..
{:11 (ii%i)m; J IO PN di,ds, ... be iid. ran-

< Un S 2i=1 @ipmes
dom variable distributed as d. Finally, we take Y,, as the vertex among
X} X2 with the largest degree. In the case of a tie, choose the vertex
with the largest index.

Remark 1 Since T,y is well defined by Y1, ..., Yy, all its parameters are
Fnt+1 measurable.

Remark 2 Prove of the main result would require analysis of event A, =
{(U},...,U} ) € Dq,} for random sets D; € R*, i € N. Note that if | D;]
(here |B| stands for the Lebesgue measure of B) does not depend on F,,
then A,, does not depend on F,.

Let formulate our theorem. Let Ni(n) be the number of vertices of
degree k in tree T),, Zr(n) = N"T(") and Wi(n) = (Z1(n), ..., Zr(n)). Theo-
rem 5.1 of [1] states that there is a point pj, = (27, ..., z}) and a positively
defined symmetric matrix By = (b; j)1<i j<x (both depends on 5 and dis-
tribution of d) such that n'/2(Wy(n) — pf) converge in distribution to
normal distribution N (0, B) as n — oco. We will prove an upper class law
of the iterated logarithm for variables Ny (n).

Theorem 3 Let Ed? < co. Then, for any k € N one has

Ni(n) —naj <1 as

v/2bpxnInlnn| —

lim sup
n—oo

2. Proof of the main result

For z1, ...,z € Ry, k € N, define functions
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gk(x1, ) = fl21, .y k) — Tk

As it is shown in [1],

- Ni(n)(1+B)\"
P(Ny(n+1) = Ni(n) = 1|F,) = > P(d=m) (1 - <
and
bk,k = hk({)f{, ,1‘2) + hk,1(x>f, ey 1‘271),
gk (27, ..., xf) = 0, (1)

P(Ni(n+1) = Ni(n) = 1) = by (Zi(n), o Zem)) - (2)

P(Ni(n+ 1) = Ne(n) = =11F) = b (Z1(n), s Zu(m))  (3)
for k > 1, where

Zz(n): Nl(nﬁ) :Zl(n)il 3 s Z:]_7.. ,k
nt 293 1+ e

Also there are random F,, - measurable sets D, (k,m), D, (k,m) C [0,1]™,

m, k,n € N, such that

{Ni(n+1) = Ni(n) = 1} = {(Uy, .. Ug") € D} (k, dy)},
{Np(n+1) = Ng(n) = =1} = {(U}, ...,U) € D, (k,d,)}.
Therefore,
Ny(n+1) = Ny(n) = {(Uy, ....Us) € D} (k. dn)}

—1{(U},...,.U%) € D, (k,d,)}.
Hence, from (2), (2) and definition of h, we have for k > 1

k . m k1 ) m
| Dy (k)| = ((;%(W%i?) - (;Z‘(n)(‘;ig)) ) :

k— 1 X m k—9 ) m
D} (k,m)| = (( ) ( Zj(”)(;ig)) )

QN

=
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and for k = 1 we get |D, (1,m)| =0, |[D}(1,m)| =1 - (M) .

L, (2+B)n+p
Let ay,, =0, aim = (1 - (:r’{ (;Ig)) ) and for £ > 1
k : B T "
o = Zx*(j—'—ﬂ) _ x*(J‘*‘ﬁ)
km — J J ’
= 2+ 8 = 2+p
i " (k-2 "
Wem =\ &P 21 ;%2—5—5

Introduce random F,,-measurable sets D} (k,m,n) and D; (k,m,n) such
that D (k,m,n)| = oy ., D5 (k,m,n)| = @ - Moreover if | D (k,m)| >
a;m then D (k,m,n) C D;f (k,m), if |D;f (k,m)| < aj ., then Df (k, m) C
D (k,m,n), if |Dy (k,m)| > ay,, then D7 (k,m,n) C D (k,m) and if
|D,, (k,m)| < ay ,, then D (k,m) C D (k,m,n). Let

Xi(n) = H{(Uy, ..., Ug") € D (K, dnyn)}

—1{(U71L, ey Uff") € D (k,dp,n)} — aj,.

Note that due to Remark 2 and formula (2) we have that Xy(n), n € N
are i.i.d. random variables and

EXk(n) = gg(z7,...,z5) = 0.

Also EX(n)? = by . Hence, by the law of the iterated logarithm for i.i.d.
random variables

Xk
lim sup M =1 a.s.
n—00 \/2bk’knlnlnn

Introduce random variables

er(n) = H{(Uy, ..., Ui") € Dyt (k,dp)\D} (k,dy,n)}
—1{(UL,...,U%) € D} (k,d,,,n)\D;} (k,d,)}
—1{(U},...,U%) € D, (k,dp)\D; (k,dy,n)}
+1{(U},...,U%) € D7 (k,d,,n)\D,, (k,d,)}.

Therefore,
Ni(n+1) — Ng(n) —zj = Xg(n) + ex(n).
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To complete the proof we need to estimate Y .-, €x(i). We give the sketch
of the proof. Define

Si(n) = Ni(n+1) — N;(n) — zf, Yi(n) = (S1(n), ..., Sk(n)),
Fi(z1,zp) = (fi(@1), -, fo(1, 0 28),
Ap(n) = (e1(n), .., k() Wie(n) = (Z1(n), ..., Z(n)).

We get
E(Yi(n)|Fp) = Fi(Z1(n), ..., Zi(n)) — Fi(at, ..., zh).

Consequently,

E(Au(m)IF,) = ECi(n)|F) = 7 (Wiln) — ot) +O([Wie(n) — il )

~ VFi (; <<N1<o +ZYk )) + O W) - i),

Since all eigenvalues of 7 F}, are negatlve Ap(n) could be decomposed as
Ag(n) = A}(n) + A (n) (with €;(n) = €} (n) + €(n), i = 1,...,k) where
a.s. A} (n) is of opposite sign to Y i, Yk( ) and ]E(Az( )|Fn) = 0. There-
fore, by the law of the iterated logarithm for martingales (see, e.g., [2])
S A2(q) is of order (n'/2Inlnn)t/2. Thus,

IZSk |—|ZSk +ep(n) +ep(n) + Xi(n)]

< IZSk ) + e (n)] + leg (n)] + [ Xx(n)| < IZSk(i)IJrlfi(n)lJrle(n)l

n
Z Dl +| ZXk
We come to the desire statement.
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Abstract. In this paper we consider a Jackson type queueing network with
unreliable nodes. The network consists of m < oo nodes, each node is a queueing
system of M/G/1 type. The input flow is assumed to be the Poisson process with
parameter A(t). The routing matrix {r;;} is given, 4,j = 0,1,...,m, > 1" r0; <
1. The new request is sent to the node ¢ with the probability r¢;, where it is
processed with the intensity rate u;(¢,m:(t)). The intensity of service depends
on both time ¢ and the number of requests at the node n;(t). Nodes in a network
may break down and repair with some intensity rates, depending on the number
of already broken nodes. Failures and repairs may occur isolated or in groups
simultaneously. In this paper we assumed if the node j is unavailable, the request
from node 7 is send to the first available node with minimal distance to j, i.e.
the dynamic routing protocol is considered in the case of failure of some nodes.
We formulate some results on the bounds of convergence rate for such case.

Keywords: dynamic routing, queueing system M /G /1, unreliable network, Jack-
son network, convergence rate.

1. Introduction

Queueing systems and networks are the most suitable mathematical
tools for modelling and performance evaluation of complex systems such
as modern computer systems, telecommunication networks, transport, en-
ergy and others [1-3]. A large number of research papers study queueing
systems with unreliable servers. [4]. The less ones consider queueing net-
works.

This work is motivated by a practical task of modelling of modern
telecommunication networks. We propose a modification of the open
queueing network model, based on the principle of dynamic routing.

There are some math research papers where queueing networks with
dynamic routing were considered. Queueing networks with constant rout-
ing matrix were considered in papers [5, 6], each node there was modelled
as a multichannel system, principle of dynamic routing was a random se-
lection of a channel at the node. There are some researches on unreliable
queueing networks. The common idea for modifying the routing matrix
is blocking of requests and repeated service after nodes recovery. The re-
sult related to the rate of convergence to the stationary distribution for
unreliable network is given in [7,8]. In this paper we give some results for
unreliable networks similarly as it was done in [8], but we propose another
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approach to the modification of the route matrix {r;;} and consider in a
more general model for network nodes.

2. Process Definition

It is assumed that nodes at the network are unreliable and may break
down or repair. Failures can be both individual and in a group (as in
models in [7,8]). We will refer to My = {0,1,2,...,m} as the set of nodes,
where “0” is the “external node” (entry and exit from the network) and
to D C M as the subset of failed nodes, I C M \ D the subset of work-
ing nodes, nodes from I may break down with the intensity a8 ;(n;(t)).
Nodes from H C D may recover with the intensity BB\H(ni(t)). It is

assumed the routing matrix (s;;) is given. Additionally the adjacency ma-
trix for our network (s;;) is considered, where s,; =1, if r;; # 0, and
Sij = O7 if Tij = 0.

Now we can consider all possible paths of the network graph. To find
them we need to calculate the following matrix: (s;;)2, (s4;)%, ..., (i)™,
m < 00, (s;5)' = (si;). The matrix (s;;)™ has the following property: the
element in row ¢ and column j is the number of paths from node 7 in the
unit j of length m (including (m — 1) transitional nodes).

We take the following routing scheme for network nodes from the subset
D (we call it as “dynamic routing without blocking”). Only transitions to
My \ D are possible for nodes from D:

0, it jeDi#]
Tij +7“i;€/8fk7 if ]§§ D, ke D

Ji—sj—oi =) = =i =k

D __ 1 1 1 1
Tij = Sij*sji/ *Si/j/*...*si//k #0,
p+1

where p=min{2,3,...,m: kakeD # 0},

Tii+ Y.  keD rik, if i€ Mo\ D,i=j,

s, =0V 1<p<m

y4 .
where s}, - element of a matrix (s;;)".
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The routing matrix is changed according to the same way for the input
flow:

A’f‘()j, if je ]\/[\1)7

p 1, 1 1
A(roj + rok /gy, * (Sj * 8jir * Sirjs % oo % Sinp.)),
D _
Arg; = p+1

ifj¢ D keD

0, otherwise.

Further we will refer to the modified routing matrix as R” = (r]), the
intensities of failures and recoveries depend on the state of nodes and does
not depend on network load and are defined as «(D, I), and 8(D, H).

A more general model than in [7] is considered for network nodes. It
is assumed that each network node is a queueing system type M/G/1.
The system‘s dynamic will be described by a continuous in time random
process X (t) taking values from the following enlarged state space E:

n=((n1,21),(n3,22), s (Mny 2m), D) € {Z4 x {RL- UO0}}™ x |D| =E,

where n; is the number of requests at the node i, z; - time elapsed from
the beginning of service for the current request 4, |D| - the cardinality of
set D. Intensity rates p;(n;, 2;) depend on both the number of requests at
nodes n;(t) and time z;(t), time elapsed from the beginning of service for
the current request at time t.

The following transitions in a network are possible:

(D,nl’... Jn; —1,--- ’nj_t,_l... 7nm)’
: (D,nq, -+ mj+ 1, i),
Tion := (D,ng,--,n;—1,- ny),
: (D\H,n1, - ,nm),
(DUIng, - ,ny).

Definition 1 The Markov process X = (X (t),t > 0) is called unreliable
queueing network if it’s defined by the following infinitesimal generator:

m

S 1 (Tosi) — F@R)AD

o

=
=1}
Il
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+ Y [f(T'R) — f@)]a(D, 1)+ Y [f(T"h) - f(@)]5(D, H)

IcM HCM

+ D L (Tjom) — f@)]g (ni(t), z:(0))rjp.

j=1

3. Main results

Like the classical Jackson network the existence of a stationary distri-
bution for an unreliable network with dynamic routing may be proved.

Theorem 1 It is assumed the following conditions for unreliable network
from the Definition 1

1) inf uj(n]7zj) >0 Vy,
nj,t
2) time of service and time between new arrivals are independent random
variables,
3) routing matriz RP is reversible,

then the stationary distribution for unreliable networks is defined by for-
mulae

_ 1 D 1 A
7T(n)27T<D7’I’Ll7’I'L27"',TLm) Cz((D))H - n; t ]
where
)\m
C;, = , A= Asxri,.
Z TG Z )

The main result for the convergence rate is formulated in terms of the
spectral gap for unreliable queueing network. The preliminary notations
and results on the spectral gap: there is a Markov process X = (X;, ¢ > 0)
with the matrix of transition intensities Q@ = [¢(e, €')]¢ e ek, with stationary
distribution 7 and an infinitesimal generator given by

Qf(e) =) _(f(e) = f(e))ale,e).
e’ck
The usual scalar product on Ls(E, 7) is defined as
9y =Y fe)g(e)m(e)
eck
The spectral gap for X is
Gap(Q) = inf{—(f,Qf), : Ifll =1,{f, 1), = 0}.

The main result for a network is formulated in the following theorems:
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Theorem 2 If X is a Markov process with infinitesimal generator Q, it
is assumed that Q is bounded, the minimal intensity of service is strictly
positive inf,, ¢ pu;(nj,z;) > 0 and the routing matriz (r]}) is reversible,
then Gap(Q) is strongly positive, if the following condition is true: for
any i = 1,---,m, for the birth and death process, corresponding to the
node i with parameters \; and p;(n;, z;) the spectral gap is strictly positive
Gap;(Q;) > 0.

Theorem 3 If X is a Markov process with a bounded infinitesimal gen-
erator Q, positive minimal intensity of service inf,, ; pj(nj,z;) > 0 and
reversible routing matriz (7'5), then Gap(Q) > 0 iff for anyi=1,--- ,m,
the distribution m = (m;),1 > 0 has light tails, i.e. the following condition
inf, g~ mi (k) ;> 0.

>k i (J
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Abstract. The paper presents unpublished manuscripts from Leibniz Archive
in Hannover on binary fractions and hexadecimal numbers. The research of
Leibniz’s correspondence and manuscripts shows that he knew the principles of
binary fraction representation, could operate them, and was the first who pro-
posed to apply the binary system for calculating transcendental numbers. At the
same time to calculate binary fractions he used either division or the method of
undetermined digits. Evidently he did not know any efficient algorithm of con-
version into binary fractions. Also Leibniz understood the connection between
hexadecimal and binary systems, knew the algorithm for converting integers to
hexadecimal system, introduced several methods to present hexadecimal digits
and suggested the practical use of the hexadecimal system instead of the binary
system that nowadays came true in computer science and mathematics.
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1. Introduction

The history of the binary and hexadecimal number systems is inter-
esting due to their wide use in theoretical computer science and computer
technology. Nondecimal systems have been the subject of research and
tool for problem solving in the works of many mathematicians, although
not all the results had been published.

The German mathematician and philosopher Gottfried Wilhelm Leib-
niz (1646—1716) is considered the founder of binary arithmetic, despite
the fact that the English mathematician Thomas Harriot (1560—1621)
had used the binary system in his manuscripts long before Leibniz [1].

First time Leibniz introduced the binary arithmetic in his manuscript
“De Progressione Dyadica” (About binary progression) dated March 15,
1679 [2]. Leibniz presents the binary representations of numbers from 1 to
100, proposes an algorithm of converting integers into the binary system
by means of multiple division by 2 calculating binary digits as remainders,
presents examples of addition, subtraction, multiplication and division in
the binary system.

Leibniz’s article in 1703 [3] was the first publication on the binary
system. However in this article Leibniz doesn’t present algorithms for
converting integers into the binary system and back. Leibniz points out
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the conformities in sequences of binary digits in the numbers from an
arithmetic progression. Binary fractions are not mentioned in the article.

G. Zacher published in 1973 the fullest study on Leibniz’s writings on
the binary system [4]. This edition contains a list and a detailed review
of Leibniz’s works as well as 28 original Leibniz texts including 23 let-
ters from Leibniz’s correspondence and 5 separate manuscripts. In the
published texts binary fractions are mentioned only in some letters at the
stage of definition, first of all calculating the number 7 that Leibniz called
Ludolph’s number after Ludolph van Ceulen who had calculated its value
with 35 decimal digits. In 1703—1705 Leibniz discussed the use of bi-
nary arithmetic to calculate Ludolph’s number in his letters with Jacob
Hermann, Joachim Bouvet, César Caze, and Jakob Bernoulli [5].

To fully appreciate the results of Leibniz’s research a study of his
manuscripts from the Leibniz Archive in Hannover was performed. More
than 1,500 sheets of manuscripts have been reviewed. Except 78 notes
on 105 pages included in the archive folder LH XXXV, 3b, 5 (“Different
manuscripts on the binary arithmetic”) we have found 24 documents from
the other sections related to nondecimal systems. 14 unpublished notes
on the binary fractions and 3 notes related to the hexadecimal system are
the most important documents for our study. Their content is presented
in details below.

2. Binary fractions in unpublished manuscripts by
G. W. Leibniz

First time Leibniz used binary fractions in unpublished second part
of the above mentioned “De Progressione Dyadica” dated March 15, 1679
(LH XXXV, 3b, 2, p.3r-5). He writes the binary expressions for the frac-
tions from % to %, but doesn’t separate the fractional part. To calculate
a binary fraction Leibniz divides the numerator by the denominator us-
ing “the galley method”. He stops calculating when he finds the period of
binary fraction. Leibniz verifies his calculation, for example, he adds the
fractional part of % obtained by 2 digit left shift from % and %, as result he
obtains the fraction corresponding to integer 1. Similar calculations can
be found in other Leibniz notes.

Also Leibniz suggests an interesting method for determining binary
digits with the use of undetermined coefficients (LH XXXV, 3b, 5, p.11).
He denotes the binary digits in the period of % by the Latin letters Imnp,
then adds % to % (shifted to 2 digits left) and using the known result he

calculates the values of the digits
I m n p I m n p I m n p

I m n p I m n p I m n p )
11 1 1 1 1 1 1 1 1 1 1 1 1
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where p=n=1,m=1[0=0.

Similarly Leibniz finds the period 001 for % adding 3 values: the fraction
without shift, with 1 digit shift and with 2 digits shift (using the equality
% + % + % = 1). He uses the method to calculate the period 000111 for %

On following page (LH XXXV, 3b, 5, p.12) Leibniz tries to apply his
method for the binary representation of ﬁ Denoting sequential digits

of the fraction ﬁ as yBazyzwutvgpml, Leibniz expresses the sum of 3
expressions: the fraction, the fraction with 1 digit left shift, and the frac-
tion with 3 digit left shift. In fact he expressed the sum ﬁ + % + % =
1=0,1111111... This gave him the possibility to calculate the digits [=1,
m=0, n=1, p=1, ¢=1, r=0, s=1, t=0, u=1, w=0, =0, y=0. At this
point he stops the calculation, apparently having found an error (in fact
u=0).

In other note (LH XXXV, 3b, 5, p. 89) Leibniz tries to obtain binary
expressions for fractions through multiplication of the already obtained
ones. For example, he tries to calculate the expression for % as % . % Ob-
taining the erroneous intermediate outcome 0,0000111100001111 he con-
verts it into the known right answer 0,000100010001 adding some periodic
fraction. Then he tries to obtain a binary representation for % as % . %,
but only the first 9 digits after the point are correct.

In “Pro fractionibus dyadica exprimendi” (Binary fraction expressions,
LH XXXV, 3b, 5 p. 2-3) dated December 20, 1699, Leibniz begins with the

binary expression for 1, then introduces the notation (b) (b in brackets)
for the number he calls “anti-b”, i.e., if b = 0, then (b) = 1 and vice
versa. Further on, he deduces some formulae for (b), trying to use them
for calculating products of binary fractions in a generalized form.

The note “Tentata expressio circuli per progressionem dyadicam” (The
attempt to express the circle through binary progression, LH XXXV 12,
2, p.97) describes the initial steps of conversion 7 into the binary sys-
tem. Leibniz tries to compare the sum of several terms of the progression
00 1L L L L with the sum of the series for 7+ So he de-
duces the following inequalities % < 1—%, 1—%—1—%—% < %—&—i < 1—%—1—%.
In the next step Leibniz makes a mistake and arrives at the wrong con-
clusion 1 — % + % — % + % < % + %, so that the digit 0 must be placed in
second position after the point. Of course his further attempts to evaluate
the sum of the series were unsuccesfull. In another note without a title
(LH XXXV, 13, 3, p.33-34) Leibniz expressed 7/4 as a sum of a double
row, in which the denominators are powers of two, but no simplification
has reached in the summation.
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3. The hexadecimal system in unpublished manuscripts by
G. W. Leibniz

It’s worth remarking that Leibniz was working on the hexadecimal
system at the same time as on the binary in “Sedecimal progression” dated
1679 (Hexadecimal progression, LH XXXV, 13, 3 p. 23). For the greater
part the note deals with the rules for converting decimal numbers to the
hexadecimal number system. Leibniz presents the algorithm of convertion
using the example of 1679 (the year of writing the note).

The algorithm is based on sequential division by the powers of 16: 4096,
256, 16, 1. First the smallest power 256 is chosen which doesn’t exceed the
initial number. The division of 1679 by 256 gives 6 which is the first digit
of the number. Leibniz notices that hexadecimal presentation of 1679 has
6 in hundreds. The remainder 143 is divided by 16, given 8 and a new
remainder 15. Thus Leibniz obtained three digits 6, 8, 15.

The digits between 10 and 15 can be represented in different ways. At
the top of this page Leibniz uses sequential Latin letters m, n, p, ¢, 1,
s. He skipped the letter o, probably not to be mistaken for zero. Next
Leibniz represents the digits between 10 and 15 through the initial letters
at the time used for musical notes (Ut, Re, Mi, Fa, Sol, La). Leibniz also
introduced the names for hexadecimal numerals from 1 to 30 combining
German words and affixations with Latin names for musical notes. For
example, the decimal number 42 in hexadecimal system is presented as
24 and pronounced utzwanzig. On the reverse page Leibniz converts the
powers of 10 through 100000 into the hexadecimal number system. He
obtains 10 = u, 100 = 64, 1000 = 3s8, 10000 = 2710, 100000 = 186x0. On
the same page he checks the result, multiplying 100 by 10 in hexadecimal
system (i.e. 64 by u).

In the other notes (LH XXXV, 3b,17 p. 4r and LH XXXV, 3b, 5 p. 77)
Leibniz introduces special signs for hexadecimal digits with values from 0
to 15 based on their binary representation. So the digit with value 11 has a
binary presentation 1011 and is shown as the 4-component sign written in
a column: dash, dot, dash and one more dash. Leibniz uses on more way
for writing digits in a line. He writes a digit as the union of several arcs.
An arc is convex upwards if it correspond to binary 1, an arc is convex
downwards if it correspond to 0.

Here Leibniz also points out that the binary numeration is theoretical
but the hexadecimal numeration is more practical. Note that Leibniz’s
prediction that the practical applications of the hexadecimal and the bi-
nary systems are possible in the search for regularities in the sequences of
digits of transcendental numbers is a genius because in 1995 the Bailey-
Borwein-Plouffe (BBP) formula was discovered [6], which allows you to
calculate any number of the number 7 in hexadecimal notation without
having to calculate the previous digits:

i 2 11
P 82+1  8i+4 8i+5 8i+6)"
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Thus, the hexadecimal system has advantages over the decimal system
just to calculate the number 7. Similar formulas exist for some constants,
for example, In 2.

4. Conclusions

The study of Leibniz’s correspondence and manuscripts shows that he
knew the principles of binary fraction representation, could operate them,
and was the first who proposed to apply the binary system for calculat-
ing transcendental numbers. At the same time Leibniz did not know any
efficient algorithm of conversion into binary fractions. So analyzing Leib-
niz’s manuscripts we can see his understanding of the connection between
hexadecimal and binary systems. He also knew the algorithm for convert-
ing integers to hexadecimal system, introduced several methods to present
hexadecimal digits and suggested the practical use of hexadecimal system
instead of binary system that nowadays came true in computer science and
mathematics.
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1. Introduction

Leibniz’s idea of geometria situs stimulated research in combinatorics,
projective geometry, and the theory of finite groups. Sylvester J.J. pro-
posed to create a section of mathematics that studies the arrangement of
elements, and called it Tactic. He referred to it combinatorics, number
theory and algebra. The idea of Leibniz contributed to the emergence
of topology, the graph theory; integration of sciences that study discrete
structures; development of modern discrete mathematics.

2. Leibniz on analysis situs

Leibniz’s idea of analysis situs arose from his thinking about universal
science based on a universal language. Rene Descartes formulated the
idea of universal science in "Discours de la methode. Pour bien conduire sa
raison, et chercher la verite dans les sciences", 1637. One of the appendices
of this work was "Geometry" which contained general rules of a scientific
method. He proposed to reduce all mathematics to algebra. Descartes
desire for mathematization of natural science, for the creation of universal
science, was supported by Leibniz. Leibniz’s idea of analysis situs refers
to a new understanding of "geometric algebra". It played an exceptional
role in the development of geometry and mathematics in general. In a
letter to Ch. Huygens dated September 8, 1679, Leibniz wrote: "... T am
no longer content with algebra, insofar as it gives neither the shortest nor
the most elegant constructions in geometry. That is why... I think we
still need another, properly geometrical linear analysis that will directly
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express for us situation, just as algebra expresses magnitude. I believe
I have a method of doing this, and that we can represent figures and
even machines and movements with characters, just as algebra represents
numbers or magnitudes. I am sending you an essay that seems to me
important ..." (Leibnizens mathematische Schriften, Bd.2, S. 17-25).

3. From analysis situs to geometry on a chessboard

In a letter to P. R. de Montmort written on 17th January 1718 G.
W. Leibnitz wrote (in French): "The game called Solitaire pleases me
much. I take it in reverse order. That is to say, instead of making a
configuration according to the rules of the game, which is to jump to an
empty place and remove the piece over which one has jumped, I thought
it was better to reconstruct what had been demolished by filling an empty
hole over which one has leaped". Following Leibniz, L. Euler (1758) and
Ch. A. Vandermonde (1771) were engaged in geometry on the chessboard.
Euler solved the knight’s tour problem — the problem of finding a sequence
of moves of a knight on a chessboard such that the knight visits every
square only once. Euler considered square, cross-shaped and rectangular
boards. Vandermonde generalized the knight’s tour problem to the three-
dimensional case.

4. Development of the ideas of Leibniz in the XIX century
geometry

The geometric ideas of Leibniz were further developed in the 19th cen-
tury in the construction of regular star polyhedra, projective geometry,
and topology. Lazare Carnot called projective geometry "Geometrie de
position" (1803). Ch. Staudt in "Geometrie der Lage" (1847) showed
that the essence of projective geometry is the study of mutual arrange-
ment of points, lines, and planes. Louis Poinsot contributed a lot to the
development of analysis situs. In the Institut de France in 1809, he read
a report "Sur les polygones et les polyedres" [1]. Poinsot conducts his re-
search within the framework of the geometry of the situation, the founder
of which was Leibniz. Poinsot builds a regular star polyhedron. Since the
time of the Greeks, five types of convex polyhedra were known: a cube,
a tetrahedron, an octahedron, a dodecahedron, an icosahedron. Kepler J.
in his main work "Harmonice mundi libri V" (1619) pointed out that two
more types of regular polyhedra exist, both of which are star polyhedra.
Poinsot rediscovered Kepler star polyhedra and constructed two more reg-
ular star polyhedra: a large dodecahedron and a large icosahedron. After
the publication of the work by Poinsot, the regular stellating polyhedra
became known as Kepler-Poinsot regular bodies. A. Cauchy (1813) in the
"Recherches sur les Polyedres" proved that the regular Kepler-Poinsot bod-
ies complete the list of all regular stellating polyhedra. In 1882 Stringham
found all six regular convex polyhedra of four-dimensional space.
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In 35 years, Poinsot turned to the ideas of the "Memoire" of 1810 again.
In his work "Reflexions sur les priencipes fondamentaux de la theorie des
nombres" [2], he gives an overview of some new ideas in mathematics and
notes that the achievements of modern geometry and number theory go
hand in hand. If number theory considers numbers in themselves, studies
their properties, independent of the way they are represented and acted
on, and rational algebra (or universal arithmetic), starting from ordinary
numbers (rational numbers), extends to anything, the higher algebra, in
turn, in the theory of equations is predicated on the theory of order and
combinations. Geometry — the science of spatial or extended forms — like
algebra is divided into two parts: one part studies proportionality and
measurement, the other part considers the order and arrangement of ob-
jects in space, regardless of their size and shape. This branch of geometry
is called the geometry of position, which, according to Poinsot, includes
the theory of stellating polygons and polyhedra.

5. Leibniz and combinatorics

Leibniz’s idea of analysis situs laid foundation for the theory of configu-
rations, both geometric and combinatorial. Combinations, arrangements,
and permutations are the simplest combinatorial configurations. The com-
bination is the basic operation in the theory of configurations. It is not
strictly mathematical, but belongs to general intellectual abilities, such as
the abilities to classify and create. The essence of combinatorics was first
discovered by Leibniz, who also described its area of application. Leibniz
regarded combinatorics as part of the art of invention. He performed his
first combinatorial calculations in 1666 in his dissertation "Dissertatio de
arte combinatoria", and then throughout his life repeatedly returned to
reflections on the role of combinatorics in the system of scientific knowl-
edge.

Leibniz’s views on the high importance of combinatorial art were shared
by J.J. Sylvester. Sylvester wrote several articles on combinatorial config-
urations, the first one being the article of 1844 "Elementary researches in
the analysis of combinatorial aggregation", in which he discussed the rules
for the formation of different sets and systems of sets from elements of a
given n-set. He wrote: "The present theory may be considered as belong-
ing to a part of mathematics which bears to the combinatorial analysis
much the same relation as the geometry of position to that of measure,
or the theory of numbers to computative arithmetic; number, place, and
combination being the three intersecting but distinct spheres of thought
which all mathematical ideas admit of being referred" [3]. To the ideas
of 1844, Sylvester returned in 1861: "I have elsewhere given the general
name of Tactic to the third pure mathematical science, of which order is
the proper sphere, as is number and space of the other two. Syntax and
Groups are each of them only special branches of tactic" [4], and in "Con-
cluding paper on Tactic": "Tactic appears to me to constitute the main
stem from which all others, including even arithmetic itself, are derived
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and secondary branches. The key to success in dealing with the problems
of this incipient science (as I suppose of most others) must be sought for in
the construction of an apt and expressive notation, and in the discovery of
language by force of which the mind may be enabled to lay hold of complex
operations and mould them into simple and easily transmissible forms of
thought" [5]. However, Sylvester did not realize this wide idea, limited to
solving particular problems. A. Cayley shared Sylvester’s views on tactic.
In 1864, Cayley proposed in his article "On the notion and boundaries of
algebra" to distinguish between two types of operations in algebra: tacti-
cal and logistic: "Although it may not be possible absolutely to separate
the tactical and the logistical operations; for in (at all events) a series of
logical operations, there is always something that is tactical, and in many
tactical operations (e.g.in the Partition of Numbers) there is something
which is logistical, yet the two great divisions of Algebra are Tactic and
Logistic. Or if, as might be done, we separate Tactic off altogether from
Algebra, making it a distinct branch of Mathematical Science, then (as-
suming in Algebra a knowledge of all the Tactic which is required) Algebra
will be nothing else than Logistic" [6]. In 1896 the American mathemati-
cian Moore E.H. in the article "Tactical memoranda" [7] introduced the
term "tactical configuration". In his article Moore considers numerous ex-
amples of tactical systems and proves their properties. A generalization of
the concept of "tactical configuration" in XX was the concept of a block
design.

6. Topology and graph theory

In 1895 Henry Poincare published his topological work "Analysis Si-
tus". A new subdiscipline in mathematics was born. In the introduction
to his first major topology paper, the Analysis situs, Poincare (1895) an-
nounced his goal of creating an n-dimensional geometry:"...geometry is the
art of reasoning well from badly drawn figures; however, these figures, if
they are not to deceive us, must satisfy certain conditions; the proportions
may be grossly altered, but the relative positions of the different parts must
not be upset". Because "positions must not be upset", Poincare sought
what Leibniz called Analysis situs, a geometry of position, or what we now
call topology. He cited as precedents the work of Riemann and Betti, and
his own experience with differential equations, celestial mechanics, and
discontinuous groups.

The founder of the graph theory is Euler, who in 1736 published a
solution to the problem of the Konigsberg bridges. Only 200 years later
appeared Denes Konig’s textbook "Theorie der endlichen und unendlichen
Graphen" (1936). Konig’s book was a major factor in the growth of interest
in graph theory worldwide. It was eventually translated into English.
Many of the topics dealt with by Konig are to be found in almost any
text on the subject, for example, Euler trails, Hamiltonian cycles, mazes,
trees, directed graphs and factorisations, but unlike many later authors,



74 ACMPT—2017

Konig considers infinite as well as finite graphs. In the Preface to his book,
Konig discusses whether graph theory is a branch of topology or a branch
of combinatorics. He argues that it is the latter:"... mainly because we
attribute to the elements of a graph - vertices and edges - no geometrical
content at all: the vertices are arbitrary distinguishable elements, and
an edge is nothing other than a unification of its two endpoints. This
abstract point of view - which Sylvester emphasized in 1873 - will be strictly
maintained in our representation, with the exception of some examples and
applications". Serious development of graph theory was in the second half
of the 20th century.

7. Conclusions

Leibniz’s idea of Analysis Situs contributed to the development of ge-
ometry, combinatorics, the emergence of graph theory and the creation
of topology in the 19th century. Combinatorics and graph theory in the
twentieth century formed the core of discrete mathematics. In connection
with powerful development of computer technology, discrete mathematics
is now becoming the most demanded section of mathematics and demon-
strates the true triumph of Leibniz’s ideas
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Abstract. The Stein method is a powerful tool of obtaining convergence rates in
limit theorems of probability theory and thus is widely used in various contexts.
The deep results on this way were established by C.Stein, L.Chen, L.Goldstein,
G.Reinert, Q-M.Shao, I.Tyurin and other researchers. To employ the mentioned
method one has to derive (and study) the Stein equation for distribution P of a
random variable X. It involves, along with a specified operator T defined on a
class of functions F, the law of another random variable Y as well (to evaluate
distance, in a sense, between the laws of X and Y). The aim of our work is to
provide a generalization of the Stein equation allowing to use the functions f
for which the classical Stein’s identity is not satisfied. We also show that our
equation permits to characterize the law of X, i.e. this equation holds for all f
in the extended F if and only if Law(Y) = P. In the operator theory framework
one can observe that a so-called density approach is a particular case of our
method. Due to the modification proposed we can estimate a distance between
the target distribution P of a random variable X and a distribution of Y when
supp(Y') is not a subset of supp(X). Moreover, we can write the characteristic
Stein equations for random variables with non-interval support. We illustrate
some advantages of the introduced method by a number of interesting examples.

Keywords: the Stein equation, Stein’s identity, density approach, Renyi theo-
rem.

1. Introduction

The Stein method is a technique to estimate the distance between cu-
mulative distribution functions proposed by C. Stein in 1972 (see [1]) in
the context of normal approximation. He considered the normalized sums
of m-dependent random variables to establish the convergence rate in the
corresponding central limit theorem. Later this method was adapted to
approximation with a number of other probability distributions, such as
Poisson, exponential, binomial distributions and etc. The important re-
sults were obtained by L. Chen, A. Barbour, A.N. Tikhomirov, L. Gold-
stein, G. Reinart, I.S. Tyurin and other researchers. More specific infor-
mation concerning the main results can be found in the paper [?].

Let us recall some key points of the method mentioned above.

Firstly, one must select a so-called target distribution, a distance to
which will be estimated. Suppose random variable X has the target dis-
tribution. The chosen law of X is associated with an operator 7x such
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that the Stein equation

Tx f(x) = h(z) — Eh(X) (1)

has a solution f for each function h from a set H. Then for a random
variable Y, function A € H and corresponding solution f of the equation
(1), it follows that

ETx f(Y) = Eh(Y) — ER(X). 2)

We assume the mathematical expectations above exist. The class of func-
tions H should be chosen in such a way that the supremum over H for
the modulus of the right-hand side of (1) determines a metric to find the
distance between distributions of X and Y. This construction proved to
be very successful, since it allows the researchers to obtain results for the
Kolmogorov, Kantorovich and total variation distances, some ideal metrics
(of order not more than one) and others.

In order to find a candidate for operator Tx, various approaches (such
as the method of antisymmetric functions and the L?-approach) were de-
veloped to write down the so-called Stein identity

ETx f(X) =0

for a wide class F of functions f. One can apply Stein’s method using
such an operator if a solution of the Stein equation exists and lies in F for
each function h from the set H. Instead, in a number of papers, authors
have checked the necessary condition to apply the Stein method:

ETxf(Y)=0 VfeF < Law(X)= Law(Y). (3)

2. Generalized Stein equation

In the paper of Ley et al. [3] the operators

D(f(x)px (x))

Tx f(x) = x (@)

are considered. Here px is the density of X by some measure p (usually
the Lebesgue measure or the counting measure on a lattice), the linear op-
erator D has a right inverse operator and does not depend on the density
px. Under a number of additional assumptions, the statement (1) ("char-
acterization") is proved for this type of operators in the above-mentioned
article [3].

It is important to notice that the condition supp(Y) C supp(X) must
be satisfied to estimate the distance between the random variables X and
Y using operators from Ley et al. [3]. It follows from the next fact for the
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proposed operators: the equation (1) is satisfied only on the support of
the random variable X that has the target distribution.
In order to generalize the method, consider an equation

ETpf(Y) = ET, f(X) = EA(Y) — Eh(X) (4)

for an extended class of functions f on which the Stein identity may not
be satisfied, but for these functions the corresponding averaged equation
holds.

Omne can suppose Df = [’ in the equation (2) for any random vari-
able with continuously differentiable density and find a family of Stein
equations, which coincides with the equations derived in [4] by the density
approach.

Employing new equations of the type (2) we can
1) remove the condition supp(Y) C supp(X),

2) counsider X with non-interval support by Lebesgue measure or counting
measure on a lattice.

An example to the first point is as follows: an analogue of Renyi’s
theorem for random variables with non-positive support is proved.

Theorem 1. Let {Y;}32, be a sequence of m-dependent random variables.
Suppose EY; = 1 and supp(Y;) C [a,b], Vi € N. Assume that N, is
independent of {Y;}52, and has geometric distribution with parameter p.

Then W), = £ Zivz”l Y; satisfies
W, -4 Z ~ Exp()), p— 0.

More details on Renyi’s theorem could be found in [5]. In addition, one
can find the similar result for non-negative variables in the article [6].

Now let us to illustrate the second point. Consider lattice distributions
with a step J. The equation

B[ 20D v - 0)] =0

characterizes random variables with these distributions in the sense of (1)
if there isn’t a point xo on lattice such that px(z9) = 0 and there exist
non-zero values px (z) for arguments both less and greater than z.

For continuous case, one can consider the equation (2) for X with the
density p(z) = 3e*@~1eD) on the support (—oo, —a] U [a,00). Thus, (2) is
turned into

A
E[f'(Y)=Asign(Y)f(Y)] = Se™™
It is possible to show the left-hand side of (2) characterizes random vari-
ables with above-mentioned density in the sense of the condition (1).

(f(=a) = f(a)) = ER(Y) —Eh(X). (5)
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In this report we discuss the development of a new approach to aviod
problems associated with type of support.

3. Characterization involving factorial moment generating
functions

Let us turn to the Stein-Tikhomirov method based on determining
a characteristic function by a differential equation. For instance, in the
paper [7] nonclassical central limit theorem with new conditions was proved

using the equation
f'(t) = —atf().

In our work a similar method is developed for factorial moment gener-
ating functions. For a Poisson distribution with parameter )\, generating
function f(z) = e**=1 2 € [0,1], is the unique solution of the Cauchy
problem

f/ - )‘f = Oa
Fa) =1.
We introduce the operator
Axf =1 =\,
where A = % f(@) = [E£. Thus, A is equal to the mathematical expec-

tation of a random variable, which produces argument for operator Aj.
So, A under the operator can be omitted.
Equation
Af(t)=0fort € [0,1]

characterizes the factorial moment generating function of a Poisson ran-
dom variable in a class of random variables with the same mathematical

expectation.
Application of the operator leads to the following new result.
Theorem 2. Let random variables {fn,k}zzﬁ be a triangular array of

row-independent random variables with supports in Z. and satisfy the con-
- n
dition Y, E&, i o A < o0.
Then

1) im S ALk® =0 = D& S &~ Pois(V),
k=1

n—00
k=1

n d )
S €k = €~ Pois()\) =
g) Sek=1bmk T — lim > " [Afnk(t)] =0,
k=1

max,_7,;E&r — 0 n—00
’ . n—oo . .
where fy 1 - factorial moment generating function of &, .
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Abstract. We construct a mathematical model of antivirus protection of local
area networks. The model belongs to the class of regenerative processes. To pro-
tect the network from the external attacks of viruses and the spread of viruses
within the network we apply two methods: updating antivirus signatures and
reinstallings of operating systems (OS). Operating systems are reinstalled in the
case of failure of any of the computers (non-scheduled emergent reinstalling) or
at scheduled time moments. We consider a maximization problem of an average
unit income. The cumulative distribution function (CDF) of the scheduled in-
tervals between complete OS reinstallings is considered as a control. We prove
that the optimal CDF has to be degenerate, i.e., it is localized at a point 7.

Keywords: regenerative process, average unit profit, Laplace transform, virus
propagation.

1. Introduction

The choice of strategy of antivirus protection is one of the key factors
that determine effectiveness of the functioning of the local networks. Dam-
age or loss of information that is commercial or state secret can lead to
million losses and security threats. One of the main methods of solving the
problems of the qualitative estimation of the possible risks and simulations
of the virus propagation is mathematical modeling. Since propagation of
computer viruses happens similarly as propagation of an epidemics in the
population, epidemiological methods and terminology are widely used. To
take random effects into account, stochastic epidemiological models were
developed for modeling the propagation of viruses in a computer network
(see, e.g., [1]- [4]). In these models it is assumed that the spread of viruses
occurs only as a result of the interaction of infected and uninfected nodes
within the network and does not take into account external virus attacks.
In this paper we consider a stochastic model of virus protection of local
area networks on the assumption that any computer can become infected
due to the following two reasons: external attacks of viruses and spreading
within network. We propose approach to optimization of the strategy of
the antivirus protection is based on the fact that nowadays the only way
to guarantee extermination of the viruses in the network is OS reinstall
(the full system regeneration). Existence of regeneration points allows to
construct a mathematical model based on a regenerating stochastic pro-
cess. Our research continues the investigation of the problem of antivirus
protection strategy discussed in [5].
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2. Functioning of the local network with antivirus protection

We consider a local network (LAN) consisting of N computers (nodes).
The antivirus protection is realized in two ways: by updating antivirus
signatures and by reinstalling the OS. A node calls the update base at
independent exponentially distributed with parameter § random time mo-
ments. The durations of the update install are independent exponential
random variables (i.e.r.v.) of parameter 7. This type of antivirus pro-
tection does not guarantee the extermination of the viruses; if the node
is infected, then it becomes “healthy” after the update with probability
po and remains infected with probability (1 — pg). OS reinstall happens
on all the nodes of the network at the same moment of time and all the
computers become “healthy” after it, i.e. the whole network regenerates.
The expected reinstall time equals T'. The decision about next scheduled
OS reinstall is taken at the moment of the system regeneration according
to a CDF G(t). During the call for the signature update or OS reinstall
the node is not working so no infection by viruses can take place.

Infection of a running node can happen in 2 ways: during success-
ful virus attacks from outside the network or by interacting with infected
nodes within the network. External virus attacks occur at time intervals
that are i.e.r.v. of parameter A\. For any pair of nodes intervals between
communications are i.e.r.v. of parameter . We divide the viruses in 3
groups based on the damage. Type I viruses cause hidden damage: cor-
rupt, destroy or transmit information. Type II viruses cause explicit sys-
tem failures, so continuing work is impossible. Type III viruses combine
features of both abovementionned types: they can cause hidden damage
and system failures. We assume that moments of failure caused by infec-
tion by viruses of the types II and III are i.e.r.v. of parameter p. Let py, pa,
p3 be portions of the virus attacks of corresponding types: p;+p2+ps = 1.

The network functions as follows. At the initial moment of time the
decision about the scheduled OS reinstall is taken according to the CDF
G(t). If there are no node failures until that moment, then the OS is
reinstalled. If there is a node failure, then the reinstall happens at the
failure moment. After OS reinstall the network is completely regenerated,
and the decision about the next OS reinstall is taken accordingly to G(¢).
The network work restarts at that moment.

The network makes profit from the income of every functioning node
minus the antivirus protection expenses and the losses caused by failures.
The profit is determined by the following parameters: ¢y — profit of one
node per unit of time; ¢; — hidden damage caused by viruses per unit of
time; ¢y — cost of the OS reinstall per unit of time; c3 — cost of the new
antivirus software installed during OS reinstall.

We consider a problem of finding a CDF G(t) such that the average
profit made by the network per time unit is maximal for networks working
for long enough time.
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3. Mathematical model

The mathematical model of the described LAN is a stochastic process
X(t) = (&(t),n(t), r(t)), where £(¢) is the number of infected but working
nodes at moment ¢, 7(¢t) and r(t) — number of noninfected and infected
nodes respectively, on which the updates are installed at the moment ¢.
Obviously, the state space X of the process X (t) is defined as follows:
X = XoU{R}, where Xy = {(i,4,k) : i,j,k=0,N, i+ j+k < N}.Here
the event {X (t) = R} means that the OS reinstall happens at moment ¢.
Since at the moment of the OS reinstall the network regenerates completely
and restarts, the moments of the end of the OS reinstall (the moments
of the transition of the process X(¢) from the state R to (0,0,0)) are
regeneration points of the stochastic process X (t).

The regeneration period consists of 2 intervals: time until the next
scheduled or emergency (in case of failure of one of the nodes) OS reinstall
and the time of the reinstall itself. Let Z be the duration of the regener-
ation period, 7 — time between the update time and the beginning of the
scheduled OS reinstall, G(t) = P(r < t), Y — time between the update
time and an emergency OS reinstall. Then

EZ=Emin(r,Y)+T = / E min(¢,Y)dG(t) + T
0

Let Q; ;,1(t) be the mean time before OS reinstall under condition that
X (t) starts from the state (¢, j, k) and at the moment ¢ the OS reinstall
is scheduled. Note that E min(¢,Y) = Qo.0,0(t). By virtue of the total
expectation formula we get a system of integral convolution-like equations
with respect to Q; jx(¢):

t
Qooo(t) = te”NOHA +/ Ne=NO+h)e {)\(x + Q1,00(t — 7))
0

+ B(z + Qo,1,0(t — Z))] dx
t
Qij(t) =te hiant +/ z(ps + ps)ipe” MihT dpt
0
¢ N—(i+j+k
+/O (N = G4+ WA+ ia 3= ) (0 + Qisrin(t - 2)
+if(x+ Qic1jk+1(t — ) + kvypo(z + Qi jk—1(t — x))

+EY(1 = po)(z + Qiv1,jk—1(t — ) + jy(w + Qi j—1.x(t — 7))
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+ (N = (i4j+k)B(@ + Qijrrr(t —x)) | e k" da,

where

i = (pops )it (N = (i+j+k)) Atia g+ (N = (j+k)) B+ (j+k) v

Remark 1. Qo ,0(t) does not depend on G(t).
By R(Z) denote the profit made by the network over one regeneration
period. R(Z) consists of incomes of single nodes minus the damage caused
by viruses on the interval between regeneration till the OS reinstall, OS
reinstall costs. Let R; ; () be a mean profit of the network from the initial

moment till the start of the OS reinstall under condition that X starts from
(1,7, k) and time till next scheduled OS reinstall equals ¢. Then

ER(Z) = /0DQ RO,O,O(t) dG(t) — CQT — C3.

We get a system of integral convolution-like equations with respect to
R; j 1 (t) that is similar to the system for Q; ; x(t).
Remark 2. Ry (t) does not depend on G(t).

4. Optimal distribution of the intervals between OS reinstalls

Let S(t) be the average profit from the network functioning on the

interval (0;¢) and p = lim;—, oo @ It is know from the regeneration theory

[6] that p = ER(Z)/E Z. Hence

_ J5S Ro0,0 (t) dG (t) — coT — c3
g fooo Qo,00 () dG(t)+T

Remarks 1 and 2 imply that the functional p is a linear fractional with
respect to the distribution G (t).

Consider the following optimization problem (Z1): p — maxig(.)}
where {G(-)} is the set of distribution functions such that G(t) = 0 as
t < 0. Using the theorem about the maximum of a linear fractional func-
tional [6] and remarks 1 and 2, we get the following result:

Theorem. The optimal solution of (Z1) (i.e. distribution of 7) is

0, t<r
1, t>r
Corollary. The problem (Z;) is equivalent to the problem (Z3):

degenerate: G(t) =

R, —coT —
0.00(r) = ¢ % — max .
Q0)070(’I‘) +T r>0
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For concrete networks the problem (Z3) can be effectively resolved.
Let f*(s) = fot et f(t) dt denote the Laplace transform (LT) of f = f(t).
First we find the LT R* and Q* from systems of linear equations obtained
by applying the LT to the integral equations for R and (). Note that R*(s)
and Q*(s) will be rational functions and there is no problem in concrete
situations to invert the LTs and to find R and @ explicitly. Then maximum
points of p can be found numerically.

5. Conclusions

We construct a mathematical model of virus protection of LAN on
the assumption that infection of a running node can happen in two ways:
during successful virus attacks from outside the network or by interact-
ing with infected nodes within the network. We consider two methods to
protect the network: updating antivirus signatures and OS reinstallings.
OS are reinstalled in the case of failure of any of the computers (non-
scheduled emergent reinstalling) or at scheduled time moments. The de-
veloped model belongs to the class of regenerative processes. We consider
a maximization problem of an average unit profit. We prove that the op-
timal CDF of the scheduled intervals between complete OS reinstallings
has to be degenerate.
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Abstract. We study the problem of parameters estimating if there is a slight
deviation between the parametric model and real distributions. The estimator
is based on suboptimal testing of builded by a special way nonparametric hy-
potheses. It is proposed a natural for this problem risk function. We found that
the risk function has an exponential decrease to the mean number of observa-
tions. Numerical results of a comparative analysis our risk function behaviour
for proposed estimator and some another estimators are outlined.
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1. Introduction

Robust estimation of a statistical model parameters is one of impor-
tant problems in the statistic. The main problem consists in a rapidly
decreasing power of a robust estimator under deviations from the pure
parametric model. Our approach is the more strong, additionally we in-
vestigate a problem to construct a guaranteeing decision.

One of popular method for a robust estimator construction bases on
influence functions [1|. But it is known that a power of a statistical decision
depends on a distribution tail. In [2]- [4] there are investigated a problem
of robust discriminating of hypotheses and an influence of a tail decreasing
on a test power are indicated. Based on modification of the sequential
probability ratio test, there are obtained the suboptimal sequential test.
It is so that its power converges to the power of asymptotically optimal
sequential test when the neighborhood size of the hypothesis converges to
0. In this paper, we apply this method for a robust estimation.

2. Setting of the problem

Let (2, F, P) be a probability space and x1, xa, . . . be independent iden-
tical distributed random variables with values in a subset X C R with
the probability distribution P from a set P. Let be some nondegenerate
measure g on X (with Borel o-algebra on X) such that any probability
distribution P = Py from the set P has its density function f(z) with
respect to .

We suppose that P has the following structure.
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Let z(P,Q,z) = log 5&,3 and I(P,Q) = Epz(P,Q,z) be the relative
entropy (Kullback—Leibler divergence) with usual conventions (logarithms
are to the base e, 0log0 = 0 etc).

C1. It is exists a metric d on P such that [ is uniformly continuous on
P under d.

Let Py be a parametric set of densities f(6, z) with respect to u, 8 € O,
where © is a compact in R™ and Py C P, and the set Py be continuous
under the metric d. The distribution with the density f(0,z) is denoted
as Py.

Let us define for P € Py a neighborhood Os(P) = {IS}, 0 is a positive
number, as the subset in P all distributions P where d(P, IS) < 6. Let

Ps = [ Os(Po).
)
Therefore, the set Ps is the d-neighborhood of the parametric family Py
in P.

We suppose that P = Ps for certain § > 0.

The neighborhoods Os(Pg), § € O, generate open sets O5(Py) =
O5(Pg)NPo in Py and O5(Py), 0 € O, give an open cover of Py and
this cover has finite subcovers. Any subcover is described by the set of its
neighborhoods centers {61,...,0,,}.

Let us fix a subcover and denote its neighborhoods centers set as
{69,....609,,}. The subcover has two characteristics: the accuracy of the
parameter estimating

A% = max min |t9£-J — 9?\
i jEA(D)

and the information distance
I,= inf inf 1(P,Q),
P605(P9?) Q€U ca(s) Oé(ng)

where A(i) is the alternative set of parameters for 69 and defines as

A(i) = {j : Os(Pgo) ﬂ(')g(Pg?) = 0}.

We have two contradict requirements for the subcover: A° needs be as
large as possible for maximizing I; and it needs be as small as possible for
maximizing accuracy of the parameters estimating.

All 0" € O§(Py) are undistinguished by the accuracy of the statistical
model § and, therefore, a risk function of the parameter estimation R(6,6")
needs be 0 for 8" € O5(Py). By this reason we define the lost function for

an estimator 6 as

R(0) = sup Pp(|6{p) — 0] > A). 1)
PePs
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This lost function means that we find guarantee decisions only.

3. Main result

We use the following regularity conditions:

C2. There is ¢ > 0 such that Ep (z(P, Q,alci))2 <cforallP e P,QeP.
C3. There exist ¢ > 0 and f > 0 such that for all P € P

Ep (sup exp(tz(P,Q,:z:,;))) <7

QeP
C4. z(P,Q,z) is differentiable w.r.t. « and

= z1\x) lalx .131/2{1300
D—/X () (a(z)b(x))/ dz < oo,

where 5 (P Q )
z(P,Q, x
o) = g |20,
sup / p(O)u(dt) < alz), sup / p(E)(de) < b(z).
PeP J -0 PeP Jx

Let us introduce Ly (P, Q) = Zle 2(P,Q, z4).

We perform the following estimator . We stop observations at the first
moment M such that

inf Ly(Ppo,Q) > —1 2
mgx inf m(Pgo, Q) og (2)

and accept as an estimation § = 69 if (2) holds and r is the value of
argmax;.
Let

k(P) = inf I(P,Q),e =max sup I(Q,Pg),
(P) QeUjea(s) Os(Poy) ( ) i Qe0s(Py0) ( 93)

where i such that P € O5(Py,). If there are several ¢ such that P € O5(Py,)
then we take i such that the respective value k(P) is maximal.
Based on results of [5,6] we get the following results

Theorem 1. IfP € Pj is such that k(P) > e then under the conditions
C1-C4 |
Bl < 18Pl | g /Tiog B
kE(P)—e
with the same constant K for all > 0 and P € Ps.
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Theorem 2. Under the condition C1

sup Pp(|0; — é| > A) <mgp.
PeP

From this result follows that the risk function (1) can be estimating.

4. Numerical results

For numerical illustration of the general theory we propose the simplest
example of estimating the mean of the normal distribution, i.e. f(0,z) =

\/%7 exp (_(.7:—29)2) , © =161, 0,],0, <0 < 0,. This distribution is mixed

with another distribution with a density g(z) with respect to the Lebesgue
measure, X = R, by the formula h(xz) = (1 — ¢)f(0,2) + eg(x), where
g, 0 <e <1, is a parameter of this mixture, and is denoted as H..

Let 6. be the estimation when the estimator z is based on censored
data, 6, be the estimation when the estimator Z is based on winsored
data when appropriate levels are A; (downer) and A, (upper). This means
that we reduce X = R to the segment [A;; A,], the distribution Py has the
density f(0,z) for x € (A;; A,) and atoms ®(A4;—0) and 1—-P(A, —0) at the
points A; and A, respectively, the the distribution with the density g(x)

has the atoms G; = ff;o g(x)dz and G, = f:(: g(x)dz. The neighborhood
O5(P9) 1S

O5(Po) = {h(x) | ¥ & € (A5 Ar),  |h(x) = f(0,2)] < 6/(6,2)}.

We outline one example of numerical investigations with the following
parameters A4, = =2, A, =2, 60, =-1,0, =1, = 0.1, g(z) = %Tlﬁ,
A = 0.2, true value of the parameter 6 is 0.

) Table 1

1+4x2

Results of estimating when g(z) = X

RO) | R(,) | RO, | M
0.1065 | 0.2652 | 0.1886 23.93
0.0223 | 0.1248 | 0.0625 46.73
0.0045 | 0.0607 | 0.0246 | 70.11
0.0007 | 0.0307 | 0.0091 | 93.88
10 | 0.0002 | 0.0152 | 0.0042 | 118.46

o = I R
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If e = 0 and we test the hypothesis # = 0 under the alternative § = A
2
then k(Ho) = AT. It is natural to use as a measure of effectiveness of an

estimator 6 .
5 on g —2log(R(6,P))
EO0.P) = I —onr

Then &£(Z,Hp) = 1, where Z is the standard estimation of the mean, and

it is followed from Table 1 that 5(9, Ho1) = 0.8, £(04,Ho1) =~ 0.39,
E(GC, HO.l) ~ 0.52.

5. Conclusions

We propose the setting of the problem of sequential robust estimating of
an unknown parameters with a guaranteeing decision and the risk function
of an estimation.

For this setting we construct the estimator with near to optimal prop-
erties for some statistical models.

It is found that, in general, the rate of the risk function decreasing is
an exponential under the mean number of observations.

For constructing an effective estimator, it is necessary to find a cover
of the parametric space in such a way that optimizing the information dis-
tance to the alternative set of parameters for a given level of an estimating
accuracy A.
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Heobxonumble ycjaoBus CyIleCTBOBAHUS

CTAIMOHAPHOTO pacrpe/ieJIeHUsl B CUCTEME
aJalTUBHOTO yNpaBJIeHUS KOHQMJIMKTHBIMU MMOTOKAMU

M. A. ®enorkun*, E. B. Kyapssmien*

* Kagedpa npoepammnoti unoscenepuu,
Ienmp npukaadnoti meopuu eeposmmuocmet,
Huoicezopodekuti 2ocydapemeenvili yrusepcumen,
np. Tazapuna, 9. 23, Huotchuti Hoszopod, Poccus, 603950

Ansoranus. B pabore paccMarpruBaeTcs CUCTEMa HEITUKJIMIECKOTO YIIPABJICHUST
KOH(JIMKTHBIMU TOTOKAMU HEOJHOPOJHBIX TpeboBanwmii. [locrpoeHa u usydena
MaTeMaTHYecKas MOJENb YIIPABJISIONIEl CUCTEMBI 0OCIy>KUBAHUS C IIEPEMEHHO
crpykTypoii. HaiiieHbl peKyppeHTHbIE COOTHOIIEHUS JJIsI COCTOSHUM 00CITy >K1Ba-
FOIIIEr0 YCTPONCTBA U JJIUH Odepeieil o MoToKaM. TakzKe MoJIyYeHbl PEKYPPeHT-
HBIE€ COOTHOIIIEHUSI JJIsl OJTHOMEPHBIX PACIIPE/Ie/IEHN BEKTOPHON MAapKOBCKOM MO~
CJIeZIOBATEIBHOCTH COCTOSIHUI CHCTEMBI €pe3 OJMH INar U Uepe3 UhCJIO IIAaros,
paBHOE KOJIMYECTBY OCHOBHBIX COCTOSIHHI OOC/Ty2KMBatoIero ycrpoicraa. [Ipes-
JlaraeTcsa UTEePaTUBHO-MaXKOPAHTHBIA METOJ, KOTOPBII MO3BOJIAET HANWTH JICTKO-
IpoBepsieMble HeOOXOIUMBbIE YCIOBHUS CYIIECTBOBAHMUS CTAIIMOHAPHOIO PaCIIpe/ie-
JICHUSI.

KuaroueBbie ciioBa: KOHOMIUKTHBIE IOTOKU, HEIUKINYIECKOE YIIPaBJIEHUE, CTa-
[IMOHAPHOE PACIIPE/IesIeHNe, TPOU3BOANINE (DYHKIIUN.

1. Bsenenune

Jlannast paboTa CBsizaHa C BayKHOI 1pobJieMoit 3¢ dekTuBHOrO ypas-
JIEHUA TPaHCIIOPTHBIM ITE€PEKPECTKOM. HpeﬂﬂaFaQTCH a,ZLaIITI/IBHbIﬁ HEeInK-
JIMYECKUII aJITOPUTM, YUYUATBIBAIONIUN HE TOJBKO JJIMHBI O4Yepeneil, HO U
OYEpETHOCTD IIPUXO0JIA 3aBOK.

B pabore paccmarpuBaeTcst TPAHCIOPTHBIN TEPEKPECTOK KAK CUCTEMA
MaccoBoro obcirykuanust. O6CIyKUBAIOTCA 2 KOHMIUKTHBIX HEOPIMHAD-
HBIX ITyaccoHOBCKUX moToka 11y, Ils. B KakbIil BBI3BIBAIOIINIT MOMEHT 110
HOTOKY j mpuxomut k 3asBOK ¢ BepositHocTsivu Pj(k), k > 1, j = 1,2,
onpesiesieEHBIMA B [1,2].

O6cyKuBaHWe TPOU3BOIUTCS C MTOMOIIBIO aJAIITHBHOTO HEIMKJIIIe-
CKOT'0 4JTOpPUTMa, MOAPOGHOE OIMCAHNE KOTOPOTO IIPUBEJIEHO B pabote [3].

2. TIlocranoBka 3aga4uu

B cucreme obcayKUBAIOMIM YCTPOUCTBOM SIBJISIETCS CBETOMOP, a Tpe-
OOBaHUSIMHU — aBTOMOOWIIN, Obe3KaoMne K ¢cBeTodopy. MHOXKeCTBO co-

crosmmit ceeropopa I' = {TM, 1) TG) 1@ 16) TO) 1O TEY, Onu-
caHMe KarKJ0ro COCTOSIHUS IPUBEIEHO B [3].
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Bynem paccmarpuBarh cucreMmy B MOMEHTHI T;, ¢ > 0, mjin Ha mpome-
JKYTKAX [T, Ti41). 3€Ch Tp — HAYAJIBHBIH MOMEHT BPEMEHHU, & BEJIMINHBI
Tiy, © > 0 — MOMEHTBI CMEHBI COCTOSHUI OOCIIY?KUBAIOIIETO yCTPOUCTBA.
IMycrs yo = (0,0), y1 = (1,0), y2 = (0,1) u X — 1enouncieHnas oIHOMEpP-
Has HEOTpHUIATEIbHAs pemteTka. J[Js HeJIOKAJbHOIO ONMMCAHUS CHCTEMbI
npu ¢ = 0,1,... BBeJIeM CJIeIYIOITUE CIyIaliHble BETUINHDI U JIEMEHTHI:

1) I'; € I' — cocrosinue 06CIIyKUBAIOIIEr0 YCTPONCTBA HA IIPOMEXKYTKE
[Tis Tiv1);

2) n;; € X — 4uncio 3asBOK j-TO MOTOKA, IOCTYNHUBIINX B CHCTEMY 32
IIPOMEKYTOK [Ti, Tit1), M = (11,1, M2,);

3) 77;',1 — CJIy4ailHbIil BEKTOD, IPUHUMAIOIINI 3HAYEHUE Yo, ECJIA HA 1-OM
TaKTe [Ty, T;41) B CHCTeMy He IOCTYIIH/JIO HHU ONHON 3asBKHU, WIH Y;, €CIIH
Ha -OM TaKTe [IEPBBIMH MOCTYIIMIN 3aABKH j-T'O IOTOKA;

4) kj,; € X — 9uCI0 3asIBOK j-TO IOTOKA, KOTOPBbIe HAXOIATCS B CHCTEME
B MOMEHT T;, K; = (K14, K2,i);

5) &;.; — MAKCHMAaJIbHO BO3MOXKHOE TUCJIO 3asBOK j-TO IIOTOKA, KOTOPBIE
cHCTEMa MOXKeT OOCIIy’KUTh Ha HHTepBaJe [T, Tit1), & = (§1,5,82,5)-

IIpumem cremyrorue cOOTHOIIEHUS s JgauTenabuocreit T;, ¢ = 1,6,
Toiio= s+l oaipsy, Thiq =lsiqaipu:s, Tai=lg:au: s
3j—2 = Hj1 3j—2Q ;1 3j—1 = 13j—1Qj[; o, 3j = U3 Qi 0,

rie lsj—o € X, l35-1, l3; € N, mapameTpsl u;ll u ,uj_’% — JIJINTEJILHOCTH
00CITyKUBaHUs OHOI 3asIBKM HA IIEPBOM M BTOPOM 3TaIle COOTBETCTBEHHO.
Bemmamna 0 < a; < 1 obosHaUaeT 9acTh 0OCTyKUBAHN, KOTOPYIO HE00-
XO/IUMO TIPOUTH TPEeOOBAHUIO, ITOOBI MOYKHO OBIJIO HAYATH OOCTYKUBATD
cIIenyIonTyIo 3aABKy. B ciaydae a; < 1 oTHOBpeMEHHO MOXKeT OOCITyXKH-
BaTbCs HECKOJIBKO TPEOOBAHMIA.

AanTUBHBIN AJTOPUTM CMEHBI COCTOSTHUH OOCITY?KUBAIOIIETO yCTPOit-
CTBa M3 MHOXKeCTBa [’ 33/1aeTCsl ¢ MOMOIIBIO PEKYPPEHTHOTO COOTHOIIEHHUS:

rG=2) {0, = TG &[(k),; >0)V (ks > Ko)V (0] = y;)] } V
V{[Ds = DD &k = 01&[rjs < Kal&eln = ]},

Lip1=q0@ -0 {1, =1G=2} v {[1; = T6+)) &) = y;]}

ré), {1, =TG=DY v {[[; = T &l # y5]

F(6+j), [Fz = F(?’S)} &[ﬁj,i = 0]&[;%5’1' < Ks]&[’l?; = yo]

Kak BumHO M3 mpUBEIEHHOTO COOTHOINIEHUS COCTOSTHUE OOCITY2KHBAIO-
LIero yCTPOHCTBa Ha CJIeAYIONIEeM Iare 3aBUCUT OT COCTOSHUS Ha IIPeJIbl-
JLYIIEM IIIare, JIJIMHBI OUepeseil 1 0YepeTHOCTH IPUX0oa 3a:ABoK. [Ipu sTom
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JUHAMUKa JIJIMHBI O9epeIn 331a€TCA CICAYIONNMN PEKYPPEHTHBIMU COOT-
HOIMEeHUAMN

maX{O, Kji + Nji — gj,i}v ecu I'; € F\{F(S), F(G)}7

Kji+1 =
nj,i + maX{O, Hj,i — gj,i}a eCcJjin FZ € {F(3), F(G)}

3. CsoiicTBa MapKOBCKOﬁ ImocJje 10BaTeJIbHOCTHU

CocTostHuE CHCTEMBI Ha i-M TAKTe BPEMEHH |T;, T;11) OMACHIBACTCS CJIy-
gaitabiM ssteMenToM (I (w), k4 (w)), 4 = 0,1, ... s BeKTOpHOIT IToCIe10Ba~
rensrocTH {(T'y, k;);4 = 0,1,...} 10Ka3aHA MAPKOBOCTH U IIPOBEJIEHA KJIAC-
cuduKaIms ee COCTOSTHUIMA.

Teopema 1. Cayuatinas 6eKmMOPHAA NOCALO0EAMEAHOCTVD COCTNOANUL ClU-
cmemwvs suda {(T,k;:);1=0,1,...} ¢ 3adannvm Hauaavrom pacnpedene-
nuem eexmopa (Lo, ko) Acasemca Mapro6cKoi.

Teopema 2. ITycmov j,s = 1,2, j # s, v = (v1,22) € X% u

G={T"™ z): 1™ e,z e X?},
G2 = {(T®72) 2gy): g < Ko — l3s},
GO = (T 2gy,): @y < Ko — l3s},
GO+ = {(TO+D) g): z; >0} U (OO 2y 2y > Ky — I3},

G6+3) y GBi—2) I3j_9 > 0;

G =
T ql) g gGi-2) y gBi-D)| ls;—s = 0.

Tozda cocmoanus u3 Gj ABAANOMCA HECYULECTNEEHHBIMU U MHOINICECTNBO

suda Gy = G\(G1 U G2) Asasemes HEPASAOHCUMBIM ANEPUOIUMECKUM
KAGCCOM CYULECTNEEHHDIT COCTNOANU.

Hmsa moboro i > 0, r = 1,8, x € X? BBemeM obo3HANEHTE:

Q" (z) =P, =T k; = ).

B pabore [3] Gbuin Haii/IleHbl PEKyPPEHTHbBIE COOTHONIEHHsI JIJIsi OJIHOME]D-
HBIX pacIpee/ieHuit {Ql(.r)(a:): r=1,8,z € X?}, i > 0, MApKOBCKO{i 110
cnenosareasrocty { (I, k;);4=0,1,...}.

ITycrs 2z = (21, 22), TAe 21, 22 AHCTBATEILHBIE NI KOMILJIEKCHBIE TI€pe-
mennble u |z1| < 1, |z2| < 1. Monomum 2% = 271252, rne © = (z1,22) € X2,
Paccmorpum Tenepps nponssoagmue GyHKIUT

Q0

W)= 3 Q)" r =18 Wiz) =Y W (2).

reX? r=1
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Vcronb3yst peKyppeHTHBIE COOTHOIIEHUS TSl OJTHOMEPHBIX PACIIPe/ie-
JIEHHIt {QET) (z): r=1,8,2 € X?}, i > 0, BeKTOPHO{1 TIOCJIC/IOBATEIHHOCTH
{(Ti,k:);4=0,1,...}, cranmapTHBIM 06pa30M GBLIN IOy I€HBI PEKYPPEHT-

HbIE COOTHOIIEHUS JIJIsi [IPOU3BOIAAIINX (DYHKIIHIA WZ-(T)(Z)7 r=1,8i>0.

4. HeobxoauMble yCJIOBHUS CYIIIeCTBOBAHUS CTAIIOHAPHOTO
pacnpenesieHus

IIpenyIoKeHHbIH B pabOTe UTEPATHBHO-MAZKOPAHTHBIN METOJT TIO3BOJIHIT
HOJIyIUTH CJIEJLYIONINE YTBEPKJICHUSA. YCJIOBHs 3TUX YTBEPXKJICHUIT JIETKO
IIPOBEPSIIOTCS.

Teopema 3. Ecau cywecmeyem npedeavroe pacnpedeernue maproscrol
nocaedosamenvroemu {(T'y, k;);1 > 0}, mo

041)\1M1 + (Jé2/\2M2

H1,2 H2.2
2de A1 U Ay — UNMENCUBHOCTIU NOTOKOE BbI3VIBAIOUUT MOMEHMOS, M U
My — mamemamuseckue oHcudaHUA YUcaa MpPebosanull 6 Svi3vEaULUT
momenmax oas nomoxos 117 u Ils.

U3 ycnosus TeopeMbl 3 JIETKO BEITEKAET CJIEYIONICE CIIC/ICTBHE.
CaenctBue 1. [Ipedeavroe pacnpedesenue { (T, ki); P> 0} cywecmeyem
moavko mozda, Ko20a evinoansemca ajAjM; < pjo, j=1,2.

Bsenewm cienyromme oboznadenus T = T1 +T34+Ty+Ts+n1To+nsT5,
L; = l35_0 +nyl3j_1 + 35, j = 1,2, rme ny 1 ny — MaKCHMAaJILHOE GHCTIO
npoytenwuit cocrosamit I'(2) i T(4),

Teopema 4. Jlas cywecmeosarus npedesvrozo pacnpedeerus nocaedo-
samenvrocmu {(I';, k;);1 > 0} neobrodumo evinosnenue Hepasencmea

<1

)

MM Ty
MMT — L — 2 (A MT — Ly) < 0.
14Vl 1+l5—)\2M2T5(2 2 2)

Teopema 5. Jlaa cyuecmeo8anus npedesvhozo pacnpedesenus nocaedo-
samenvrocmu { (T, k;);1 > 0} neobrodumo evinosHenue HepaseHcmea

lo — M MT,
MM{T — L ————— = (M MT — L 0.
1My 1+ N MoTh (Ao Mo 2) <

CuaencrBue 2. /[aa cywecmeosanus npedesvrozo pacnpedesenus nocie-
dosamenvrocmu {(T's, ki);1 > 0} neobrodumo, wmobv, xoms 6v das 00Ho020
Jj = 1,2 svinoananocy nepasencmeo A\jM;T — L; < 0.
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5. 3akJirmoueHue

B wusydaemoil cucreMe ObUIM HafiJIeHBI JIEMKO IIPOBEpsieMble HEOOXO-
JIIMBle YCJIOBHUs CYIIECTBOBAHMUSA [IPEIEJIBHOIO PACIPEIeJICHHsT BEKTOPHOIL
MapkoBckoit nocaegosarensaoctn {(Iy, k;);¢ > 0}.
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Necessary conditions for stationary distribution
existence in the adaptive control system of conflict
flows
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Nizniy Novgorod State University,
Gagarin Avenue 23, Nizniy Novgorod, 603950, Russia

There is considered the process of control conflict flows of nonhomogeneous
arrivals. A mathematical model of a control system with variable structure is
constructed and studied. Recurrence relations are found for the states of the
serving device and the lengths of the flows queues. Recurrence relations are
also obtained for one-dimensional distributions of the vector Markov sequence
of states of the system in one step and through the number of steps equal to the
number of basic states of the serving device. We propose an iterative-majorant
method that allows us to find easily verifiable necessary conditions for stationary
distribution existence.

Keywords: conflict flows, non-cyclic control, stationary distribution, gen-
erating functions.
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Abstract. We consider Bienaymé-Galton-Watson (BGW) and continuous-time
Markov branching processes and prove diffusion approximation results in the
near critical case. In particular, we give new proofs and derive necessary and suf-
ficient conditions for diffusion approximation to hold of Feller-Jifina and Jagers
theorems. The proofs are new and are not based on generating function theory.

Keywords: Branching process, diffusion approximation, near critical case.

1. Introduction

In the present work we study diffusion approximation of near critical
Markov branching processes in discrete-time (BGW), and continuous-time
Markov age-dependent branching processes, (see, e.g., [2,5,6,9]). Espe-
cially, Feller-Jifina theorem ( [1,4,10]) and Jagers theorem ( [9]) are re-
visited. We present a different method to obtain diffusion approximation
based on Markov generators convergence [3,11] and semimartingale rel-
ative compactness [12], (see also [8,13]). Moreover, we prove that the
near critical condition is a necessary and sufficient condition for diffusion
approximation of a Markov branching process to hold.

The main results are presented in Section 2; the main step of proofs in
Section 3, and finally a short conclusion is also given in the last section.

2. Diffusion approximation results

Consider a Bienamé-Galton-Watson branching process in discrete-time

Zn-1
Zn= by n>1l Zy=1
=1

Denote by p = E&,_1; and o2 := Var (¢,_1 ), the common mean and
variance of offspring, &,_1,;, which are i.i.d. random variables. We denote
also &; instead of &, ; in some places.

Define now the family of processes in series scheme, indexed by the
series parameter € > 0, say Z7, and define the processes Y;° := EZ[Et Je]
t >0, e>0. We denote by &5, € > 0 the number of offspring.

The following assumptions are needed in the sequel.
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C1: Offspring mean assumption: g =1+ ea+o0(e), ase ] 0, and o € R
a constant;

C2: Offspring variance assumption: o2 = 02 4 0.(1), with 0 < 02 < co.

C3: Initial value assumption: Y converge to a point z € R, as ¢ | 0.
What we mean by the near critical hypothesis can be expressed by assump-
tions C1. The near critical case is a necessary and sufficient condition for a
BGW process to give a diffusion approximation. Let C3(R) be the space of
real-valued functions defined on R twice continuously differentiable van-
ishing at infinity. Let = mean the weak convergence in the Skorohod
space Dgl0, 00).

Theorem 1 Conditions C1-C8 are necessary and sufficient that the fol-
lowing weak convergence holds

Y = W, as €10,

where Wy is a diffusion process defined by the generator Lo(x) = axy’(x)+
1otz (x), with initial value Wy = x, and ¢ € C§(R). Here ¢’ and ¢
are the first and second derivative of the function .

The "if” part of the above theorem is the well known Feller-Jifina theorem
( [10]). We will give here another proof, without generating function.

Let us now consider Markov branching processes in continuous time,

Zt,t S R+7 for t,S > O7
Zy
Zt+s = ZEES)
i=1

where fi(s) is the number of offspring of the i-th particle living in time ¢.
The particle lifetime follows an exponential distribution with mean 1/,
A > 0. Let us consider the family of processes Y,® := sZtE/E, t>0,e>0.
Then we have the following result.

Theorem 2 Conditions C1-C8 are necessary and sufficient that the fol-
lowing weak convergence holds

Y = W, as €10,

where Wy is a diffusion process defined by the generator Lp(x) = adzy’(x)+
ixo?zy (x), with initial value Wy = z, and ¢ € C3(R).

The "if” part of the above theorem is the well known Jagers theorem ( [9]).

We will give here another proof, without generating function.

Remark. If we replace condition C2 by 02 = 0.(1), then we get, for both

Theorems, as limit process, W;, the deterministic function €%, with b =

for Theorem 1, and b = Aa, for Theorem 2. This provides an average
approximation for the considered branching processes.



Limnios N. 97
3. Proofs

Let us give the main steps of proofs of the above two theorems.
Proof of Theorem 1. For any € > 0, the process Y, is a Markov process
with state space E. = eN, N := {0,1,2...} and semigroup operator P.,
defined by P.g(z) = Ep(e Y0/5 €5). Set S, = 70, (€5 — 1).

The discrete generator L€ := e~ 1(P. — I) can be written in asymptotic
form, for x € E. and ¢ € CZ(R), as

Lep(z) = e La(e — )¢ (@) + =[o%a + e~ 2 (ue — 1)) (2) + 0 ().

2
where
€
0°()| < & (a0 +0%0” + 0(1)Ew(@" 28, ).
The function w(y”,0) is the modulus of continuity of the continuous func-

tion ¢”, and we have by bounded convergence theorem that
Ew(¢"”,eS,/:) =0, &—0.

Introducing the near critical conditions to the above generator we get the
announced limit generator. Now for the relative compactness, we will prove
the following two facts ( [12]). First the compact containment condition
has to be proved

lim sup ]P( sup |Y7| > c) =0, (2)
€30 0<e<eg 0<t<T

and second the inequality E|Yy — Y£|? < k|t — s|. The following result
holds.

Lemma 1 The following inequality holds

E sup |[V¢]? < Kr,
0<t<T

where Kr is a constant depending on T and independent of €.

Now from Lemma 1 and the Kolmogorov inequality we get the compact
containment condition (3). On the other hand we take, for s < ¢,

E[eQ(Z[i/E] - Z[ES/E])2] < e([t/e] - [s/e])o? ~ |t — s|o.

The conclusion now is clear.
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Proof of Theorem 2. The generator Lp(z) = e !lim,_,o{Ep(Y?) —
w(x)}/s can be written in asymptotic form as follows, for x € E. and

¢ € C3(R),

_ 1
Lp(z) = e Aa(pe = )¢/ (2) + SAz[02 + (ne — 1)°]¢" (2) + 6% (2).
and introducing the near critical conditions, we get

Lop(z) = Ma + o-(1))z¢' (z) + %(02 +0:(1)Azp" (z) + 6°(z).

The relative compactness is proved in the same way as in Theorem 1, and
the conclusion follows.

4. Conclusions

In this work we presented diffusion approximation results for Markov
branching processes by a new way without generating function support.
Moreover, near critical condition are proved to be a necessary and suffi-
cient condition for diffusion approximation for the considered branching
processes.

References

1. Aliev S. A., Shurenkov V. M. Transitional phenomena and the con-
vergence of Galton-Watson processes to Jirina processes // Theory
Probab. Appl. — 1983. — Vol. 27, no. 3. — P. 472-485.

2. Athreya K. B. , Ney P. E. Branching processes. — Springer, Berlin,
Heildelberg, 1972.

3. Ethier S. N., Kurtz T. G. Markov Processes: Characterization and
convergence. — J. Wiley, New York, 1986.

4. Feller W. (1951). Diffusion Processes in genetics // Proc. Second
Berkley Symp. Math. Statist. Prob. — Univ. of California Press, 1951.
— P. 227-246.

5. Gikhman I. I., Skorokhod A. V.. Theory of Stochastic Processes. Vol
2. — Springer-Verlag, Berlin, 1974.

6. Haccou P., Jagers P., Vatutin V. A. Branching Processes. Variation,
Growth, and Extinction of Population. — Cambridge University Press,
2005.

7. losifescu M., Limnios N., Oprisan G. Introduction to Stochastic Mod-
els. iISTE. — J. Wiley, London, 2010.

8. Jacod J., Shiryaev A. N. Limit Theorems for Stochastic Processes, 2nd
Ed. — Springer, 2003.

9. Jagers P. Diffusion Approximation of Branching Processes // Annals
Math. Statist. — 1971. — Vol. 42, no. 6. — P. 2074-2078.



Limnios N. 99

10. Jirina M. On Feller’s branching diffusion processes, Casopsis // Pést.
Mat. — 1969. — Vol. 94. — P. 84-90.

11. Korolyuk V. S., Limnios N. Stochastic systems in merging phase
space. — World Scientific, N.Y., 2005.

12. Liptser R. S. The Bogolubov averaging principle for semimartingales
// Proceedings of the Steklov Institute of Mathematics, Moscow. —
1994. — No. 4.

13. Liptser R. S., Shiryayev A. N. Theory of Martingales, (translated from
Russian, Nauka, 1986, Moscow). — Kluwer, Dordrecht, 1989.




100 ACMPT—2017
VIIK 519.248:53
BeposiTHOCTHBIE MOI€/ N pacIpOCTpPaHEeHUs
3arpsg3HeHnii B KPYNHbIX BOJHBIX aKBATOPUSIX.
CTaTHUCTUKM U CTOXAaCTUYECKNE BBIUNCJINTEIbHbIE
aJIrOpUTMBbI

0. C. Copoxkosukosa*!?, JI. B. Izama*,
. I'. Achanguapos*, . B. Baarogarckux*
* Hnuemumym npobaem 6ezonachozo pazeumus amommol snepzemuky PAH,
ya. Boavwas Tyaockan, 0.52, Mocksa, Poccus, 115191
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Ansoranusd. [Ipejcrasisiercsa Bepcusi mojgenun Monre-Kapaio juis pacuera pac-
[IPOCTPAHEHNs 3arPS3HEHUs] B KPYIIHOM BOJIHOW aKBATOPHUH C JIETAJILHBIM YI€TOM
6eperoBoii smann. Ha ocHoBe mMHOrosierHeil 6a3bl JaHHBIX O TEYEHUAX, TIIyOu-
HaX BEPXHEI0 KBA3WOHOPOJIHOIO CJIOs IT€PEMEIINBaHUsl [IPEJIaracTcsl BEPOsIT-
HOCTHasI MOJIeJIb PAOHMPOBAHUST BOJIHBIX aKBATOPHUIl 110 YPOBHIO 3arpsi3HEHMIA.
IIpemaraercs Bepcust pacnapaJiieIMBaHus pacdueTos 1o Mozesn Monre-Kapiio ¢
pa3HBIMU BapHAHTAMU JATINKOB ICEBIOCTyJaiiHbIX BeauunH. [[poBeaeHo cpas-
HeHne 3(hHEKTUBHOCTH HECKOJIBKIX BAPUAHTOB TAKUX JATIUKOB JIJIS TAPAJLIe/hb-
HBIX BeraucseHuil. [Ipegmaraemast MeToInKa pacuera Pa3HBIX CTATUCTUK 3arpsi3-
HEHUs IJIAHUPYETCs] K MPUMEHEHHUIO [1jis OOBbEKTOB SIAEPHOTO HACJEIUs B BHUIE
KPYIHBIX IIPUPOJIHO-TEXHOTEHHBIX BOJIHBIX KOMILJIEKCOB.

Kuarouesble ciioBa: MEeTO MOHTe-KapJIO, MO/ZIeJIb IIEPEHOCa ITpUMeCH B OKeaHe,
JaTIUKN HCE}B,JOCJIyLIaI';IHI)IX BEJINYUH, ITapaJljiIeJIbHbIE BBIYUCJICHUA.

1. Bseneunune

AKTyaJbHOCTD peIleHus 3a/a91 IePEeHOCa PAJIMOHYKJIIUIOB B ITOBEPX-
HOCTHBIX BOJIHBIX OOBEKTAX, 3arpsi3HEHHBIX PATUOAKTUBHBIMU BEIIECTBA-
MU, BKJIIOYasi TPUOPUTETHOCTH OOOCHOBAHUS U Pa3pabOTKU HAYIHO-TEX-
HUYECKOTO MHCTPYMEHTAPUS JJIsi TPOTHO3UPOBAHUST COCTOSTHUST KPYITHBIX
xpanuyuig 2KPO, ormeuasnack ne eauuozxapt [1-3].

DxkcriepTHasi OrleHKa, nposeiernas B UBPAD PAH, nokazaJsia, uro dak-
THI TIPEBBIIIEHUs] TIPEJIETHHO-TOIYCTUMBIX KOHIIEHTPAIM PAIHOHYKJIHIOB
MOTYT HabJIIOJATHCS Ha PACCTOSHUIX JIECATKOB U COTEH KUJIOMETPOB OT
MeCTa HAXOXKJIeHNsI NCTOUHNKa 3arpsi3Henust [4]. Kpome Toro, B pabore [4]
OBLI CJeJTaH BBIBOJL O BaXXHOCTH y4YeTa PAa3JIMIHBIX OCODEHHOCTEN Cpejipl,
B YaCTHOCTH MEXKI'OJI0OBON M3MEHUYMBOCTU TEYEHUIl, JIJIsi pACYeTa IIePeHoca
[IPUMECH Ha, JIajIbHUe PACCTOSHUS.

B MexiyHapoHON NMpPAKTHKE CYIIECTBYET ONBIT ydYeTa BJIMAHUS W3-
MeHYuBoCcTH aTMocdepHbix nponecco (3D HecTanuoHapHON MeETEOpPOJIO-
[MU) HA PACIPOCTPAHEHHE 3aIDA3HEHUs IIPU MOJEJIUPOBAHUY C [IOMOIIBIO
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JIArPAHKEBOH cTOXacTHUYecKoit Mojeau [5, 6] pasimuvHbIx cueHapues -
TeJIbHBIX (HOPsi/IKa HECKOJBKHUX MeCsIEeB) BHIOPOCOB PaJIMOAKTHBHBIX Be-
mecTB B arMocdepy. M3MenunBocTh arMochepHbIX TeIeHU yINThIBAIACD
ITOCPEJICTBOM IIPOBEJICHUSI CEPUU PACUETOB C OJUHAKOBON (DYHKIIMEH MC-
TOYHUKA, HO C UCIOJIb30BaHUEM PA3/IMYHBIX BDEMEHHBIX PsJI0B MeTeolapa-
Merpos [6]. Ha ocHOBe IPOBEIEHHBIX PACUETOB B KAXKJION TOUKE PACUETHOMN
obJtacTu ObLIa TPOU3BEJICHA OIIEHKA MAKCUMAJILHOTO YPOBHS 3arps3HeHNs],
€CJIN HAa4YaJI0 BBIOPOCa MPUXOIUTCH Ha 0001 MOMEHT BPEMEHH 33 IIOCTIE-
HUE OATh JIET.

B oryinume ot 6a3 jgaHHBIX MO aTMOCHEPHBIM TEUYEHUSIM MHOTOJIETHHE
0a3bl JAHHBIX 110 MOPCKUM TEYEHUSIM CTAJIU MOSIBJIATHCA B OTKPBITOM JI0-
CTyIle OTHOCHUTEIHLHO HEeJIABHO. JTH 0a3bl JAHHBIX OCHOBBIBAIOTCS KaK Ha
pacderax, C/IeJIAHHBIX 10 COBMECTHBIM JUHAMUYECKUM MOJIESAM aTMocde-
pbl U OKeaHa, TaK W C wucmoyb3oBanueM 4D-Var accumMusisiuun TaHHBIX.
B nannoit pabore npejcraBieHa BEPOSITHOCTHAS MOJE/Ib, KOTOpasi pa3pa-
0aTbIBaeTCS B paMKax CO3/IaHUS MPAKTUYECKON METO/I0JIOrHU PailoHUpO-
BaHUs aKBATOPHUil ¢ HamboJiee BBHICOKMM YPOBHEM 3arpsA3HEHUS B CIIydae
BO3HUKHOBEHUsI YCJOBUIL JJIsi YCKOPEHHOI'O PACIIPOCTPAHEHUS U /WU IIe-
pepacripe/ieJieHus PaItOAKTUBHOIO 3arpsA3HEHUs HA 0OBEKTAX sIEPHOrO
HacJIeus — KPYIHBIX TPUPOJIHO-TEXHOTE€HHBIX BOJIHBIX KOMILJIEKCAX.

2. OcHoBHas 4acTb

B ocnoBe ncrnosb30BaHHONl METOAUKN JIEKUT UCIOTH30BAHUE TUCTICH-
HOIT Mozean Ha ocHOBe MeToza Monte-Kapio [y pacyeToB MOBEpPXHOCT-
HOT'O 3arpsi3HEHUSI, YIUTHIBAIONIEN IIPOIECCH aJIBeKIuY, nuddy3un, ¢ uc-
MTOJIb30BAHNEM HETOUYEIHBIX TACTHUIIL CIIEUAJILHOTO BuAa. 1Ipeamonaraercs,
9TO CMEIEHNe MEHTPa KayKI0H TaCTHUIIHI HAXOMUTCS C IMIOMOIIBIO THUCJIEH-
Horo periennst ypaBuenus ito meromom Monte-Kapio. Takum obpazom,
MIPOU3BOJINTCS V€T KaK aJBEKTUBHOTO MEPEHOCA, TaK W KPYITHOMACIITa0-
HBIX TYpOYJIEHTHBIX IIPOIECCOB.

BeprukasibHblil pasmMep 3TUX YACTHI] OTPDAHUYEH TJIyOWMHON CJIOsT Tie-
peMemmBaHusl, TPU STOM BHYTPHU KaXKJOW TACTUIIBI pacCIpeesieHne KOH-
IEHTpAIIN TPUMECH IO BEPTHKAJIN paBHOMEpHO. Pazmep wacTwuil mo ro-
PU30HTAIN MEHSIETCS 33 CUeT IIPOIECCOB MeJjKoMacmTabuon muddy3un.
Konmnenrparust mpuMecn B JaCTUIE MOXKET TaKKe YMEHBIATHCS 38 CUeT
IIPOTIECCOB /1Ay HBEJIIMHTA.

IIpu npoBeieHUN PACcYETOB YYUTHIBAIOTCS B3aUMOJIEHCTBUE IIPUMECH C
GeperoBoii JuHuell, KoTopas 3ajaercs ¢ paspertearem B 90 merpos [7, §].
B kauecTBe 6a3bl JAHHBIX [0 MOPCKHUM TEUYEHUSIM OEPyTCsS PACUETHI, CIe-
JIAQHHBIE IIO0 peSyﬂbTaTal\/I H3MepeHHﬁ, CIeJITaHHBIMHU B XO/Ie I/I31\/IepI/ITe.HbHOI7I
kammannn JCOPE (Japan Coastal Ocean Predictable Experiment) [9] u
OXBaThIBAIOT BpeMeHHO mtepuojt ¢ 1993 mo 2009 rojbr.

Ha puc. 1 mokazanb! pe3ynbTaThl pacieToB 3a 1993 u 2007 rop! ¢ Hava-
JIoM BBIOpoca 15 SHBaps U JIJIMTEIHHOCTHIO B TPU MECSIA ¢ OJNHAKOBBIMA
rnapaMerpaMu UCTOYHUKA.
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Puc. 1. IIlpumep pacueToB fjisl TUIIOTETUIECKOTO BBIOPOCA 38 pa3HbIE TOJBI

B Bumy Toro, uro mpoBesieHre aHcaMOJIEBBIX pacyeToB Tpedyer 3aeii-
CTBOBAaHUS 3HAYNTEJBHBIX BBIYUCIUTEIBHBIX DPECYPCOB, PACYeThl II0 BbI-
MIEYTIOMSIHY TOM YHCJIEHHO MOJIEN TTPOBOIUJINCEH C UCIOJB30BAHUEM TEX-
HOJIOTHU TapaJIJIeIbHBIX BBIYHCJIEHUI. B 0cHOBe mpeiiozkeHHOro crocoba
pacrnapaJuresiuBaHus JIeXKUT pa3bueHne MCXOMHON 3aJa4uu Ha OIpe/IesIeH-
HOE YHCJIO TTO/33]ad JjIs KOTOPBIX pacdeT MPOBOIUTCS B TEUYEHUE BCErO
[eprojia JAeHCTBUsT UCTOYHUKA, HO C MEHBIIUM YHCJIOM YacTHUI] 0OPATHO
IIPOIOPIINOHAIBHBIM KOJUYIECTBY PEIIaeMbIX [M0/133/1a4.

IIpemyioxkennsbIit crrocod obecrrieanBaeT TPAKTUIECKA PABHOMEPHYIO 3a-
rpy3Ky mporeccopoB. OHAKO IPU 3TOM HEOOXOIUMO 00ECHEUNTh HE3aBH-
CHMOCTDH PACCYUTHIBAEMbBIX TPAEKTOPHUI JaCTHUI] B PA3HBIX IIPOIECCAX, UTO-
OBl rapaHTUPOBATH XOPOIIYIO CTATUCTUYECKYIO 00ECIIEYeHHOCTh HOJIydae-
MBIX PE3YJIbTATOB.

J1s mocTuyKeHns: BHICOKOW CTEIeHN HE3aBUCUMOCTU XAOTUIECKUX CMe-
IEHNI JaCTUI[ B PA3HBIX HPOIECCaX HEOOXOUMO HCIOJIb30BATh IeHepa-
Topbl nceppociydaitabix aucena (ITICY) Gombimoit rukamarocT. B Kave-
ctBe 3 heKTUBHBIX renepaTopoB paccmarpusajics PIICH paspaborannbrit
B IBPAD PAH, u 128-6urHsblii rereparop saapkuaa-Xomuibrona [10].

B xone nposesienus KOppessiuoHHOro aHaau3a reaepatop Jlsibrkuna-
X35MUIBTOHA TPOJEMOHCTPUPOBAJI, COTVIACHO HECKOJIBKUM CTATUCTUIECKUM
KPUTEPHUAM, OOJIBIILYIO CTATUCTUIECKYIO HE3ABUCUMOCTD T'€HEPUPYEMBIX UM
ITO/IITOCIEIOBATEILHOCTEN TICEBIOCTY YAHBIX YNCesI U ObLI BHIOPAH B Kade-
crBe ocaosroro ['TICY, nmpumensieMoro B pacuerax.

B ocnose BeposiTHOCTHO#T MOI€/7TH, NCIIOJIB3YEMOIT B JAHHOI padore, je-
JKUT IPOBEJIEHIE CEPUU PACIETOB ¢ (DUKCHPOBAHHBIM BPEMEHEM JIeHCTBHSA
HUCTOYHUKA, HO C IIPOM3BOJIbHBIM BpeMeHeM HadaJja BbiOpoca. Ha ocHose
IIPOBEJICHHBIX TAKHM 00PA30M PACYETOB, B KAXKJIOI TOYKE PACCMATPUBAE-
MOI aKBATOPUU CTPOUTCS] BAPUAIIMOHHBIN PsiJT JJIsi BEJIUNUUH, XapPaKTEPH-
3YIOIINX YPOBHS 3arpsi3HeHusi. Ha ocHOBe JaHHOrO BaApHUAIMOHHOIO PAa
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crpouTcs (DYHKIUS pacupee/ieHns NCKOMBIX BeauauH. [y anammsa mo-
JIYIeHHBIX Pe3yJIbTATOB pa3padoTaHa IMpOrpaMMHAas MPOIEaypa, OTHUIb-
TPOBBIBAIOIIAA PEJIKAE COOBITUS C BBHICOKAMH 3HAYEHUAME KOHIEHTDAIIN
3arpsa3HEHNs C 33/ JaHHBIM I10JIb30BaTEIEM YPOBHEM JIOBEPHS.

3. 3akJiroueHue

Ha npumepe pacueToB rumoreTndeckoro BbIOpOCa MOKa3aHO, UYTO 3aK0-
HOMEDPHOCTU PACIIPOCTPAHEHUsI 3arPsS3HEHUs] B AKBATOPUU MOTYT HOCHUTH
YCTOMYMBBIA XapakTep. TakumMm 00pa3oM, MPAKTUIECKasi [EHHOCTH IOJIY-
YEHHBIX Pe3yJIbTATOB 3aK/II0YAETCsI B TOM, 9TO AHAJIU3 BBISIBJIEHHBIX C I10-
MOIIBIO pa3pabaTbIBAEMON BEPOSITHOCTHON MOJIETH 3aKOHOMEPHOCTEH MO-
2KeT OBITHh B JAJbHEHIEM HCIOJB30BAH JJIs OPraHU3AINNA ONTUMAJIHHOMN
CTpaTeruu B3sSTUU TPOO Jjisi OEpPeroBbIX OOBEKTOB sIIEPHOIO HACJIEINS C
Y4I€TOM MEXKCE30HHOI M3MEHYNBOCTA OKEAHUIEeCKUX TEYEHUIA.
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A version of Monte-Carlo model for simulation of contamination in a large
water area taking into account the detailed shale of the coastline is presented.
Utilizing a multi-year database of sea currents,the depth of the mixed layer a
probabilistic model of contamination level zoning of water areas has been pro-
posed. A version of parallelization of calculations by Monte-Carlo model using
various pseudorandom number generators has been proposed. The comparative
efficiency of a few variants of such generators with regard to parallel calculations
has been considered. The proposed methodology for calculation of various sta-
tistics of contamination is intended to be applied for objects of nuclear heritage
categorized as large natural and technogenic water areas.

Keywords: Monte-Carlo method, ocean dispersion model, pseudorandom
number generators, parallel calculations.
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Abstract. The famous scientist, academician V.P. Gorjachkin (1868-1935), the
founder of agricultural machinery industry in Russia, posed and developed a
global problem “Human - Machine - Environment” in his works. In Russia of
scientific and technological revolution, this problem is developed on the basis of
four general scientific directions: biomechanics of working processes, mechanics
of machines, theory of machine control, and theory of technological processes.

Keywords: applied mechanics, agricultural machines, theory of mechanisms,
living movers.

1. Introduction

A specific property of most agricultural machines, including modern
ones, is the fact that a human operator is needed to control these ma-
chines. Starting from his very early works in agricultural mechanics and
theory of agricultural machinery, Goryachkin explored working movements
of a human operator in search for optimal forms of these movements, which
would minimize the burden on arms and legs of an operator. When solving
these issues, it was necessary to find appropriate relationships between op-
erator’s movements and the physiology of the human being. Application
of the methods of classical mechanics in agricultural engineering and biol-
ogy. He developed the theory, scientific basis for the design of all types of
agricultural machinery. He explained the General principles of their test.
Goryachkin was a talented mathematician and mechanic. He saw in each
machine its mechanical nature.

2. Base section

When trying to formulate the ideas posed and developed by V.P.Go-
ryachkin in his works in terms of modern concepts, the set of these ideas
can be determined as a global problem: Human - Machine - Environment.

A specific property of most agricultural machines, including modern
ones, is the fact that a human operator is needed to control these ma-
chines. Many manual tools are applied up to present, especially in garden-
ing, horticulture, vineyard processing, and cultivation of speciality crops.
Starting from his very early works in agricultural mechanics and theory

E-mail: v.chinenova@yandex.ru.
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of agricultural machinery, Goryachkin explored working movements of a
human operator in search for optimal forms of these movements, which
would minimize the burden on arms and legs of an operator. He examined
also some aspects of comfortability, convenience in the machine control,
and questions connected with service zones, as these are called nowadays.

While solving these questions, a problem arose how to determine inter-
relationships between required operator movements and human physiology.
And Goryachkin introduced the course called Theory of Live Engines into
the curriculum on agricultural mechanics. The course was given by aca-
demician A.V. Leontovich, the outstanding physiologist. He considered
some questions of human physiology, which are developed now as biome-
chanics of working movements of humans and animals. Leontovich set
forth also the physiology of humans and animals paying special attention
on the role of muscles of the nervous system and brain in generating and
controlling working movements. Further, energy characteristics and adap-
tive properties of live engines were considered to determine their ability to
adjust to different working conditions, in particular, to find out an effect of
the position of an operator relative to the machine (upstanding or sitting
positions, moving nearby the machine, etc.).

Goryackin not only created a new branch of the applied mechanics
but also formulated an original Human - Machine - Environment concept.
The second item of the problem, Machine, was considered by Goryackin
in different aspects; however, studying the issues of mechanics of machines
was the main aspect.

In the 1930s, V.P. Goryachkin was eagerly engaged in studying the
theory of manual tools. He carried out his explorations together with
the Central Institute of Labor, involving his apprentices in the work. For
example, I.I. Artobolevski determined mechanical parameters of hammers,
mattocks, spades, scythes: their masses, barycenters, moments of inertia,
centers of oscillation, etc. Simultaneously, more complicated tasks were
solved, for example, how the position of a barycenter of a human operator
affected operator’s movements. These tasks were solved using the simplest,
although unique at that time, experimental installations. All these works
were based on remarkable results obtained by Goryachkin in the kinematics
and dynamics of manual tools, the theory of impact processes produced
by these tools, etc.

The organization of works on standardization of tractor plows was car-
ried out at that period of time too. Vasilii Prokhorovich requested his
friend, professor N.I. Mertsalov, who was reading courses of the theory of
mechanisms and machines and the kinematics of spatial mechanisms at the
Moscow Agricultural Institute (since 1921) to carry out the study of kine-
matics and kinetostatics of elevating mechanisms in tractor plows. N.D.
Luchinskii, who became an Academician of VASKhNIL (All-Union Acad-
emy of agricultural Sciences) afterwards, and LI. Artobolevski, a future
Academician of the Academy of Sciences of the USSR, were also involved
in these works. N.D. Luchinskii defended his graduation project called
American Thresher, in which the problem how an operator could control a
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machine using handles was considered. The same problem of the relations
between a human operator and a machine arose when designing new reap-
ing machines (these questions were examined by professor P.I. Borodin and
LI. Artobolevski under the guidance of V.P. Goryachkin).

A specific property of most agricultural machines, including modern
ones, is the fact that a human operator is needed to control these ma-
chines. Many manual tools are applied up to present, especially in garden-
ing, horticulture, vineyard processing, and cultivation of speciality crops.
Starting from his very early works in agricultural mechanics and theory
of agricultural machinery, Goryachkin explored working movements of a
human operator in search for optimal forms of these movements, which
would minimize the burden on arms and legs of an operator. He examined
also some aspects of comfortability, convenience in the machine control,
and questions connected with service zones, as these are called nowadays.

While solving these questions, a problem arose how to determine inter-
relationships between required operator movements and human physiology.
And Goryachkin introduced the course called Theory of Live Engines into
the curriculum on agricultural mechanics. The course was given by aca-
demician A.V. Leontovich, the outstanding physiologist. He considered
some questions of human physiology, which are developed now as biome-
chanics of working movements of humans and animals. Leontovich set
forth also the physiology of humans and animals paying special attention
on the role of muscles of the nervous system and brain in generating and
controlling working movements. Further, energy characteristics and adap-
tive properties of live engines were considered to determine their ability to
adjust to different working conditions, in particular, to find out an effect of
the position of an operator relative to the machine (upstanding or sitting
positions, moving nearby the machine, etc.).

Goryackin not only created a new branch of the applied mechanics
but also formulated an original Human - Machine - Environment concept.
The second item of the problem, Machine, was considered by Goryackin
in different aspects; however, studying the issues of mechanics of machines
was the main aspect.

In the 1930s, V.P. Goryachkin was eagerly engaged in studying the
theory of manual tools. He carried out his explorations together with
the Central Institute of Labor, involving his apprentices in the work. For
example, I.I. Artobolevski determined mechanical parameters of hammers,
mattocks, spades, scythes: their masses, barycenters, moments of inertia,
centers of oscillation, etc. Simultaneously, more complicated tasks were
solved, for example, how the position of a barycenter of a human operator
affected operator’s movements. These tasks were solved using the simplest,
although unique at that time, experimental installations. All these works
were based on remarkable results obtained by Goryachkin in the kinematics
and dynamics of manual tools, the theory of impact processes produced
by these tools, etc.

The organization of works on standardization of tractor plows was car-
ried out at that period of time too. Vasilii Prokhorovich requested his
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friend, professor N.I. Mertsalov, who was reading courses of the theory
of mechanisms and machines and the kinematics of spatial mechanisms
at the Moscow Agricultural Institute (since 1921) to carry out the study
of kinematics and kinetostatics of elevating mechanisms in tractor plows.
N.D. Luchinskii, who became an Academician of VASKhNIL afterwards,
and L.I. Artobolevski, a future Academician of the Academy of Sciences
of the USSR, were also involved in these works. N.D. Luchinskii defended
his graduation project called American Thresher, in which the problem
how an operator could control a machine using handles was considered.
The same problem of the relations between a human operator and a ma-
chine arose when designing new reaping machines (these questions were
examined by professor P.I. Borodin and I.I. Artobolevski.

The common thread running through all his works was an idea that
mechanics of agricultural machinery could not be considered without tak-
ing into account the technological process. In this context, there appeared
his papers devoted to cutting and reversing furrow-slices, works on the the-
ory of cutting herbs and grasses, crushing agri-products, etc., connected
with specific technological processes involving the environment that was
processed using a tool or a machine.

3. Conclusions

The necessity of considering the theory of agricultural machinery in
terms of the Human - Machine - Environment system, an extremely pro-
found conception of Goryachkin, has become widely recognized today in
the current theory of machinery. Indeed, all the three factors are taken into
account when designing separate automatic machines and systems of au-
tomatic machines (automated sequence machine systems), machine tools,
and other programme-controlled machines, as well as industrial robots and
walking machines.

Academician Goryachkin’s heritage, although connected with the past
doctrines on mechanisms and machines, gave birth to sprouts, which re-
sulted in an unprecedented, wide-scale development of the theory and
practice of the agricultural mechanics. New, highly-productive and ef-
fective machines and systems of machines were designed as a result of his
teaching, those machines that are aimed at the solution of problems of the
development of the national economy.
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Limit theorems for infinite-channel queueing systems
with heavy-tailed service times
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Abstract. We consider an infinite-channel queueing system with a regenerative
input flow. The service times are heavy-tailed, so that mathematical expectation
of service time is infinite. Therefore the number of customers in the system
increases with time.We investigate asymptotic behavior of the number of servers
busy at time t. We present a functional limit theorem that characterize growth
of this characteristics of the system.

Keywords: analytical methods in probability theory, queueing theory, limit
theorems, point processes, random sums.

1. Introduction

We consider an infinite-channel queueing system with a regenerative
input flow X (¢). We investigate asymptotic behavior of the process ¢(t)
that is the number of servers busy at time ¢, t > 0.

This model appears in many contexts other than queueing theory. One
example (for recurrent flow) is the number of colonies still in existence
at time t in a branching process with immigration. More generally, one
can consider a point process, where each point undergoes an independent
translation forward in time.

The service times are heavy-tailed, so that mathematical expectation
of service time is infinite. Because of this, the number of customers in the
system increases with time. Such model with recurrent flow was considered
in [2]. And one-dimensional analogue of central limit theorem for number
of customers in a system GI|G|oo was proved there. We consider regen-
erative input flow and prove analogue of functional central limit theorem.
Regenerative flow includes many types of flows considering in queueing
theory. For example, recurrent, Markov-modulated, Markov Arrival flows
are regenerative [1]

2. Main result

To begin with we give the definition of the regenerative flow.
Definition 1. The stochastic flow X (¢) is called regenerative if

This work is partly supported by RFBR grant No. 17-01-00468.
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— There exists filtration {F2,};>0 such that X(¢) is measurable with
respect {F2,}i>o0. -
— There is an increasing sequence of Markov moments {6;,5 > 0}(6y =
0) with respect to {FZ,,t > 0} such that the sequence

{56} ={X(0j-1 +1t) = X(0;-1),0; — 0;_1,t € (0,0; — 0;_1]}72,

consists of independent identically distributed (iid) random elements.
Then {0;}52, are called regeneration points of X (¢) and 7; = 0; —0;_1,
(0o = 0) regeneration periods.

Service times {7;}22, form the sequence of independent identically dis-

tributed random variables with distribution function B(z). We assume
that the following condition is fulfilled

L(t)

tT70<A<1

1— B(t) = B(t) ~

as t — oo, where L(t) is slowly varying function as ¢t — oo.
It means that B(t) is regularly varying function. Note that condition
(2) implies that

t
B(t) = / B(y)dy — oo, t — o0
0
and so, the mathematical expectation of of service times is infinite.

We investigate the growth of ¢(¢) that equals number of customers in
the system at time ¢. Then

X(t)
q(t) = Zﬂ(m >t —t)
i—1
Denote
E=X(0;)—X(0i—1), 7i=0;—0;_1,i>1,

_E&
A= E’Tl’

B(t) = [ B(z)dx ~ L)t A

o—_ .

Theorem 1. Let E7 < oo, E¢} < 0o. Then the sequence of processes
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q(tT) — AB(T)
L(T)TT-4

C-converges as T — 0o to a gaussian process with zero mean and
correlation function

Q;(t) = , te [07 h}

A
R(t,t +u) = ﬁ((t+u)17A —ul™®), w>0,t,t+uel0,hn]

Theorem 1 is a functional limit theorem for sums of random variables
with a random summation index. The proof of the theorem is greatly
complicated by the fact that the process ¢(t)is the sum of a random number
of dependent summands. And the summation index also depends on the
terms.

We first prove the theorem on the convergence of finite-dimensional
distributions, and then we verify the condition of the density of measures.

Proofs of both parts consist of several stages, such as majorization,
various estimates, and the application of the demi-martingale theory [3].
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ToyHasi acCMMIITOTUKA BEPOATHOCTE OOJIbIITNX
YKJIOHEHUN JIJId BETBAMNINXCS ITPOIECCOB B
cJIyJdaifHOU cpee

A. B. IlIkasieB*

* JIabopamopus MAMeEMAMUYECKOT CMAMUCMuKy npu xageope
MAMEMAMUYECKOT, CMAMUCTNUKY U CAYUATUHDT NPOYECCO8,
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AHHOTaI_[I/ISI. B pa60Te pacCMaTpUuBaeTCA HaﬂKpI/ITI/I‘{eCKI/Iﬁ BeTBSILLLHﬁCH Ipo-
1IeCC B CJIyYaHON Ccpejie, PeICTaBJIsIoNeil cob0i HE3aBUCUMBIE OIMHAKOBO Pac-
IpeJieJIeHHbIe CIIydaiHble BeJauduHbl. llpemmonaraercs, 9To AJjIs1 CONPOBOXKIA-
forero OJIyKIaHUST BBITOJTHEHO MPABOCTOPOHHee yciaoBue Kpamepa, a Ha KO-
JINY9eCTBO IIOTOMKOB O,ILHOf/'I YJaCTUNBbI HAKJIQABIBAIOTCA OIpaHUYCHHA Ha ypOBHe
MoMeHTOB. [ljist jtorapudma mporecca JoKa3aHa WHTErpo-JIOKaJIbHas TeopeMa,
TO €CThb IIOJIyY€Ha TO4YHad aCHUMIITOTHUKA BepOS{THOCTeﬁ IOIIalaHUA B OTPE3KHU
MaJtolt JynHbl. [lo/rydeHHbI pe3ysibTaT ONMUCHIBAET KaK OOJIbIINE, TaK W yMe-
peHHbIe YKJIOHEeHUs mporecca. Meroimka uccaeloBaHnAs IIPOIEeCcca OCHOBAHA HA
IpeCTaBJIEHUH IIPOIECCa KaK PelIeHus PEKYyPPEHTHOI'O ypaBHEHUsI.

KuaroueBnie ciioBa: Bosbnine ykIoHeHNsI, THTEIPO-JIOKAJIbHbBIE TEOPEMBI, BET-
BSIIIIUECS IIPOIECCHI, CIIyYalHbIe CPeJbl, PEKYPPEHTHBIE IIOCIE0BATEILHOCTH.

1. Bsenenue

ycrs n = (91,72, ....) — HOCIEIOBATEIBLHOCTh HE3ABHCUMBIX OJ[MHA-
KOBO DaCIpEJIEIeHHbIX (H.0.p.) CJIydYaifHBIX BEJIMYNH, KOTODPBIE MBI GyjieMm
Ha3BIBATH CJIydaiiHOl cpesioit, a f, —CeMelCTBO IPOU3BOIAIINX (DYHKIIHIL.
BerBamumcest mporieccoM Z,, Ha3BIBAIOT MapKOBCKYIO TIeNb ¢ Zg = 1 u
YCJIOBHOH TIEPEXO/THOM MpOou3BOsIeil (pyHKImeit

on+1\Zn,n(s) = fnn (S)Zn'

IIpn m3ydennn BeTBSANIMXCS MIPOIECCOB BAXKHYIO POJIb UTPAET TaK HA3BIBaA-
eMoe COIIPOBOXKIAIOIee OJIyKIaHuE

Sn=8&+ .. +&n,

rie & = f;.(1). Mer Gynem mpesmosiarath, 9TO MaTeMaTHIECKOE OXKIIA-
nne E£ = p xomeuno m nporecc Hagkputndecknii, p > 0. Kpome toro,
Oy/IeM CYUTATH, YTO IIATH COTPOBONKIAIOMIErO OJIY¥KIAHUS YIOBIETBODSI-
10T TIpaBoCTOpOHHEeMY yciomio Kpamepa Ee"$t < oo npu h € [0, 1) npn
HekoropoM ht.

Bersamumecst mporiecchl B ciydaitHoi cpere ObLin BBeJEHBI B pabo-
tax [1], [2], [3]. IlepBoHauambHO OCHOBHBIE PE3YILTATHI OBUIN CBS3AHBI CO
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cITydaeM JIPOOHO-TMHENHBIX TPON3BOIANIX MYHKIMH f,, B KOTOPOM yJa-
eTcsl TIOJYINTh sIBHOE BbIpaykeHue s Bepositocreil P(Z, = k|n), B Ha-
cTosiliee BPEMs XOPOIIO u3ydeH obmuii ciaydail (nanpumep, [4], [5]).

B pmannoit pabore paccMaTpUBaeTCsl aCUMIITOTAKA BEPOSITHOCTEMH

PnZ, € [z,z+ A,)), n —
npu A, — 0, z € [un,0n], tae 6 € [u,m™), m* — HekoTOpast KoHcTaHTA,
onpeneniennas auxke. [lpw © — un = O(y/n) 3TO BEPOATHOCTH TIOTAIAHWST
B "TUIIMYHBIE MHOXKeCTBA', IPU & — UN MOPSIJIKA 7 3TO BEPOSITHOCTU TaK
HA3BIBAEMBIX OOJIBINNX YKJIOHEHU, B OCTAJIBHBIX CJIyUasiX 3TO BEPOATHOCTH
YMEPEHHBIX YKJIOHEHUIA.

AcuMITOTHKA BEPOSITHOCTE! GOJIBIITIX YKJIOHEHHIA JIJTsI BETBSIIIIUXCS TPO-
IIECCOB B CJIyYaitHO Cpejie pacCMaTPUBAJIACH PSJIOM ABTOPOB, B YACTHOCTH,
TOYHas acMMITOTHKA Hcciaenoasack M.B.KosnoebiM B paborax [6], [7] B
CIIy9ae reOMEeTPUIECKOTO PACIPEIEICHIs IUCIIa TIOTOMKOB. B 3TOM cirydae
OBLTIO MTOKA3aHO, YTO MPU BHINOJIHEHNH ycaoBus Kpamepa

P(In Z, > 6n) ~ I(0)P(S, > 0n), n — oo,

rie 6 € [u,07), 1(0) — nekoropas dbyHKIMs, /i KOTOPOH HAJIEHO sAB-
HOe BbIpazkeHue. Vcnosb3oBanHbIe B PAbOTE METOJBI HAIPAMYIO OIUPAa-
JIICH Ha SIBHOE MPEJICTABJICHHE U3Y9IaeMbIX BEPOSTHOCTE!, BRITEKAIONIEE U3
TOrO, ITO pacIpe/eieHne YUC/Ia IOTOMKOB reoMerpuyieckoe. JIpyroii mo-
xox 6b11 ucionb3oBan C.Boeinghoff, G.Kersting, V.Bansaye, J.Beresticky
B paborax [8], [9]. Onu paccmarpuBasm ciiyuan Kak Jerkux (reomerpude-
CKHUX), TaK U TSKEJIBIX (CTEIEHHBIX C JOCTATOYHO MAJIbIM [OKA3aTesIeM )
XBOCTOB PACHPE/IEJCHNsT BeUIUH X, IPEJICTABISONMX TUCIO HEIOCPEI-
CTBEHHBIX ITOTOMKOB OJIHOI 9acTHIpbl. B TmX paborax nosyvena rpybas
(sorapudMuveckas) acCUMIITOTHKA. B BbIe el B 3ToM roay pabore [10]
UCCIIEZI0BAHA ACUMIITOTUKA YMEPEHHBIX yKJIOHEHUH I HAIKPUTHICCKIX
BETBSIIIXCS [IPOIECCOB, HO PACCMOTPEHA TOJIBKO 30Ha, B KOTOPOI paboTaer
HOPMaJIbHOE IPUOJIIZKEHNUE I PACCMATPUBAEMBIX BEPOSTHOCTEIL.
B mammoit pabore mosryuena TOYHAS ACHMITOTHKA

PInZ, € [z, +Ay)) ~ A?}TEG)P(STL > 60n), n — oo,

JI7IsT HAJKPUTHIECKUX BETBATIINXCS TIPOIECCOB, Uhe COIIPOBOXK TATOIIee Oy K-

JaHue yJIoBJIeTBOpAeT ycaoBuio Kpamepa, a ancao X Lz 1 HEIIOCPEJICTBEH-
HBIX ITOTOMKOB OJIHON 9acTHIIBI yjoBJeTBopser yciaosuio EX" < oo, rue
h € [0,max(h™,1+ ¢)) upu nekoropom ¢ > 0. ds I(6) momydeno siBHOE
BBIpasKeHME U JIOKA3aHO, YTO SKBUBAJEHTHOCTH IIPH 9TOM PaBHOMEPHA 110
x € [un, On] npu mobom 6 < mt.



IlIknges A.B. 115
2. OcHoBHasg 4acTb

Ilycts Z, — BerBammiics mpoIecc B CaydvaitHoi cpeme, X — YHUCTIO
HEMOCPEICTBEHHBIX TOTOMKOB OJTHOM YaCTHIIbI, { — MIar COMPOBOXKIAOIIe-
ro 6J'Iy}K)1aHI/IH. By;[‘eM npeariojiaraTb BbIIIOJIHEHUE CJIEIYIOIINX yCJ'[OBHfI:
(A) ¢ mepemeruara, Ee" < oo, h € [0,hT),

(B) EX" < co ipm h € [0, max(ht, 1+ ¢)) npu mexkoTopom & > 0,
(C)EE=pu>0.

Ionoxxum m(h) = (InR(h))’, o2(h) = m/(h), m* = limj,_,,+ m(h).
®yuxnusa m(h) crporo BozpacTaer, MosToMy 1npu JuoboM 6 € [p, m™) Haii-
nercs emuncteennoe h € [0,hT), mua xkoroporo m(h) = 6, obosnauarn
KoTopoe oyraem hg. Ilomoxum

A() = sup(6h —In R(h)) = hg® —In R(hg), 0 € [u,m™).
h

ConpsizkeHHOH K & BestmanHoi Gyem Hasesarh &) ¢ pacmpesenennem

1 hx
R(h)/Ae P(¢ € dx).

Torma m(h) = E€M, 02(h) = DEW,
Teopema. Ilycts Bhmosnuens! yeaosus (A), (B), (C). Torma coorro-
IeHne

P € 4) =

P(InZ, € [z,24+Ay)) ~ I(z/n)P(S, € [z, 2+A,)) ~ I(x/n)é%e“x/")

opu n — 00 W BCeX A,, JOCTATOYHO MEJJIEHHO CTPEMSIIAXCA K HYJIIO,
BBITIOJIHEHO PABHOMEPHO 110 * € [un, On] npu mobom 6 € [, m™). 3nech

i(y) = tim BZyR(h,)™", I(y) = mjf(h)f(y).

PaBHOMEPHOCTH TIOJIy9IEHHBIX PE3YJILTATOB 110 T MIO3BOJISET IIOJIYYaTh
uHTerpaJsbHble peaynbrarsl Buga P(In Z, > x), onHako, HHTErpo-JoKaJbHast
dbopma Gostee yHEBEpCATIbHA U II03BOJIAET OJHUM BLIPAXKEHNEM OIIMCHIBATD
Kak Gostbine (Opsi/Ka n) TaK U yMEPEHHBIE (JIF000r0 MEHBIIEro IMOpsijiKa)
OTKJIOHCHHSI OT CPEIHErO [in.

Mero mosTyuenust yKa3aHHOIO Pe3ysIbTaTa OCHOBAH HA HCCIIEI0BAHNK
PEKYPPEHTHOM OC/IEJOBATEIBHOCTH Yy, TIIE

Y,=A Y1+ B,.

Bnech A;, i < n — H.0.p. ciryuaiiHble BestnauHbl, Takue uto R(h) = EAl <
oo, h € [0,hT), B;, i < m — BeaM4uHBI, Takue UTO B; He 3aBUCHT OT
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Ait1, ..., Ay mipu s060M i < n. PekyppeHTHBIE MOCTIEI0BATETBHOCTH Ta-
KOO BHJIa XOPOIIIO M3yYeHbl, B YACTHOCTH B KPAMEPOBCKOM CJIydae 60Jib-
e yKJIOHEHHUsI JJIsl HUX OIUCAHbI B [11], 0lHAKO, IPUHATO PACCMATPUBATH
UMeHHO ciydail H.0.p. (A;, B;). B paccmarpuBaemom ke Hamu ciydae B;,
BO-TIEPBBIX, 3aBUCAT OT MPEILLIYIMX A;, & BOT BTOPBIX MOTYT OBITH HE
OJINHAKOBO PACIIPEICJCHHBIMU TIPU OIIPEJIEIEHHBIX OIPAHUICHUSX Ha MO-
MEHTBI EBZh. IIpu Eln A; > 0 gy TaKux I[IOC/IEI0BATEILHOCTEN JaxkKe B
caydae pacTymumx B; ypaercs moJiyduTh TeopeMy 00 ACHMIITOTHKE BEpO-
araocreit P(InY,, € [z,z + A,)).

Berssimuiicst mporiece mpeicTaBsgeT mocjeI0BATeIbHOCTh TAKOTO BUJIA,
ecin paceMarpuBath A; = €8, B; = Z; — Z;_1€5 . Ynaercs IoKa3arb, 9T0
B HAIIIEM CJIy4ae MOCIeI0BATEIbHOCTH A;, B; yI0BI€TBOPSAIOT TPeOyeMbIM
YCJIOBUSIM, OIEHUB MOMEHTHI EB{L IIpU Pa3JINIHBIX A.

3. 3akJiroueHue

B pafore mosryuena acMMIOTOTHKA BEPOSITHOCTEI
P(Z, € [z, + A,))

paBHOMEPHO 10 = € [un, On], tae 6 € [u,m™). B ormmame or pator [5], [§]
[IOJIy IeHHAsT ACHMITOTHKA TOYHASI, & HE JorapudMUIecKast, 10 CPABHEHUIO
¢ [10] uzyuen 6osiee mupokuii uana3oH &, a B cpaBHeHud ¢ [6] pesysbrar ne
UCIONIB3YET sIBHOTO IpejicTaBienus BepositHocrelt P(Z, = k|n). Texuuka
HHTErpo-JI0KaJIbHBIX TeopeM, npejcrasierHas Shepp ( [12]), Stone ( [13])
U aKTHUBHO pa3paboranHas Brocaenactsun A.A. BopoBkoBbiM, Moryibckum
U PSIJIOM JIPYTUX MATEMATUKOB, TO3BOJISIET TOJIYYUTh YHUBEPCAJLHBIA pe-
3yJIbTAT, COUETAIONINI B cebe TeopeMy 00 yMEpeHHBIX U OOJIBIINX YKJIOHE-
uustx. [1ojixom, oCHOBaHHBIN Ha PACCMOTPEHHUU HPEJICTABJIEHUs IIPOIECCa,
B BHJIE PEKYPPEHTHO 3aJJaHHON IOCJIeI0BATETLHOCTH, TIO3BOJISIET U3YIaTh
ACHMIITOTUKY HE TOJIBKO HEITOCPEJCTBEHHO JIJIsI BETBSIErOCs 1IPOoIecca, HO
U JIJIsI IPYTUX MPEJICTABUMBIX B TAKOM BHJIE MOJIEJIei, B YACTHOCTU, BETBSI-
IMUXCH IIPOIECCOB B CAyYaiiHON cpejie ¢ IMMUTDAIueii.
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We consider a branching process in random environment of i.i.d. random
variables. Suppose that the associated random walk for the process satisfies
Cramer’s condition and the number of direct descendants of one particle have
enough bounded moments. Under these conditions we prove an integro-local
theorem for logarithm of the process. This result concernes large and moderate
deviation probabilities. Our method is based on representation of branching
process as a solution of the random equation.

Keywords: large deviations, integro-local theorem, branching processes,
random environment, random equations.
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IIpenesnbHbIe TEOPEMBI JIJIsI CUCTEM MAaCCOBOTO
00C/Iy>KMBaHUS C PAa3JIMYHBIMU JAUCITATIIIMHAMM
00CJIy>KUBAaHUA

C. A. T'pumynuna*!

* Kagedpa meopuu sepoammocmeti,
Mocxkoscruti 2ocydapecmeennoviti yrusepcumem um. M.B.Jlomonocosa,
Jlenunckue I'opw 1, Mockea, Poccus, 119992
T Menapmamernm npuxiadnoti mamemamuru, Mockosckud Hrucmumym
Aaexmponuru u Mamemamuru Hayuonasvrud uccaedosamenverudl
ynusepcumem «Buicwasn wrosa sK0OHOMUKU,
Tarnuncras yauya, 0.34, Mockea, Poccus, 123458

Awnsoranusi. B gamnmoit pabore n3y4aioTcst CHCTEMBI MaCCOBOIO OOCIIY XKUBAHUSI
C PEereHepUpPYIOUIUM BXOSIINM IIOTOKOM U HE3aBUCHUMBIMU BpPEMEHAMU OOCIIy-
JKUBaHUS TPeOOBAHUI C KOHEIHBIM MaTeMaTHUeCKUM OXujaHwmeM. Paccmarpu-
BaIOTCSI CUCTEMBI C PA3JIMYHBIMA JUCHUATINHAME OOCIIY>KNBAaHUS: CUCTEMBI C 00-
11e#l 0YepeibIo U CUCTEMBI C OTJIEJIbHBIMU OUePeIsSIMU IIepe/] KarKIbIM IIPHOOPOM.
B nocnennem cityvyae KiIueHT, IPUIIEANINi B CUCTEMY, BLIOUpaeT OIUH U3 IIPHOO-
POB B COOTBETCTBUH C 33IaHHBIM ITPABUJIOM U OCTAeTCs B BHIODAHHOI OUepeau 10
MOMEHTa, BBIXOJ[a U3 cucTeMbl. OIpeesIsiioTcsi HEKOTOPbIe KJIACChI JUCIUILINH 1
N3y9aeTCsl aCHMITOTUYIECKOE ITOBEJICHIE MHOIMOKAHAIBLHON CHCTEMBI 0OCIIy KUBa-
HUs B CIydae BBICOKOH 3arpy3ku (koaddunmenT 3arpysku p > 1). OcHOBHBIM
PE3yJITATOM JIAHHON PabOTHI SBJIAIOTCS IPEJe/IbHbIE TEOPEMBI O C1aboi CXoIu-
MOCTH HOPMHUPOBAHHBIX IIPOIECCOB OCTATOYHOIO BPEMEHU OXKUIAHUS W JIJINHBI
odepequ K BuHepoBcKoMy mporeccy B ciaydae p > 1 u ero abCoIIOTHOMY 3Hade-
HHIO TIpH p = 1.

Kirouesble cjioBa: cucTeMa MACCOBOIO O6CJ’Iy}KI/IBELHI/H?{7 BBICOKad 3arpys3kKa,
npezaeJsjabHble TeOpeMbl, JUCHUILINHA 06C.Hy)KI/IBaHI/IH.

1. Ormucanue monean

PaccmarpuBaercs cucTeMa MacCcoBOro 06C/IyKUBaHUsL C PereHepupyIo-
muM BxoxamuM moTokoM A(t) muTencuBHOCTH A. IlycTs 6, - jas Touka
perenepanuu, 7; = 6; — 6;_1 — j-biif nepuon perexeparmmu, §; = A(0;) —
A(Bj—1) u p=En <00, a=E§ < .

o0
Bpewmena obcryxusanug {n;}52, - He3aBHCHMbBIE OJIMHAKOBO Dacrpe-
JIeJICHHbIE CJIydaifHble BeJIMInHbI ¢ QyHKIWe pacupeaenenust B(x) u Ko-
oo
HEYHBIM MaTeMaTHIecKuM oxumannem b = [~ zdB(z). Kpome Toro, mo-
caesloBatenbHOCTb {1);}52, He sapucut or A(t). Paccmarpusatores cucre-
MBI C Pa3/IMIHBIMA JUCHUAIINHAMY 00CTy2KuBaHus. Bo-11epBBIX, cHCTEMBI
¢ obmeit ovepebio. Bo-BTOPBIX, CHCTEMBI C OTIEJILHOM OYepebIo Iepe
KaXKJIbIM [TprOOPOM, TJie TIpuIle/iinee TpeboBaHne BpIONpaeT npubdop B co-
OTBETCTBHUHU C HEKOTODPLIM IIPABUJIOM U OCTAETCsI B BBIODAHHON Otepenu 10
MOMEHTa BBIXOJa n3 cucreMbl. Takum o6pa3oM crcTeMa pas3/ieliseTcs Ha T
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O/THOKAHAJIbHBIX CHCTeM. JIJId JTUCHHUIJINH ¢ TPEPhIBAHUSIMU ITPEJIITOIAra-
€TCsl, YTO OOC/IyKUBaHUE TPEOOBAHUS IOCJE MPEPHIBAHUS ITPOIOIKACTC
C TOrO0 MOMEHTA, Ha KOTOPOM OHO OBLIO IMPepBaHoO.

IIpumepamu ABISAIOTCA CIIEIYIONIAE JTACIIATIIAHDI:

(i) Cucremsr ¢ obimeii ouepenpio. PaccMarpuBaercs Kiace KOHCEPBATUB-

HBIX JUCITUIJINH, TAKAX YTO YHCJIO 3aHSTHIX IMPUOOPOB B MOMEHT
pasHo min(r, Q(t)), rue Q(t) - obiiee uncio TpeboBaHUIl B CUCTEME B
MOMEHT ¢.
O6osnaunmM Dy pucnmumnay FIFO (first in - first out) u BBegem jse
JucHUIUIMHEGL ¢ upepbiBanusayu: Dy u Dy, g Dy (Dy) B 1060i Mo-
MEHT { OCTaTOYHOE BpeMsi 00C/IyKUBaHusI TpeOOBaHus Ha Mpubope He
6osiee (MeHee), YeM OCTATOYHOE BPeMsl 00CIIy KUBaHUs J1I060ro Tpebo-
BaHMUsl, HAXOJSIIErocsl B ouepenu (ecyin Takue ecrTb).

(ii) Ipumenmee TpeboBanue 0OCIYKUBAETCs j-bIM IPUGOPOM C BEPOSIT-
HOCTBIO % HE3aBUCHMO OT OCTAJBHBIX (fucrumiamHa D).

(iii) TpeGoBanue ¢ HOMEPOM 7 OBCIIYKUBAETCSL j-bIM IPUOOPOM, €CJIHA 1 =
rm+j, tnem=0,1,2,...,5 = 1,r (nuknuueckas aucrumiuna Dy).
(iv) Tlepen KaxkpIM IPHOOPOM €CTh CBOSI OUEPE/Ib U TIPHIIeiiee TpeboBa-
HUe BHIOUpAeT Npubop ¢ MUHUMAJILHOM odepennbio (qucrummaa Ds).
Eciyiz Takux mpubopoB HECKOJIBKO, TO TPEOOBAHME C OJIMHAKOBBIMU Be-
POSITHOCTSIMU CJIydaifHbIM 00pa30M BBIOMPAET OJIUH U3 HUX.
Hnst mpubopa ¢ HOMEpPOM ¢ BBeieM Tporece ¢;(t), MPeICTaBIISIONTHi
coboit 9ancyio TpebOBaHMIT, KOTOPBIE JIOJIYKHBI OBITH 00CJIY2KEHBI B MOMEHT
{ B COOTBETCTBHY C BEIOPAHHOI JUCHUIINHON U 1)j;(t) - OCTATOUHOE BpeMs

obcryxuBanus j-ro Tpebosanus (j = 1,¢;(t),¢ = 1, 7). [lomoxum n;;(t) =
0, ecm ¢;(t) = 0.
O6o3HauNM

7(t) = ((h(t)v"'a%“(t))v ®
W(t) = (Wi(t), ..., Wo(t)), e Wi(t) = 3 m3:(b);

an = 77"(971 - 0) = (th cee 7Qnr)7 I7}77, = I/—I}(Qn - 0) = (th .- ~7Wnr):
W) = W00, = W =0, Q)= 3 4,(0.Qn = Q6 ~0)

IIpeanosoxkenue 1 Jlas mobozo i = 1,1
P{fl =0,7 >O}+P{§1 =1, t1 + M1 <7'1} > 0.

3decw t1 - epema npuzxoda nepeozo MmpeboBaHUSA.

Jlannoe mpenosiozKeHne 03HAYAET, ITO BEPOSITHOCTD IIEPEX0A CHCTEMBI B
HYJIEBOE COCTOSIHUE U3 JIF0OOTO JIPYroro MOJIOXKUTE/IbHA.
Beraennm Kiraccer JucIiuniinH.
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Onpenenenune 1 Jlucyunauna D npunadaesrcum xaaccy Ky, ecau usd cro-

" P P
dumocmu Qn = >, @ni — 00 NPU N — 0O CAIYEM, CLOOUMOCTND Gri — OO
i=1

npu n — 0o das aobozo i =1,...,r. (Ceoticmso 1a)

Onpenenenne 2 Jucyunauna D npunadaescum xaaccy Ky, ecau 6vi-
noaneno ceoticmeo la u us cxodumocmu Qn — 0o (n.n.)(nowmu nasep-
Hoe) npu n — 0o caedyem croduUMOCL n; — 00 (N.H.) Npu N — 00 0As
mobozo i =1,r. (Ceoticmso 2a)

2. IlpepenbHas Teopema IJjisg cirydas p > 1

VenoBue ctabuibHOCTH J1J1s TIpoteccoB W, u (Q,, IJist IUCIUIIIAH KJIac-
ca Ko nmeer By p = A\br~! < 1 u noxazano B pabore [3].

Ilenbro maHHO PabOTHI SIBJISIETCS U3YYEHUE ACUMIITOTHYECKOrO IIOBe-
JIEHUSI CHCTEMBI B CJiydae BBICOKOW 3arpy3ku, T.e. npu p > 1. CHagasa
paccMmoTpu ciydait p > 1.

Teopema 1 Ilycmo
Bttt < oo, EE&T <oo, EniT < oo (1)

oasa mexkomopozo & > 0. FEcau p > 1, mo das w0600 ducyunaiums, u3
xaacca K1 npouecco

. W(@T) — (\b— )T ~ QUT) — (A — DT

WT(t) = Jw\/T ) QT(t) = O'Q\/T

caabo cxodsamea x Buneposcromy npoyeccy npu T — 00 na 11060M KoHe -
Hom unmepsaae [, B]. 3decw

oy =b’0%, 0 =05 + Tafzb_g, 0% =0¢/n+a’o2/u’ — 2acov(E,T) /10

(2)

U a? u o2 - duenepcuu € u T coomeememeenno.

JlokazaTebCTBO ONUPAETCs HA PE3YJILTATHI, oydeHHble B [2] (1. 4.25), o
cBst3u Mexk ity iporieccamu W (t) u Q(t) u [1] (map. 1.2 Teopema 1) o HeoGxo-
JIAIMOM H JIOCTATOYHOM YCJIOBHH CJIA0OH CXOMMMOCTH 3aJAaHHOTO IIPOIECCa
K BUHEPOBCKOMY.

CaencrBue 1 ITyemo (1) swnoaneno u p > 1. Tozda das muozoxarans-
HOT cucmemuvt ¢ 0010t 04%ePedvIO 0as N1000T KOHCEPSAMUBHOT UCUUNAUHDL
svinoanena Teopema 1.

TTockonbky muctutinabl Dy 1 Do mpuHaaexkat kiaaccy Kq, I7Ist HUX BbI-
nosrena Teopema 1. Ilyers WP (t) - mpomece W (t) nyist cuerenmsr ¢ obmeit
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ovepesIbIo U KOHCEPBATUBHON puciuiinaoil D. JIjist mpocToTs! pe/iosia-
raerca WP (0) = 0. TorJa BBIIOIHEHO CTOXACTHYIECKOE HEPABEHCTBO

WPzt <WP(t) < WP (), t >0,

OTKY/Ia cJIeflyeT TpeOyeMoe yTBepzK/IeHNe.

CanencrBue 2 ITycmov (1) evinoaneno u p > 1. Toeda meopema 1 sepha
ona ducyunaun D3, Dy, Ds.

Jisa D3 u Dy yTBepKIeHUe Cielyer u3 cxoaumoctu g;(t) S (m.m.),
— 00

i =1,r. Ins D5 yrBepxKeHue GblI0 J0Ka3aHO B [3].

3. IlpenenpHas TeopeMa B ciydae p = 1

Teopema 2 ITycmo (1) svinoaneno u p = 1. Toeda dasn cucmemos ¢ 0bwet
ouepedvro u ducyunaunott FIFO nopmuposannviti npoyecc

VT
caabo cxodumes K CL6COJL’}0mHOMy 3HAYEHUIO BUH@pOGC%’O?O npouecca npu

T — 00 Ha a0bom Konweunom unmepsane |, B]. 3decv og onpedenero
coommoweruem (1).

CaencrBue 3 IIyemo (1) swnoaneno u p = 1. Tozda das awb6oli ducyu-
naunv, D € Ko nopmuposarroe wucao mpebosaruti Ha j-om npubdope

JD JqD\/T
caabo crodumes ® abcomommuomy snavenuto vj(t) Buneposckozo npoyecca
npu T — 00 Ha a060m Konewnom unmepsaae [, B]. 3decw

4. 3akJoueHue

B nmannoit pabore 6bL1a paccCMOTpPEHa CHCTEMa MAaCCOBOTO OOCIIYKUBa-
HHs ¢ pereHepUpPYIONINM BXOJAAIMNM [IOTOKOM U Pa3JIMYHbIMU JUCIUIIINHA-
MU OOC/Iy2KUBaHUsA B CJydae BbICOKOI 3arpysku (p > 1). Bouia mokasana
CXOIUMOCTb HOPMUPOBAHHBIX IIPOIIECCOB JJIMHBI OYePed U OCTATOUHOI'O
BpeMeHn OOCJIy>KUBAaHUS K BUHEPOBCKOMY MPOIECCY U JAHBI HEKOTODBIE
npumepbl. CyIiecTByeT MHOYKECTBO HAIIPABJICHUN JJIsT OYYIIUX HCCIIEI0-
BaHUIA.
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In this paper a multi-server queueing system with regenerative input flow and
independent service times with finite means is studied. We consider queueing
systems with various disciplines of the service performance: systems with a
common queue and systems with individual queues in front of the servers. In the
second case an arrived customer chooses one of the servers in accordance to a
certain rule and stays in the chosen queue up to the moment of its departure from
the system. We define some classes of disciplines and analyze the asymptotical
behaviour of a multi-server queueing system in a heavy-traffic situation (traffic
rate p > 1). The main result of this work is limit theorems concerning the weak
convergence of scaled processes of waiting time and queue length to the process
of the Brownian motion for the case p > 1 and its absolute value for the case
p=1

Keywords: Queueing System, Heavy-traffic, Limit Theorems, Service Dis-
ciplines.
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O npeaeabHbix Teopemax A. /1. CojioBbeBa aJist
pereHepupyoInux MIPOIEeCCOB

B. B. KozjoB*

* Kagedpa meopuu seposmmocmeti,
Mocxroscrutl 2ocydapecmeennoiti yrusepcumem um. M.B.Jlomonocosa,
Jlenunckue Topw 1, Mocxea, Poccus, 119992

Annorauusa. O6CyKIal0TCst 1Ba HanboJiee BayKHBIX HAIIPABJIEHUSI B UCCJIEI0BA~
Husix A.J1.CosoBbéBa.

KimroueBsble cjioBa: acUMITOTHYECKOE IIOBEJEHHE MOMEHTA HACTYILJIEHUS DPe/l-
KOTO COOBITHSI, PET€HEPUPYIONINN TIPOIECC, CKOPOCTb CXOAUMOCTH, JIACIIUTLITIHBI
obcyxkusanusi, TMO.

B nacrosmeit pabote mpe/iaraeTcst 00CyIUTh JIBa HAITPABICHUS UCCIIE-
nosanuit A. JI. CosioBbeBa U HAMETUTDH BO3MOYKHBIE IIYTH UX TPOJIOJIYKEHUS.

Ileproe HampaB/ieHNe CBA3aHO C MPEJJIOKEHHBIM UM METOIOM U3y IeHUsT
ACHMIITOTUIECKOTO TTOBE/IEHUsI MOMEHTA HACTYIJIEHUs PEJIKOTO COOBITHS B
perenepupyiomieM upouecce [1,2]. IIpusomum dbopmynmuposky A. 1. Coso-
BbEBA.

Iycrs 5(t) — perenepupytomumii mpomnecc u tg = 0 < t1 < ... <t, < ...

def
— I[OCJIeI0BATENbHBIE MOMEHTDI perereparuu »(t), &, = t, —tn—1, n > 1.

Ha kask10M miepuosie pereHeparun [t, 1, t,] B HEKOTOPBIi MOMEHT tp,_ 141y,
MOXKET HMOSIBUTCs COObITHE A,,, mpudeM coObITHe A, H 1), OIpeIe/eHbl Ha,
kiacce tpaekropuii {x(t);t,—1 < ¢t < t,} ¥ He 3aBUCAT OT HOMEpaA N.
3ajiaua COCTOUT B TOM, YTOOBI UCCIEI0BATh ACUMITOTHYECKOE HOBEJeHUe
MOMEHTa, TIEPBOTO HACTYILJICHUS COOBITUSI A, — CIIydailHONi BEJIMYUHBI T,
KOTJIa BEPOATHOCTDL HACTYILICHHS 3TOTO COOLITHS Ha OJHOM IIEPHOJIE pere-
Hepaluu CTPeMUTCsS K HyJIIO.
Baenem obosmadenus: X, — HHIUKATODP COObITH A,

G =&l = xn) + Xn, F(z)=P{¢ <=z},

¢ (2) = Me™*¢"x,
¢4 (2) = Me™*" (1 = xn),
$(2) = ¢_(2) + ¢4 (2) = Me™ ",
¢-(0) =P{An} =g,
q—¢-(2)

q=8sup ————,
20 1—9¢(2)

qo = max(q,q).
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Teopema 1 FEcau pacnpedeaenue seaunuos (€,1, X) MEHACMCA TAK, 4MO
1)q>0; q0_>0;'
2) 0ns HEKOMOPO20 HOPMUPYIOULE20 MHOHCUNENR Y BEAUNUHA YT CTOOUM-
ca K cobcmsennot CAYHatiHot BeAuuHe, MO

1
limMe™ 77 = ———— (1)
1+w(z)
2de -
1 _ e*zflj
w(z) = / iP(x)
T
0
—0u [ @
P(z) eospacmaem, P(0) =0 u [ “—* < 0.
1

JTas cxodumocmu x pacnpedeaenuro (1) neobrodumo u docmamouro

limZ;dF (i) _ P(a).

K kuaccy (1) npuHamiekur, eCTeCTBEHHO, U IKCIOHEHIUATIBHOE Pac-
npesenenue. JlocTaTrouHble yCJI0BUsT CXOAMMOCTH K 9TOMY PaCIPeIeIeHIIO
JaeT

Teopema 2
. qT _
lim P{—>:ﬁ =e 7,
ap—0 T
2de
MgP
(Mg)P
A. JI. Co/toBbEBBIM OIEHUBAETCSI, TAKIKE, CKOPOCTh CXOIUMOCTHU BEJIH-
quHbl 7/MT K 9KCIOHEHIHAILHOMY DACIPEIeIeHHIO.

p—1
T = M¢, ap_{ ] -q, 1l<p<2

Teopema 3 Ecau npu rnexomopom p: 2 < p < 3 cywecmeyem MCP = m,,,

mo c
: pr

p—2

-
ol <t
‘ MT< te <

2de ¢ < 24 — abcoaromuas NOCMOAHHAA,

1/(p—1) , 92
Bp = max [mp/(p )-QOzP}

_['V'C”
)=

(MC)P} a g, @=M-x, my=MC.
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K stum pesyabratam A. 1. ConoBbeBa IPUMBIKAET, OIUPAsACh Ha HUX,
pab6ora [4].
Ilycts Ha  IIOCIEJOBATEJILHOCTH — BEPOSATHOCTHBIX  IIPOCTPAHCTB
(Qv),B(v),P(v)), v=1,2,... 3agansbr:
1) onuroponuast e Mapkosa {X,,(v), n=0,1,2,...} co 3HAUeHUsIMU B
u3MepuMoM mpoctpanctse (X (v), F(v)),
2) mOCJIEJ0BATEJILHOCTD HeOTpUunaresbubx ci1. B. {U,(v)},
3) nocienoBaTeIbHOCTD CI. B. {0, (V)}, npuanMaromux 3uaverns 0 wim 1.
Honycrum, aro BbINONIHEHBI ciaenytomme yeaosus (I) — (V) (Gyuem
OIyCKaTh B 0BGO3HAMEHUSX 3ABUCAMOCTD OT I — HHJEKCA CXEMBI Cepuii).
(I) IIpu mexkoropom bukcupoBantoMm 7 > 0

P(Xn+’l’+z S Ai7Un+r+i S Bi76n+r+i = €4, 1 < Z < j|Xk:7 Uk56k7k < n) =

= P(XnJrrJri € AivUn+r+7L € Bi75n+r+i = 61',1 <i < ]|Xn)a

n,j — mobwle, A; € F, B; — 6opesesckue, ¢; = 0V 1 Takxke Jo0ble, 1

P(XnJrrJri € Ai7 Un+r+i € Bi;5n+r+i = €4, 1<i< ]|Xn = x)a
T e X,

He 3aBUCUT OT 7.
(IT) Oeusb {X,} spromuuna u mist Hekoroporo 0 < p < 1 cupapejusa
paBHOMEpHas OIeHKa CKOPOCTH CXOJMMOCTH K CTAIlMOHAPHOMY paclpe/ie-
JieHuto 7(+):

P®)(2,A) — w(A)] <P, weXAeFk>1,

P®)(z, A) — nepexonmas dbynKmus nenu 3a k Mmaros.

Byzewm yeaosryto BeposiTHoCTh (1) mpu n = 0 o6o3nauats gepes P, (+), a
COOTBETCTBYIOINEE YCIOBHOE MaTeMaTHIecKoe oxkuianue 1epes M (+). diist
CTAITMOHAPHOTO 3HavYeHnst X COOTBETCTByIOmMme obo3Havenust — P*(-) u
M*(-).

(III) [Ons  HeKOTOpO# GEeCKOHEYHO MaJIofi  HOCJIe0BATEIbHOCTI

{a} = {a()}

sup Pp(0,41=1) <a—0, v — oo,
reX

U TIpu JIIOOBIX T U V
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(IV) dnst mekoroporo y > 1 KOHeIeH MOMEHT fi, = M*U,! 1 TIDU BCeX V.
(V) Koneuna Besmunua I = sup My (Up41).
zeX
Bynem nszyuars acuMnToTnieckoe moBeIeHne IPU ¥ — 0O BEJTUIHH

N
N =min{n >rl§, =1} u T = Z U;.
i=r+1
Teopema 4 IIycmov swvnoanens ycaosus (I) — (V), nocmoarnas v 6
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Bropoe manpasisienue pabor A. JI. CosioBbeBa XOPOIIO OTPAaYKEHO B
ero 0630pHOIi craThe (3], U CBI3aHO ¢ M3yYeHHEM OCHOBHBIX XapPaKTepH-
ctuk mporecca obcsrykuanust C. M. O. npu pa3iuaHbIX IACIUILIMHAX 00-
cayxuBanus. OH BBeJI MOHSTHE CKOPOCTH OOC/TY?KUBAHUsI, OXBATHIBAIOIIEE
6oJibI10# KpyT u3BecTHbIX aucruiind. C srum nousitueM A. /1. CostoBbeB
OTKPBLJI OTPOMHOE TIOJIe HAyIHO-UCCJIETOBATEILCKON JIeSITETbHOCTH OITH-
MU3AIH, BKJIIOYasi ACUMIITOTUIECKOI, ITOKa3aTe el HaJe?KHOCTU CACTEM
B OIIpE/ICJIEHHBIX KJ/IaCCaX U3MEHEHU A UX ITapaMeTPOB. O):LH& U3 TaKUX JJUC-
IUAIUINH — OOCJIy?>KUBAHNE HAMKPATUIAMIIEero TpedbOBaHns — IPUBJIEKAET K
HAXOXK/IEHUIO CTAIIMOHAPHBIX XAPAKTEPUCTUK PA3TUIHBIX CHCTEM.
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Awnvoranusi. OnHUM W3 BaXKHEHINUX PE3yJIbTATOB HAydHOU peBostoruu 16-17
BEKOB OBLIO CO3/MaHMe KJaccuiaeckoil mexanuku. C TeX MOp ee MPUBBIYHO HA3bI-
Bator «Kiaccuueckas mexanuka Heioronas. Oanako Bepuo s 31o? Oka3biBaeT-
cst — "et! To, 9To MBI celitac 0OBIYHO TOHMMAEM IO KJIACCHYIECKON MEXaHUKON —
310 MexaHuka — Jisiepal U st asa dpopmanusma — Heiorona un Ditsepa, npun-
[UNTHAJIBHO OTJIMYIHBI.

KumroueBsble ciioBa: Kjaccuyeckasl MeXaHWKa, (popmasmsm, Ditiep, Hbrorow,
AHAJIMTUIECKAST MEXaHUKA, MTHOBEHHASI CKOPOCTb.

O HuM 13 BayKHEHIUX pe3ysibTaToB HaydHoi peostonuu X VI-XVII
BB. OBLIO CO3JaHUE KJIACCUIecKoil MexaHuku. C TexX IOp ee MPUBBITHO
HA3BIBAIOT <«KJlaccumdeckasi Mexannka HproroHas. OmgHAKO BEPHO Jid 3TO7
OxaswiBaercs — Her! To, uTo MBI ceifgac OOBIYHO MOHMMAEM II0J KJIACCHU-
YeCKOW MEXaHUKON — 310 MexaHuka — Jdiiepal U stu aBa dopmannsma —
Herorona u Dittepa — npuHnunuaabHO OoTindHbl. OYeHb JIETKO W BBITYK-
JIO 3TO TIPOBEPSIETCS MPU MOIBITKAX OCMBICIUTH COBPEMEHHYIO U JIOBOJIHLHO
PACIPOCTPAHEHHYIO KPUTUKY KJIACCHIECKON MEXAHWKU CO CTOPOHBI KBaH-
TOBOI WJIM CTATUCTUYECKON (PU3MKHU. DTa KPUTHKA, TOJHOCTHIO OTHOCSCH
K dopmasmamy Diiepa, BO MHOTHX CJIydasX HEIPUMEHUMA K MEXaHUKe
Herorona.

Pacemorpum crHauasia morumanre HbIOTOHOM OCHOBHBIX MOHSITHIT Me-
xanuku. Hipke npusesnen 0710k nurar n3 «Maremarndeckux Hada  HaTY-
pasbuoil dusocoduus [1|, BKIOYag nuTaTy M3 UPUMEYAHUN aKaJIEMUKA
A H. KpsuioBa Kk KHure.

«YCcKOpUTeIbHAS BEJUYNHA IEHTPOCTPEMUTEIBHON CHJIBI €CTh Mepa,
[IPOITOPIINOHAJIBHAST TON CKOPOCTH, KOTOPYIO OHA HPOU3BOJUT B TEUEHUE
JIAHHOTO BPEMEHH.

Taxk, meiicrBue TOro ke MaruuTa 0OJiee CHJIBHO Ha OJIM3KOM PACCTOs-
HuH, ciaabee — Ha JaJbHEM, WJIA CUJIA TSXKECTU OOJIbIIE B JIOJIMHAX, clabee
Ha BEpIIUHAX BBICOKUX IOP U elle MeHbIne (KaK BIOCJIEJCTBAM OyeT Io-
Ka3aHO) Ha elrle OOJIBIINX PACCTOSHUSAX OT 3eMHOIO IIapa; B PABHLIX K€
PACCTOSIHUSAX OHA BE3JIe OJ[HA M Ta Ke, UOO0, IPU OTCYTCTBUU COMPOTHUBJIE-
HUs BO3JyXa, BCE Iajaiormue Teja (GObIIMe UId MAJIbIe, TIXKEIbIE WU
JIErKHE) YCKOPSAIOTCS €10 OIUHAKOBO [1, cTp. 28]»

«Ecim 1Be BeIMauHbI, PA3HOCTH KOTOPHIX 3aJiaHa, OyIyT 0be yBeJmdn-
BaThCs 10 HECKOHEUHOCTH, TO MEXKJIy HUMHU CYMIECTBYET MPEJeIbHOE OTHO-
IIeHne, KOTOPOe PaBHO €JIMHUIIE, OJIHAKO HET MPEJIeTbHBIX 3HAYCHUN JJIsd

E-mail: wiseacre@inbox.ru.
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CaMUX BEJIUYMH, TO €CTh TAKUX HAMOOJIBIINX UX 3HAYEHUN, OTHOIIIEHUE KO-
TOPBIX Kak pa3 ObL10 ObI paBHO exuHuIe. [losromy, eciin B mociieyonem
JUTsT TIPOCTOTHI PeYH si OyIy TOBOPUTH O BEJIMUYMHAX BEChMa MAJIbIX, HJIN
UCYE3A0INX, WIA 3aPOXKIAIONINXCS, TO He CJIeIyeT IOJ STUMH CJIOBAMU
pasyMeThb KOJINYECTBa OIpPeIe/IeHHOI BEJMYNHBI, HO HAJI0 UX PACCMATPH-
BaTb Kak yMeHbIIaonmecs 6eckonednos. [1, crp. 70|

«Bo BBesennn k Tpakrtary «O KBaJpaType KpPUBBIX», U3JIAHHOMY B
1704 r., Hetoron nzraraer cymHoCTh MeTOna Dirokcuitl. «Z paccmarpuBaio
3JIeCh MaTeMaTHIeCKIe KOJIMIECTBA He KaK COCTOSIIINE U3 OYeHb MAJIBIX I10-
CTOSTHHBIX YacTell, a KaK MPOU3BOMMbIE HEIIPEPHIBHBIM JIBHKeHHeM. JIu-
HUAU OIUCBHIBAIOTCH, W MO MepPe ONUCAHWSA OOPa3yIOTCHd HE ITPUJIOKEHUEM
yacTeil, a HENPEPBIBHBIM JIBUXKEHUEM TOYEK, ITOBEPXHOCTH — JIBUYKEHHEM
JIHA, 00bEMBI — JIBUYKEHUEM TIOBEPXHOCTEH, yIJIbl — BpallleHueM CTOPOH,
BPEMEHa — HelPEpPBIBHBIM Te€YeHHeM U T.II...Takoe MpOUCXOXKICHUE HMe-
eT MeCTO W Ha CaMOM Jiejie U B CaMOi UPHUpOJe Beleil, u HabIomaeTcs
€KeJIHEBHO TIPU JBMKEHUU Tes. I10m00HbIM 06pa3oM JpeBHUE 00DbICHSIIN
MIPOUCXOXK IEHNE TPSMOYTOJBHUKOB. Belsl IOJIBUKHbBIE IPSIMbIE JIMHUY 110
HETIOIBUKHBIM.

3amedasi, YTO HAPACTAIONINE KOJIUIECTBA, 00PA3YIONIHecs M0 Mepe Ha-
pacTaHus B paBHBIE BpEMEHa, COOOPA3HO OOJIBIIel I MEHBIIE CKOPOCTH
X HAPACTAHWsI, OKA3BIBAIOTCS OOJIBITUMU MJIU MEHBITUMU, 51 M3BICKUBAJ
CIOCODOBI OIPEJIEICHNsT CAMUX KOJIMYECTB TI0 TOH CKOPOCTU JBUYKEHUST WU
HAPACTaHUsl, ¢ KOTOPOI OHU 00pasytorcst...» [1, crp. 70, npumeuanue A.H.
Kpsbuiosa|

Takum obpasom, HeroToH cunrtaer, 9To:

1) Cwmbl IeHiCTBYIOT He MIHOBEHHO, CHJIBI JIEHCTBYIOT HENPEPHIBHO 1
CKOPOCTDb MEHsIeTCsl 110 Mepe JieficTBust cuiibl. 1lo cyTu — CKOpocTh, TOJIy-
YeHHAasl B pe3yJIbTare JIeHCTBUsT HEKOTOPOit cuiibl y HbioroHa mpejcranis-
eT cobOil HEKOTOPYIO CTATHUCTHIECKH PACIPE/IEICHHYIO BEJIUINHY, OJHAKO
psiMo 310 y HbIOTOHA 9TO HE YKa3aHO, BO3MOYKHO, BBU/LY OTCYTCTBUS B TO
BpeMsl aJIeKBATHOI'O MATEMATHIECKOTO AlllapaTa.

2) JIpuzKeHue 1oL JIeHCTBUEM HeIPEPhIBHOM CHIIBI IPOUCXOUT [0 HelIpe-
DPBIBHBIM KPHBBIM. Pa3BUBasi WIECIO «IMCKPETHOrO» HADJIIOATEIIsT TPUMe-
HUTEJIHLHO K aNIPOKCUMAINN HEMPEPBIBHON KPUBOW MHOrOYTOJbHUKAMEI
y HbroToHa, MOXKHO TOJIyYUTHh HECKOJIBKO YIIPOIIEHHY, HO BIIOJIHE KOH-
CTPYKTUBHYIO UJIEI0 KBAHTOBO-BOJIHOBOI'O JIyaJIU3MA.

3) s oupesenenus ckopocT (WU CUJIbI) HY2KHO HE MEHEE JBYX TO-
Y€K, CKOPOCTH B TOYKE IO IIPUPOJIE HET, MTHOBEHHAsI CKOPOCTb — 9TO MaTe-
MaTmiIeckas abcrpakius. TakuM 06pa3oM MOXKHO CIUTATD, UTO MTPUHITATT
neonpejenernoctu [eiizenbepra umeer MecTo u B Mexanuke HbioToHA.

A Temnepb 1aguM CJIOBO Diljepy:

«23. CKOpOCTh, KOTOPYIO MMEeT JBUKYIIEeCs HEPABHOMEPHO TEJIO B
KaKO-/Tn00 TOYKE MPOXOAUMOTrO IMyTH, JOJPKHA U3MEPSATHCS TEM PACCTO-
sIHHEM, KOTOpoe MOIJIO Obl mpoitu B JlaHHOE BpeMsi TeJio, JIBUXKYIIeecs
PABHOMEPHO C TOM Ke CKOPOCThIO». [2, crp. 50|
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«33. TIpn KaKOM YroJHO HEPABHOMEPHOM JIBUXKEHUU MOXKHO
JOILyCTUTh, 9TO CAMbI€ MaJIEHbKHWE 3JIEMEHTBI MYyTH IIPOXOAATCS
PaBHOMEPHBIM JABUXKEHUEM ». [2, cTp. 54|

«34. 3HAYUT, MOYKHO CUYMTATh, UTO BCIKOE M3MEHEHWE CKOPOCTH IIPU
HEPABHOMEDHOM JIBHYKEHUU ITPOUCXOJUT B Hadaje KasKJIOrO OTIAEJHHOIO
9JIEMEHTA, TaK KaK MbI [I0JIATAEM, YTO BECh 3JIEMEHT IIYTH IIPOXOIATCS PAB-
HOMEPHBIM JBUZKEHHEeM». [2, cTp. 55|

«149. TIpuBeneHHOE BBIIIE JOKA3ATEIbCTBO OCHOBBIBAETCS HA TOM, ITO
CHUJIBI TIPEJIIOJIATAIOTCS JIEHCTBYIONIMMUY JIUITh B TedeHne GECKOHEYHO Ma-
JIOI'O IIPOMEXKYTOYKA BPEMEHHU, TaK UTO TeJIbIle UMEeeT JIUIIb CTOJIb HEeCKO-
HEYHO MAJIOe JIBMXKEHHE, YTO €r0 MOXKHO IPUHSTH PABHBIM HYJII0. XOTS U
MOXKET CJIYIUTHCS, 9TO TOT YKE CAMBII TOJIOK, KOTOPBIA MPHU TOKOATIEM-
Cs1 TEJIBIE YKA3bIBAET Ha CUJIY, DABHYIO D, B CJIydae JBUXKYIIErOCsd TeJIbIa
ykaxer Ha Jpyryio cuity, HO 3TO UCKJ/IIOYEHUE K HAIllell TeopeMe He MMeeT
OTHOIIEHHsT». [2, cTp. 379]

To ects Dittep, B oriimuane or Heiorona, mostaraer:

1) Cusbl JeficTBYIOT MIHOBEHHO. JIBH2KeHMe 10 KPUBOH — 3TO, IO JIO-
ruke Jitsepa, HADOP <«UMILYJIBCOB», 9TO MO3BOJSIET DIJIEPY U €ro Mmocje-
JIOBATEJISIM BIIOJIHE YCITEIIHO CBOIUTH JIOCTATOYHO OOINUE JIUHAMUYECKUE
MpOBJIEMBI K CTATHKE.

2) JIBuzkeHne OLICHIBAETCs, [I0 CYyTU — MHOTOYTOJIbHUKOM, & He TJIaJIKOil
kpuBoii. Takum 0O6pa30M MPAKTUYECKH MOXKHO CUUTATH, YTO PACCMATPH-
BaeTCsI TOJIBKO JIBUXKEHUE YACTHUIL, HO HE BOJIHBI.

3) CkopocTu HapacTaloT U JefCTBYIOT MICHOBEHHO, U CYIIECTBYET CKO-
pPOCTH B TOYKE, CKOPOCThb B TEYEHUM HEKOTOPOTO MPOMEXKYTKA BPEMEHU
ocJyie JIeHCTBUSI CUITbI OCTAETCS TOCTOSTHHOIA.

IMosy4aaercs, 9T0 B HEKOTOPOM CMBICJIE TIpeicTaByennst Heiorona n Dii-
Jiepa MPsIMO TPOTUBOIIOJIOXKHBI, X OHU MPEJCTABJISIOT IBa HAIIPABJICHUS B
MeXaHUKe, JaBasl JBa Pa3HbIX OIUCaHUsT (POPMAJIM3Ma, HbIHE HA3bIBAEMOIO
KJIaccu4yecKoil Mexanukoii. HeyiusurenbHo, uro Diiep (KaK u ero mocse-
JIOBATEJIH JI0 HACTOSAIIEr0 BPEMEHH ) IBITAJICH JI0Ka3aTh 3akoHbl HbloToHA,
YTO ANPUOPU HEBO3MOXKHO.

Diltep B ompejiesieHnn cBoero hopMasin3Ma, II0-BHIUMOMY, CJIEI0BAJ
IIOHUMaHUIO ):LI/I(b(i)epeHL[I/IaJH)HOFO 1 MHTErpaJJibHOI0 MCUYUCJIEHUA, JTaHHO-
My Jlettbrumem. JII060MBITHO, YTO pa3/IMdme MOXOI0B K OCHOBAM MaTeMa-
Trdeckoro anamsa y Hpiorona m JlefibHuma BecbMa XOPOIIO ONHCAHO B
HUCTOPUN MATEMaTUKH, HO Ha, JAJIEKO UJLyIIHe TOCIE/ICTBHS STUX PA3IAINI
B MEXaHUKe, TIOX0Ke HUKTO He 0OpATUJI BHUMAHMWS.

IIpuBenem npumep onmcanust 3TuxX paziandyuii u3 kommentapus JI.J1.
Mopayxait-Bonrosckoro ¥ kuure «Vcaak Hoioron. Marematndeckue pa-
Gorbi»: «48. Hporonosekas diniosnTa u jeiilbaunesckoe «omnes. [3, crp.
290| V HploToHa HeT WHTErpaJa Kak CyMMbI OECKOHEUHOTO Umciia 6ecKo-
HEYHO MAJIbIX 3j1eMeHTOB. Ero ¢rosnTa — 910 mepBoobpas3Hast MyHKIHA,
IIPOM3BO/[HAST KOTOPOH paBHA 3aJaHHON (GyHKIUU. He MbIC/Is ILIOMAIb
KPHUBOJIMHEITHON TpaIenuy Kak CyMMy OECKOHEYHO MAaJIbIX 3JIEMEHTOB, OH
JIOKa3bIBaeT, 9To ee (irokcust pasua opaunare. U 3necn Jleitbuun ropas-
JIO JaJibiiie OTCTOUT OT HBIOTOHA, YeM 9TO MOXKET MOKA3aThCs Ha IEePBBIii
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B3I, B TexHuke (hOpMabHBIX omepanuii 00a MaTeMATHKA HAXOISITCS
JIPYT K ApYyry ropasio OJiuzKe, 4eM B OTHOIIEHUU Wjieii. B IpoTuBOIO/I0XK-
nocts Hpiorony y Jleitbnuiia BriosiHe onpeiesieHHO BBICTYIIAET Y2KE OY€Hb
PaHO IPUMUTHUB MHTETrPaJia Kak OeCKOHeIHast CyMMa 001iero Bua. mento
y HEro moJiydaeT pa3BUTHE TOYKA 3PEHHs] aHAJM3a OECKOHETHO MAJIbIX Ha
KOHEYIHYIO BEJININHY KaK CyMMYy OECKOHETHO OOJIBITIOTO 9UC/Ia OECKOHETHO
masbix. [lom jeiitbHnIeBCKOe omne TOIBOJATCS BCE CYMMBI, PACCMATPUBa~
€MbI€ KaBaJ[bepI/I, npu4ieM CyMMBI 9TU paCCMaTPpUBAlOTCA HE TOJIBKO B UX
OTHOIIEeHUsIX, Kak y KaBabepu, HO u camu 110 cebe B oTaenbHocTH. Omne
crepBa OCTaeTCs elle CyMMOoi auamit, kKak y KaBasbepn, | 37ech ere lineae
KaBasibepu 2, a He 6ECKOHETHO MAJIbIe BXOJISAIIIE WA BBIXOJSIINE TPSIMO-
YTOJIbHUKH.

B nporusonosioxxkunocts Hotorony y Jleitbnuia kpuBosmHeiinas Tpa-
Ierusi He OIMCHIBAETCS BO BPEMEHHU IBUKEHHEM, & COCTOUT U3 OTPE3KOB,
KOTOPBIE MBICJIATCS KaK OECKOHEYHO MaJible 3JIEMEHTBI, Ha KOTOPBIE OHA
pasjiaraeTcs.

Janublit (pparMeHT MoKa3bIBaeT, IYTO pas3antnsa ¢popMmaan3mMoB vy Hoio-
TOHA U Diljiepa He sIBJIAIOTCS, HAIIPUMED, CJIyIalHBIMUA NCKAYKEHUSIME 10~
HSITHITHOT'O aIlllapaTa, WIN «TPYIHOCTSIMU IIEPEBOIAs, & OIPEIEISTFOTCS TPUH-
IMUIUAJLHO PA3HBIM MTOJIX0/IOM K (DYHIAMEHTAILHBIM MATEMATHIECKIM 10~
HSATHUSIM, TECHO CBSI3AHHBIM C OCHOBHBIMU KOHIENIUSIMU Mexauuku. Ho,
BO3MOKHO, M HA000POT, PA3JINIHbIE TIOIX0/bl K OIMUCAHUIO IBUXKEHUS IIPHU-
BeJIM K PA3BUTHUIO OTJIMYHBIX KOHIIEIIUH B €r0 MaTeMaTHICCKAX MOJIEISX.

C paznmausiMu (DOPMAJIU3MOB CBSI3aHO U PA3JINYIUE B IIPEJICTABIEHUSIX O
cocrostann okost y Herorona un ditnepa. Eciim Heioron paccmarpuBaer pe-
BOJIFOIIMOHHY O JIJIsl CBOEI'O BDEMEHU JUXOTOMUIO JIBUYKEHUST: « PABHOMEDHOE
— HEpaBHOMEPHOE JBUKEHUE, IIPUA ITOM TIOKOIl — 9TO JIBHKEHHE C HYJICBON
CKOPOCTBIO, TO DiJIep BBIIEISET MOKOM KaK 0co0yio hDOpMYy JBUKEHUsI, B
HEKOTOPOM CMBbICJIE OTKATHIBAsSICh B CBOEM IIOHUMAHUU B JIOKOIEPHUKAH-
CKYIO 3TOXY.

B nacrosimiee Bpemst B yueOHUKaX U JUTEpATYPe HanboIee pacipocTpa-
HEHBI OIIpe/ieSIeHns Diijepa, KOTOpble KaK pa3 U MOPOXKIAIOT HaPaIOKCHI
IIPU COTIOCTABJIEHUY KJIACCUIECKON MEXAHUKHU U TEOPHUI0 OTHOCUTEbHOCTH.
Ho npu cnenpoBanum dopmanuzmy HeroTona, mo BugmMomMy OOJIBITMHCTBO
9TUX <«MAPAJTOKCOB» UCUE3AIOT.
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One of the most important results of the scientific revolution was the creation
classical mechanics in 16-17 centuries. Since then, its usually called “classical
mechanics of Newton”. However, if this is true? It turns out - no! What we are
now usually mean by classical mechanics - it is mechanics of Euler! And these
two formalism - Newton and Euler, fundamentally different.

Keywords: classical mechanics, formalism, Euler, Newton, analytical me-
chanics, instantaneous velocity.
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Abstract. The contribution of Kirik the Novgorodian (XII century) to the
development of mathematical chronology is considered.

Keywords: Renaissance, Ancient Rus, Novgorod, history of mathematics.

1. Main section

The French scientist Jean Delumeau recently wrote that the Early Re-
naissance was due to the emergence of powerful creative energy among the
Italians at the turn of the 10th and 11th centuries, with its subsequent
spread throughout Europe. He singled out as a feature of the Renaissance
that “mathematics creates the fabric of the universe” [1], that is, it acts as a
kind of organizing-constructive basis. As a result of the beneficial influence
of the Renaissance, an educational system was developed with two levels
— the initial trivium and the final quadrivium. Trivium contained three
educational subjects of a humanitarian nature: grammar, rhetoric and di-
alectics. Quadrivium had subjects of mathematical content: arithmetic,
geometry and astronomy (or astrology). The fourth subject was music,
which was understood not only as an art object, but also mathematics -
in accordance with ancient ideas: “Democritus, watching the playing of
musical instruments, found that the pitch of the sounding string varies de-
pending on its length. Based on this, he determined that the intervals of
the musical scale can be expressed by the ratios of the simplest integers” [2].
Hence, a person who received higher education in the Renaissance had to
know mathematics at the level of his time.

Modern university training divides specialists into two parts - the hu-
manities, who practically remain outside the higher mathematical knowl-
edge, and “technicians”, whose preparation is to some extent based on
mathematics. On the need to return to the mathematization of secondary
and higher education, modern administrative structures can be treated,
at best, as an inappropriate joke. Meanwhile, it can happen. Recently
there has been activity of scholars in the humanities in the study of the
calendar-mathematical knowledge of Rus, especially the work of Kirik the
Novgorodian (1110 - after 1156,/1158), the monk of the Novgorod Antoniev
monastery [3]. It shows that the educational system and science in Rus
was developing in the way of mathematization. This activity of scholars
of the humanities is consistent with the astrological forecast that by 2020
the world expects “triumph of intellect” [4], and, hence, the growing role
of mathematics in teaching and science.
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Ancient Russian scientist and religious figure Kirik the Novgorodian
in 2010 was 900 years old. Apparently, there is not a single medieval
scientist, who can be considered with great justification the forerunner of
the scientific approach to chronology. Absolutely undeservedly his name
is almost unknown to the general public. In the treatise “Uchenie im zhe
vedati cheloveku chisla vsekh let” (1136), Kirik mathematically studied
the cyclicity of time [5]. Originally, historians could not only fairly assess,
but mathematically express and correctly interpret Kirik’s calculations [5]
et al. In the mid of the 19th century the correct estimation of Kirik’s
creative works was given by a prominent mathematician and academician
V.Ya. Bunyakovsky. He noted uniqueness and accuracy of calculations by
Kirik [6]. However, historians of science have not yet found an adequate
evaluation of the mathematical component of Kirik’s creative work, which
was transferred to the state of Old Russian mathematics as a whole, as
insufficiently developed [6] et al. The situation changed when the sufficient
accuracy of the numerical calculations of Kirik was again established - after
the prototypical publication of the “Teaching” by Kirik in the Pogodinsky
list of the 16th century [7] et al.

For the correct understanding of the role of Kirik in the scientific knowl-
edge of the nature of time, the value of the research context, this charac-
terizes him as an outstanding mathematician [9]. In this connection, the
special role is played by the fact that Kirik applied his outstanding math-
ematical abilities and knowledge in the “Teaching” to the complex task of
scientific generalization of data on time as a phenomenon of chronology.
(Kirik also belongs to the theological “Questioning” (mid-12th century),
more widely known in historiography, which is not considered in this arti-
cle).

The content of Kirik’s “Teaching”, which is associated with the terms of
the Christian Julian calendar. In the first five paragraphs of it tells about
the unit of account time — year, month, week, day, and hour. They in-
terpreted the settlement and chronologically: computational and didactic
display of how to know their number “since then (i.e. since the Creation of
the Universe, by Kirik “since Adam” — the author’s note) to date 6644 of
the year”, which corresponds to 1136 BC. The concept odds with modern,
equal to 60 minutes. In the “Teaching” Kirik uses a variable hour is equal
to 1/12 of daylight (day) and a separate 1/12 night of the same day.

The following 15 sections of the “Teaching” deal with the calendar con-
cepts: the indicator (the 15-year cycle), the solar circle (the 28-year cycle),
the lunar circle (the 19-year cycle), the “centuries of the world” (millen-
nial cycle) (80-year cycle), the “renewal of the earth” (40-year cycle), the
“renewal of the sea” (60-year cycle), “the renewal of the waters” (70-year
cycle), leap years, “about the great circle” (a cycle of 532 years), a year
consisting of 12 “calendar” months (i.e., a solar year), and a year that
counts 12 “celestial lunar months” and 11 days (i.e., a year of lunisolar
calendar).
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Kirik’s “Teaching” is a scientific treatise on the mathematical study of
the cycles of the Christian Julian calendar, used in the state and church
practice of Russia in the 12th century. (The beginning of its use, ap-
parently, dates back to the 10th century, especially after the adoption of
Christianity in 988). Kirik’s “Teaching” also contains fragmentary infor-
mation about the cycles of the lunisolar calendar, which can be a reflection
of the parallel use of the lunar month and lunar year in Old Russian life,
as well as calculations of the natural cycles of “renewal” of heaven, earth,
sea and water. The original section is “About fractional divisions of the
hour” - about small and the smallest time units, built according to the
fivefold division of the hour and successively obtained “particles”, up to
the seventh fractional “hour” inclusive. (On the last two plots also look
further). Repeatedly in the “Teaching” by Kirik there are the motives of
komputistiki (pashalistics). Thus, he gives the dates of the Jewish Pesach
and the Christian Easter in 1136, pre-specifying the calendar concepts that
he used for their calculations.

There is reason to believe that in the mathematical creativity of Kirik
the Novgorodian, there was a manifestation of the Renaissance exact sci-
ence. In this case, for a correct understanding of the role of Kirik in this
process, one should rely on the tasks set by the Renaissance mathemati-
cian. The main task was the development of komputistiki: “Komputistika,
or the art of calculating the table will give Easters for a whole hundred
years ahead, is the collective creation of the best mathematical minds of
late antiquity. It was, according to the figurative expression of A. Pan-
nekuk, a delicate stream of science that flowed through the night of Eu-
ropean civilization - the early middle ages. The theory of the calendar
received a new impetus for its development in the 11th-12th centuries,
when Europe got acquainted with the achievements of Arab mathemat-
ics and astronomy. Almost simultaneously in a number of countries of
the Latin West appeared works on komputistika. Kirik’s treatise “Uche-
nie im zhe vedati cheloveku chisla vsekh let”, we deem it necessary to be
attributed to this ensemble, in spite of the fact that until now it was usu-
ally considered either as an isolated phenomenon or as a purely Russian
phenomenon, or considered based on the data of Byzantine science” [10].

According to M.F. Murianov, Kirik’s “Teaching” is to be considered not
only in the narrow context of the regional science of Rus, but also in a broad
— pan-European one. Let us dwell on some examples of Western motifs
in the Teaching. So, it contains a unique five-fold system of consecutive
division of the hour into smaller and smaller “particles”. A well-known
historian of science V.P. Zubov devoted a special study to this question
and came to the conclusion that this account is not found anywhere else.
He concluded that «apparently, this is an original Russian “division” [11].
One of the western predecessors of Kirik in the fivefold division of the hour
M.F. Murianov considered the famous Irish komputist Bede the Venerable
or his followers [12] (about the Irish origins see [13]). Kirik could take the
initial principle of trouble about the division of the hour into five parts,
which he probably learned from those monks of the Antoniev monastery
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who came from Western Europe [14], and developed it further - on the
principle of a consistent fivefold division.

The second example: in the “Teaching” there is a mysterious text about
the so-called “renewals”: the sky for 80 years, the sea for 60 years and the
waters for 70 years. V.P. Zubov argued that “we do not know any analogies
to these periods in the ancient and medieval literature”. M.F. Murianov
did not rule out that Kirik’s information went back to the Pythagoreans
through the Gnostics. A.A. Simonova suggested that information about
the “renewal” could go to Kirik from the Irish monks.

The third example: at the very end of the “Teaching”, Kirik indicates
his age in all time units used in Russia: years, months, weeks, days and
hours [14]. The method used by Kirik to record the age before him was
met in Latin epitaphs, which reported that a certain deceased had lived
for so many years, months, days, hours and scruples [15].

The most probable path by which the ideas of Western European kom-
putists got into the “Teaching”, and, most likely, the idea of writing this
treatise on the theory of the calendar Kirik could assimilate in Antoniev
monastery, having received the relevant information from his colleagues -
monks, natives of the West or from travelers, western pilgrims who tem-
porarily lived in the monastery or visited it. In the year of writing the
“Teaching” (1136), Kirik served as domestics (head of the church choir or
senior chorister). Consequently, he was a professional musician. Appar-
ently, this is confirmed in his future destiny, connected with the transition
to the retinue of the Novgorod Archbishop Nyfont. According to the lat-
est research, Kirik was surrounded by Nyfont because of his professional
musical activity [16].

It turns out that Kirik the Novgorodian, being a professional human-
ist (musician, theologian, religious philosopher), also became known as
an outstanding mathematician. Syncretism of humanitarian and exact
knowledge is a feature of the Renaissance. (As appropriate typical repre-
sentatives of the Renaissance period, one can name Leonardo da Vinci and
Durer, who, being professional painters knew mathematics and left a mark
on its history). Where and how could Kirik learn mathematical knowledge
of a high level? The mathematics of Kirik’s “Teaching” corresponds to the
quadrivium of medieval university studies, and this knowledge he could
obtain in the Novgorod Antoniev monastery.
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Abstract. We present a technique to approximate transition kernels of Markov
processes, constructed from other, original Markov processes via a random time
change. This technique is based on the Chernoff Theorem and leads to the so-
called Feynman formulae which can be used for direct calculations and simulation
of the considered processes.
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1. Introduction

An evolution semigroup (etL ) 0 with a given generator L (on a given
Banach space), on the one hand, allows to solve an initial (or initial-
boundary) value problem for the corresponding evolution equation % =Lf
and, on the other hand, defines the transition probability P(¢,x,dy) of
an underlying Markov process (& )0 (if there is any) through e'” f(z) =
E*[f(&)] = [ f(y)P(t,z,dy). We present a technique of approximating

evolution semigroups (etL 450 O respectively, transition kernels P(t, z, dy)

by means of the Chernoff Theorem. This theorem provides conditions! for
a family of bounded linear operators (F(t)):»0 to approximate the consid-

ered semigroup (e'"),_ via the formula e'* = lim, o [F(t/n)]". This

formula is called Chernoff approzimation of the semigroup (etL)t>O by the
family (F(t))ts0. And the family (F(t)):s0 itself is called Chernoff equiv-
alent to this semigroup. If families (F(t))ss0 are given explicitly, the ex-
pressions [ F'(¢/n)]™ can be directly used for calculations and hence for sim-
ulations of underlying stochastic processes. Moreover, if all operators F'(t)
of a given family (F(t)):s0 are integral operators with elementary kernels
(or pseudo-differential operators with elementary symbols) the identity
el = lim,, o [F(t/n)]" leads to a representation of the semigroup (etL)t>0

by limits of n-fold iterated integrals of elementary functions when n tends
to infinity. Such representations are called Feynman formulae; the limits

!These conditions are: F(0) = Id, |F(t)| < e“* for some w > 0 and all ¢t > 0,
limy—ot™1(F(t)¢ — ) = Ly for all ¢ € D, where D is a core for the generator L.
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in Feynman formulae usually coincide with functional (path) integrals with
respect to probability measures (Feynman—Kac formulae) or with respect
to Feynman pseudomeasures (Feynman path integrals). Therefore, the
method of Chernoff approximation allows also to establish new Feynman—
Kac formulae; different Chernoff approximations (in the form of Feynman
formulae) for the same semigroup allow to establish relations between dif-
ferent path integrals. Recently, some Chernoff approximations have been
constructed for transition kernels of Markov processes, obtained from some
original processes by such procedures as: a random time change, subor-
dination, killing upon leaving a given domain (see [1,2,4,5]). In these
constructions, it is supposed that transition kernels of original processes
are known or already Chernoff approximated. This assumption holds true,
e.g. for Feller processes in R™ and some Feller diffusions on star graphs
and compact Riemannian manifolds (cf. [3,4,6]). Below we present a few
results, generalizing some constructions in [4] and [5].

2. Chernoff approximation for transition kernels of Markov
processes obtained by a random time change

Let @ be a metric space. Let Cp(Q) be the space of bounded con-
tinuous functions on @ with supremum-norm | f[e = sup,|f(q)|- Let
Co (Q) {cpe Co(Q) = limg,g0)»00 ©(q) = 0} where ¢o is an arbitrary
fixed pomt of @ and the metric space ) is unbounded with respect to
its metric p. Let Co(Q) = {p € Cp(Q) : Ve > 03 a compact K c
@ such that |p(q)| <e for all ¢ ¢ K;}, where the metric space @ is as-
sumed to be locally compact. Let the Banach space X be any of the spaces
Cr(Q), Co(Q), Co(Q). Let (Ti)is0 be a strongly continuous semigroup
on X with generator (L,Dom(L)). Consider a function a € C,(Q) such
that a(q) >0 for all ¢ € @. Then the space X is invariant under the multi-
plication operator a, i.e. a(X) c X. Consider the operator L, defined for
all p e Dom(L) and all ¢ € Q by

L) = a(q)(L¢)(q), where Dom(E):= Dom(L).

We assume that (L Dom(L)) generates a strongly continuous semigroup

(which is denoted by (T})0) on the Banach space X. The operator Lis
called a multiplicative perturbation of the generator L and the semigroup

(T})ss0, generated by L, is called a semigroup with the multiplicatively
perturbed with the function a generator. Some conditions assuring the

existence and strong continuity of the semigroup (T})so are discussed
in [7,8].

Theorem 2.1. Let (L,Dom(L)) be the generator of the strongly contin-
uous semigroup (Ti)es0) on X. Let (F(t))s0 be a strongly continuous
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family of bounded linear operators on the Banach space X, which is Cher-
noff equivalent to the semigroup (Ty)ts0. Consider the family of operators

(F(t))ss0 defined on X by

F(t)e(a) = (F(a(@)t)p)(q)  forall g€ Q.

The operators F(t) act on the space X and the family (F(t))sso is strongly

continuous and Chernoff equivalent to the semigroup (T})iso with multi-
plicatively perturbed with the function a generator, i.e. the Chernoff ap-
proximation

Top = lim [F(t/m)]"
is valid for all ¢ € X locally uniformly with respect to t > 0.

Example 2.2. Let (X;):0 be a Markov process with the state space @
and transition probability P(t,q,dy). Let the corresponding semigroup

(Tt)t0,
Tip(q) = E? [W(Xt)]zfso(y)P(tq,dy),
Q

be strongly continuous on the Banach space X, where X = Cp(Q), X =
Co(Q) or X = Cp(Q). Then by Theorem 2.1 the family (F(¢))¢s0 defined
by
Fyp(q) :=fs0(y)P(a(q)t,q,dy),
Q

is strongly continuous and is Chernoff equuivalent to the semigroup (T 1) t0
with multiplicatively perturbed (with the function a) generator. Therefore,
the following Feynman formula is true:

Tip(ao) = Jim [+ [ o(an)Plalao)t/n.go,da)Plalar)t/n a1, daz) x -
Q Q
x P(a(Qn—l)t/n> dn-1, dQn)

And the convergence is uniform with respect to ¢g € @ and locally uniform
with respect to t € [0, c0).

Remark 2.3. The multiplicative perturbation of the generator L of the
Markov process (X;)s»0 with the function a is equivalent to the random
time change X; ~ X¢,, where & := inf {s >0: [y a (X )dr > t}. Note
that P(t,q,dy) := P(a(q)t,q,dy) is not a transition probability any more.
Nevertheless, if the transition probability P(¢,q,dy) of the original pro-

cess is known, formula 2.2 allows to approximate the unknown transition
probability of the modified process.
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Let now A :R% — £(R?) be a uniformly continuous mapping such that
the operator A(x) is symmetric for all 2 € R?, and let there exist ag, Ag € R
such that 0 < ag < Ag < o0 and for all x,z € R? holds ag|z|?> < z- A(z)z <

Aglz|?. Consider the second order elliptic operator A, defined for each
p e C*(R?) by

App(z) :=tr(A(z) Hess p(x))

Due to results of [5], the following family (F“(t))so is Chernoff equivalent
to the semigroup (7})ss0 on the space Co (R?) = Cy(R?), generated by the
closure of the operator (L,C%®(R%)): F4(0) :=Id and for all ¢ > 0 with
€ X and z e R?

1 AL -y)-(z-
[ oA ro)
V(drt)ddet A(z) 2, 4t
Combining this result with Theorem 2.1, one succeeds to weaken the as-
sumption ag|z|? < z- A(z)z for all z,z € R and some ag > 0:
Proposition 2.4. Let A be as before. Let a e Cy(R?) be a scalar Junction
with a(x) > 0 for all x e R%. Consider A : R% - L(RY) such that A(z) =
a(z)A(z). Consider also the operator Az defined for each ¢ € C*(R?) by

FA0)p(a) = )w(y)dy-

Azp(z) = tr(A(z) Hess p(2)) = a(x) Aap(x) = Aap(2).

Assume the existence and strong continuity of the semigroup (TtAA)tZO
generated by the closure of (A 7,C**(R%)) on X = Co(R?). Consider the
family (FA(t))sso of linear operators on X defined by F4(0) :=Id and

1 At —y)-(z-
__ [ - A0 o
\/ (4rt)d det A(2) g t

for allt >0, ¢ € X and x € RY. Then the family (F‘A(t))tzo is strongly

continuous and Chernoff equivalent to the semigroup (T, * )0 on Coo (RY)
generated by the closure of (A 3,C2*(R?)). Therefore, the following Feyn-
man Formula holds for all o € X, all t >0 and all o € R%:

FAWp(z) = )<p(y)dy

T (o) =

= lim ~~~[@(xn)pg(t/n,:ro,xl)---pg(t/n,xn,l,xn)dml...dmn,

n—oo

Rd Rd
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where

pa(t,z,y) =

L eXp(_ A*(x)(m—y)-(x—y))
V(@rta(z))?det A(z) dta(x) '

And the convergence is uniform with respect to qo € Q and with respect to
t e (0,t*] for all t* > 0.

3. Conclusions

The method of Chernoff approximation can be applied to a wide class
of Markov processes. In particular, it can be applied to processes obtained
via a random time change from some original processes, whose transition
kernels are known or already Chernoff-approximated. The constructed
Chernoff approximations can be used for simulation of the considered time-
changed processes.
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Abstract. For a supercritical catalytic branching random walk on Z¢, d € N,
with an arbitrary finite catalysts set we study the spread of particles population
as time grows to infinity. Namely, we divide by ¢ the position coordinates of each
particle existing at time ¢ and then let ¢ tend to infinity. It is shown that in the
limit there are a.s. no particles outside the closed convex surface in R? which
we call the propagation front and, under condition of infinite number of visits
of the catalysts set, a.s. there exist particles on the propagation front. Recent
strong limit theorems for total and local particles numbers established by the
author play an essential role. The results obtained develop ones by Ph.Carmona
and Y.Hu (2014) devoted to the spread of catalytic branching random walk on
Z.

Keywords: branching random walk, supercritical regime, spread of population,
propagation front, many-to-one lemma.

1. Main section

We consider a catalytic branching random walk (CBRW) on Z?, d € N,
with catalysts located at an arbitrary finite set W C Z¢. Outside the
set W a particle performs an ordinary random walk (in continuous time)
generated by matrix A = (a(z,y)), yeze. Being at a catalyst particles
may either leave it or produce offspring according to a probability law
depending on the catalyst. We have shown (see [1]) that combination of
different characteristics of the random walk and branching at the catalysts
set may lead to supercritical, critical or subcritical behavior of particles
population. In particular, only in the supercritical regime with positive
probability the total and local particles numbers jointly grow exponentially
with some rate v > 0 (called the Malthusian parameter) as time tends to
infinity. Thus in this case it is interesting to study the asymptotic shape
of particles population propagation.

To establish almost sure results we assume that conditions in [2] de-
scribing the homogeneous in space and time CBRW hold (with a(x,y) =

a(0,y — ), z,y € Z?) and also the Cramér condition is satisfied, i.e.

H(u) == Z i e a(0,r) < 0o, u€ R
xT
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where (-,-) stands for the inner product in R?. Introduce the sets R :=
{ueR?: H(u) = v},

O.:={x cR?: (x,7) > v +¢ for at least one r € R}, >0,

Q. ={zecR¥: (z,r) <v—cforanyr € R}, e¢€[0,v).

Let B := 0Qo(= 00y) and N(t) C Z¢ be the (random) set of particles
existing in CBRW at time ¢ > 0. For a particle v € N(t), denote by
X, (t) its position in Z¢ at time ¢. Introduce also the random set I =
{w : limsup,_, {v € N(t) : X,(t) € W} # &} . The supercritical regime of
CBRW guarantees that P, (I) > 0 where index = € Z¢ denotes the starting
point of CBRW.

The following new result of [2] extends the corresponding one from [3].

Theorem 1 Let a supercritical CBRW with Malthusian parameter v > 0

satisfy the above mentioned conditions. Then, for any x € Z% and t — oo,
one has

Pu(w: Ve > 03ty =to(w,e) s.t. Vt > tg and Vv € N(t), X, (t)/t ¢ O.)=1,
Py(w: Ve € (0,v) Ity =t1(w,e) s.t. VE > t; WEN(t), X,()/t¢Q:|I)=1.

This Theorem means that if we divide the position coordinates of each
particle existing in CBRW at time ¢ by ¢ and then let ¢ tend to infinity,
then in the limit there are a.s. no particles outside the set BUQ, and under
condition of infinite number of visits of catalysts there are a.s. particles
on B. In this sense it is natural to call the border B the propagation front
of the particles population. Various examples are considered as well.

Mention in passing that related models and characteristics are also
studied in [4] and [5]. However, in contrast to our results, the authors of
those papers do not deal with the a.s. convergence.
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Abstract. I plan to introduce two new multiple access systems:
— systems with energy harvesting and
— systems with multiple departure.

In the systems of the first type, each transmission attempt (successful or not)
needs a unit of energy that comes from a constrained source. We show that
energy restrictions may increase the stability region of randomized transmission
protocols.

In the systems of the second type, there is a geographic spread of users, and
neighbouring users provide similar information, so given a successful transmis-
sion of a user message, not only this user, but also all its neighbours leave the
system. We consider three types of transmission protocols: centralized protocols,
decentralized protocols with ternary feedback (empty slot/success/collision) and
decentralized protocols with unusual binary feedback (success/non-success). We
analyze stability conditions and optimize protocol parameters.

The talk is based on joint papers [1] and [2] with Andrey Turlikov and Maxim
Grankin (St.-Petersburg) and with Dmitriy Kim (Almaty).

Keywords: random multiple access, stability, energy harvesting, multiple de-
parture.
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Abstract. The talk presents the known results on the asymptotics of the sur-
vival probability and limit theorems conditioned on survival of critical and sub-
critical branching processes in independent and identically distributed random
environments.

Keywords: branching processes in random environment, survival probability,
limit theorems.

Branching processes in random environment (BPREs) are difficult prob-
abilistic objects the investigation of which requires essential efforts. For
the first time the model of a BPRE was considered by Smith and Wilkin-
son [3] in 1969. Then Athreya and Karlin [1], [2] in 1971 have studied
BPREs. Since then a great number of articles have been published inves-
tigating the behavior of branching processes in random environment. In
short words, a BPRE is a stochastic population model where individuals
constituting a generation reproduce independently according to a com-
mon offspring distribution. The random environment feature of the model
means that the reproduction laws randomly change from one generation
to the other. In our talk we summarize some recent findings on critical
and subcritical discrete time BPREs under a key assumption that the re-
production laws of particles of different generations are independent and
identically distributed. The results we plan to mention are mainly due to
the joined efforts of the Russian-German team of researchers consisting
of V. Afanasyev, C. Boinghoff, V. Vatutin, E. Dyakonova, J. Geiger, G.
Kersting, K. Fleischmann, V. Wachtel. The talk is based on two recent
surveys and attracts some earlier results included in an earlier survey [6].

References

1. Athreya K.B., Karlin S. On branching processes with random environ-
ments, I: Extinction probability // Ann. Math. Statist. — 1971. — Vol.
42. — P. 1499-1520.

2. Athreya K.B., Karlin S. On branching processes with random environ-
ments, II: Limit theorems // Ann. Mat. Statist. — 1971. — Vol. 42. —
P. 1843-1858.

3. Smith W.L., Wilkinson W.E. On branching processes in random envi-
ronments // Ann. Math. Stat. — 1969. — Vol. 40. — P. 814-827.



Vatutin V. A. 149

4. Vatutin V. Subcritical Branching Processes in a Random Environment
// LM. del Puerto et al. (eds.) Branching Processes and Their Appli-
cations, Lecture Notes in Statistics. — Springer, 2016. — Vol. 219. —
P. 97-115.

5. Vatutin V.A., Dyakonova E.E, Sagitov S. Evolution of Branching Pro-
cesses in a Random Environment // Proc. Steklov Inst. Math. —
2013. — Vol. 282. — P. 220-242.

6. Vatutin V.A., Zubkov A.M. Branching processes, II // J. Sov. Math. —
1993. — Vol. 67. — P. 3407-3485.




150 ACMPT—2017
YIK 519.21: 62-192

O HaEe>KHOCTU TI0 MOCTENEHHBIM OTKA3aM:
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Awnnoranusi. B pa6ore 06cyX1ar0TCsI OCHOBHBIE TTOJIOXKEHUsT (DYHKITUOHATIBHO-
apaMeTpPUIeCcKOro MoJIX0/Ia TEOPUU HAJIEXKHOCTH, 8 TaKyKe BO3MOXKHOCTHU U Tep-
CIIEKTUBBI UCIIOJIb30BAHUS 3TOIO IOAX0Aa B 3aJadax obecledeHns HaJesKHOCTU
AHAJIOTOBBIX TEXHUYIECKUX YCTPOHCTB U cucteM. [loka3aHo, 9TO JjIs1 pereHns 3a-
Jad aHAJIN3a ¥ 00eCIeYeHrs HAAeXKHOCTH IeJIeCO00Pa3HO UCIOIb30BATh BBHIUKC-
JINTEJIbHYIO TEXHOJIOTHIO MAPaJjIe/IbHbIX U PACIPEIeIeHHbIX Bbraucyaenuit. O6-
CyZKJIAeTCs Uesl MOCTPpOoeHUsI 3(pPEKTUBHBIX MapaIeIbHBIX AJITOPUTMOB MHOTO-
BApUAHTHOI'O aHAJIN3a, HEOOXOIUMOIO JIJIsI BBIYUCJIEHUSI CTATUCTUIECKUAX OIEHOK
BEPOSTHOCTHA 6e30TKA3HON paboThl MPHU Pa3IUYHBIX HOMUHAJIBHBIX 3HAYEHUSX
BHYTPEHHUX MMapamMeTpoB. IIpe/yioxKeH u ucce10BaH Napaslie/bHbI aHaIoT Me-
TOJA CTATUCTUYIECKUX WCHBITAHUI W aJI'OPUTM JTUCKPETHOI'O MMOUCKA HOMUHAJIb-
HBIX 3HAYEHUI MapaMeTpoB, JOCTABJISIONNX MAKCUMYM BEPOSITHOCTH 6e30TKa3-
HOW pabOTHI.

KuroueBble ciioBa: HaJIe’KHOCTB, MOCTENEHHBIN OTKa3, CIyYaifHBIA IpoIecc,
mapaMeTpUIECKUl CUHTE3, BBIYUC/IUTEbHbIE METO/IbI, MapaJljebHble METOIbI,
KOMITBIOTEPHOE MOJIETUPOBAHUE.

1. Bsenenue

B coBpemennoit Teopun HaIEKHOCTH MOXKHO BBIIEIUTH HECKOJIBKO Me-
TOOJIOTUYECKUX HAIIPABJIEHU, [IOMUHUPYIOIIEE OJIOXKEHUE CPEJId KOTO-
PBIX 3aHUMAeT BEPOSATHOCTHO-CTATHCTHYECKOe HalpasjieHue. Metomosio-
I'si BEPOSITHOCTHO-CTATHCTUYECKOrO IOAX0Aa Oa3MpPyeTcs Ha SMIUpUIe-
CKHU YCTAHOBJIEHHOM (paKTe CTATUCTUIECKON YCTONIMBOCTH YaCTOTHI OTKa~
30B, [I03BOJIAIOIIEM aKTHUBHO UCIIOJIB30BaTh METObI TEOPUU BEPOSITHOCTEI
7 TEOPHUHU MAaCCOBOTO OOCIy:KMBaHUs. Pacuer HaJeKHOCTH B paMKaxX 3TO-
ro HaIlpaBJIEHUsI OCHOBAH HA IIOCTPOEHWH CTPYKTYPHOM CXeMbI HAJIEXKHO-
CTH UCCJIYeMOil CHCTeMBI (MOJIeJIN HAJIE?KHOCTH ), [IPU TOM JIJIsl KAZKJIOI0
9JIEMEHTa U CHUCTEMBI B IIEJIOM JOIMYCKAIOTCS OOBIYHO JIUIIDL JBa BO3MOXK-
HBIX COCTOSHUSI — PabOTOCIIOCOOHOCTH UJIX OTKa3a. TakKuM 00pa3oM, Jirobast
peaJibHasl CUCTeMa IIPU pacdeTax ee HaJeXKHOCTU 3aMeHSIeTCsl HEKOTOPOi
Jloruaeckoii (6yseBoit) Moebio. MeTo bl BEpOSITHOCTHO-CTATUCTHIECKOTO
ITOJIXOJIa JIOCTATOYHO IMPOCTHI M Y/OOHBI JIJIsl UHYKEHEPHBIX PacyeToB, HO
UX HUCIOJIb30BaHUE HE JAeT IOJOXKUTEJIbHBIX Pe3yJIbTaToOB IPU PEeIIeHUH
3aJ1a9m 00ecIIeueHns HAJIeKHOCTU YHUKAJIBHBIX OObEKTOB U CUCTEM OTBET-
CTBEHHOI'O Ha3Ha4Y€HWA, JIJId KOTOprX OTKa3bl HE ABJIAOTCA MaCCOBBIM U
CTATUCTUYECKHU YCTONIMBLIM SIBJIEHUEM.
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HawubGostee 00IMMM U MEPCHEKTUBHBIM TPEJCTABISAETCS UCCJIEI0OBAHIE
BOIIPOCOB HAJIEXKHOCTH TEXHUYECKMX CHCTEM C IO3UIMIl Teopuu OJIyKia-
HUsI TOYKH B ($a30BOM IpocTpancTBe. Mojesb Haje2KHOCTH 9TOTO THUIIA
obuta npemioxkena b.B. I'memenko, H0.K. Bensieeeim u A.JI. Cososbe-
BbIM B pabore [1]. Ona mnosponmia OGHAPYXKUTH TIyOOKYHO CBSI3b TeO-
pUM HAJIEXKHOCTH ¢ O0Ieit Teopueil CayvailHbix (pyHKIui u chopMyTmpo-
BaTh METOJIOJIOTUIO TIOJXO0/1a, KOTOPbI OyIeM Ha3bBaTh (PyHKIIMOHAILHO-
ITapaMeTPpHU1IEeCKUM 110/ IXOI0M.

2. OcCHOBHBIE IIOJIOXKEHUS U METObI
DYHKINOHAJIBHO-TIAPAMETPUIECKOTO II0IX01a

DyuxnuonaabHo-napamerpudeckuii (PII) noxxo ecrecTBeHHBIM 00pa-
30M CJIeJlyeT U3 OOIIENPUHSATOrO OIIPeIesIeHNsI HaJIe?2KHOCTH KaK CBONCTBA
00bEeKTa COXPAHATH B YCTAHOBJIEHHBIX MPEJIEIaX 3HAYCHNUS BCEX IIapaMeT-
POB, XapaKTepU3YOIINX ero CIIOCOOHOCTD BBITTOJIHSATH TpebyeMmble (DYHKIUN
B 33/IaHHBIX PEXKMMaX U YCJIOBUAX IPUMEHEHHUs. B cOOTBETCTBHE € 3TUM
OIIpeIeJIEHIEM MOJIENb JIJIsi OMPEIesICHIs HAJIEXKHOCTU JOJI?KHA OTPAXKATD
CBsI3b [TOKa3aTe el HaIe?KHOCTH C BBIIIOJIHIEMBIMEA 00bEKTOM (DYHKITASIMU,
VCJIOBUSIMHE IKCILIYATAIUN U BPEMEHEM.

B ocrosy ®II-moaxoma MOMOXKEHBI CAEAYIONINE OCHOBHBIE MTPUHITAIIBI
[2,3].

1. IIporiecc byHKITMOHNPOBAHUS O0HEKTA U €70 TEXHUIECKOE COCTOSTHUE
B JI000OIT MOMEHT BPEMEHU OIPEJIEISIOTCS KOHEIHBIM HAOOPOM HEKOTOPBIX
[IEPEMEHHBIX — [IAPAMETPOB 00'bEKTA.

2. JIiobast TeXHIMYECKas CUCTEMA, BBIMIOJIHAS OIpPeIeseHHble (DyHKINH,
HaXOQUTCA BO B3aUMOICHCTBUU C OKPYXKaIOIIell Cpenoil, 4eJI0BEeKOM, IIOJ-
CHCTEMOH YIIPABJICHUS, KOMIIOHEHTAMHU TEXHOJIOIMYIECKOro mporecca (06-
pabaTbiBaeMble MATEPUAJIBI, ChIPbE, SHEPTUs, PEAreHThl U T.11.). IIpu sToM
BO3HUKAIOT Pa3HOOOpa3Hble NMPUYNHHO-CJIEJICTBEHHBIE CBA3U KAaK (DOPMBI
[IPOSIBJIEHUS] YHUBEPCAJILHON CBS3U sIBJIEHUI B IIPUPO/IE.

3. Hakormutenne pa3ndHbIX BO3AEHCTBUN HA CUCTEMY MPUBOIUT K IBO-
JIOIUN ee TIoKa3aTesell (M3MEeHeHUsIM [aPaMeTPOB) U BCJIECTBUE TOTO K
BO3MOKHOCTH II€PEX0a B HHOE KAYECTBEHHOE COCTOSIHUE.

4. Texanyecknii 0ObEKT HEBO3MOXKHO U30/IMPOBATH OT BJIUSIHUS BHEIII-
Hell cpelibl, B KOTOPOil OH paboTaeT, HeJIb3s OCTAHOBUTDL IIPOIECCHI, IIPO-
TEKAIOIKe B HEM IIPU OCYIIECTBJICHUH PA00INX (DYHKIIHI, HCKIIOYATH I10-
CJIEJICTBUS TEXHOJIOTMYECKHUX IIPOIECCOB, MPUMEHSBIINXCSA [IPU €r0 U3TO0-
TOBJIeHUU. Bce BuIBI 9Heprum — MeXaHHYeCKas, TEIIoBasl, XUMHYIECKasd,
3JIEKTPOMATHUATHAS — BO3JEHCTBYIOT HA OOBEKT M BBI3BIBAIOT B HEM 0Opa-
TUMBIE U HEOOpATUMBIE IIPOIECChI, U3MeHsomue (yXyIIaoliue) ero Ha-
JaJIbHbIE XapPAKTEPUCTUKH.

5. OTKa3bl SIBJIAIOTCH CJIEACTBUEM OTKJIOHEHHUII TapaMeTpPOB OT UX WC-
XOJIHBIX (HOMUHAJIBHBIX, PACIETHBIX) 3HadeHnil. POopMOit posiBIIEHNS OT-
Ka3a SBJISIETCS BBIXOJ IaPaMETPOB 3a IPeeibl 00JIACTU TOIYCTUMBIX 3HA~
vyennit (obacTu paboTOCIIOCOGHOCTH).
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6. Ecau mporeccbl n3MeHeHUsI mapaMeTpoB HaOJIOIAEMbl, ITPOTHO3M-
PyeMbl U YIpPAaBJSIEMbI, TO CYIIECTBYET NPUHIMIHAAIbHAS BO3MOXKHOCTH
[IPEIOTBPAIIEHAS] OTKA30B.

B pavkax ®Il-moaxoma 3amaun pacduera n obecredeHUsT HaIeKHOCTH,
BO3HUKAIOIIME Ha JTalax [IPOEKTUPOBAaHUsI, IIPOU3BOJICTBA U SKCILIyaTa-
M7, B3AMMOCBSI3aHbI: BCE OHM MOTYT OBITh IIPEJICTABJIEHBI KAK PA3ZHOBHUJI-
HOCTH 33JIa9¥ yIIPABJIEHUs CJIydailHbIMU mIporieccamu. VIX perreHne T01xK-
HO OCHOBBIBATbHCsI Ha, Pe3yJIbTaTax IIPOrHO3UPOBAHUS IIPOIECCOB U3MEHEHUS
HapaMeTpoB (TEXHUIECKOIO COCTOSHMS) U HAJIEXKHOCTU MCCIIELyeMbIX 00b-
exkToB. [Ipu pa3zpaboTke METOJ0B MPOTHO3MPOBAHUS U YIIPABJIEHUS HEOD-
XOJIUMO YYUTHIBATH KaK CIenudUKy CIyJailHbIX IIPOIEeCCOB Jpeiida mapa-
MeTpOB (OHU OTHOCHATCS K KJIACCY HECTAIMOHAPHBIX U JIOKAJIBHO YIDPABJIsi-
eMBIX), TAK U OCOOEHHOCTH CAMOTO YIIPABJIEHHUs, KOTOPOE MMEET BHJ[ MM-
IIyJIbCHOII KOPPEKITUH.

Takum 06pa3oM, IIpU peleHnn 3a1a9u 00ecedeHnsT HAJIeXKHOCTH TeX-
HuIecKux 06bekToB Ha ocHoBe PII-m10/1X0/1a HEOOXOIUMO YIECTh BO3MOXK-
HbIE€ OTKJIOHEHWs ITapaMeTPOB OT PACUETHBIX 3HAYEHU, [IPEICKA3ATH I10-
CJIEJICTBUS 3TUX OTKJIOHEHUH U pa3paboTaTh KOMILJIEKC MEPOIPUSITUiL, 0bec-
[I€YUBAIONINX TPeOyeMble XapaKTePUCTUKN O0bEKTa B YCIOBUSAX ITUX OT-
kJouennit. HerpyaHo 3aMeTuTh, 9TO B paMKax KOHIENTYaJbHON MOme/n
®IT-nozxxona pacuer (obecrieueHre) HaIEXKHOCTH SBJISIETCS] €CTECTBEHHBIM
IIPOJIOJIPKEHNEM OOBIYHBIX MH2KEHEPHBIX PACUYeTOB HA dTAlle IPOEKTUPOBA-
HUSI.

ObGecnieuenne HazexkHocTH B pamkax PII-momxoia OCHOBaHO Ha CO-
3JIAHUM ¥ OIITUMAJILHOM HCIIOJIL30BAHUN 3a11acOB (PE3ePBOB) JIOMYCTHUMbIX
Bapualnuii TapaMeTPOB CHCTEMbI, KOHTPOJIE OIPEEJISIONUX TapaMeTpPOB,
[IPOTHO3UPOBAHUU U3MEHEHUI 1TapaMeTpoB C IeJIbIO [IPEIOTBPAIeHNs] UX
BBIXOJIA 32 JOIyCTUMBIE IIPEIeJIbl U KOPPEKIUH IIapaMeTpOB, OCYIIEeCTB-
JITEMOI B BUJI€ HACTPOEK WJIM 3aMEH 3JIEMEHTOB, BbIpabOTABINNAX CBOI pe-
cypc. 3azaun obecriedeHnsl HaIeXKHOCTU YIAeTCsl IPU 3TOM IPEJICTABUTh
B HECKOJIbKO PACHIUPEHHOI (opMe 3a7ad ONTUMAJBHOIO IIapaMeTpude-
ckoro cunresa (OIIC). Cyrs OIIC cocTouT B MOMCKE TaKUX HAYATBHBIX
(HOMUHAJILHBIX) 3HAYEHUI [IAPAMETPOB JIEMEHTOB CUCTEMbI (BHYTPEHHUX
IIapaMeTpOB)7 Ipu KOTOPBIX O6eCIquI/IBaeTCH MaKCuMaJibHasd BEPOATHOCTDH
BBITIOJTHEHHUS YCIOBHUIT PAOOTOCIOCOOHOCTH B T€UEHUE 33JAHHOIO BPEMEHH
sKCILIyaTamuu [4].

MaremaTnyeckast U BBIYUCIUTEIbHAS CJIOXKHOCTH METOJIOB PACUETA U
obecrieueHnsT HaJIEXKHOCTU TEXHUYECKUX CHUCTEM C yYeTOM 3aKOHOMEpPHO-
cTell caydalHbIX IPOIECCOB Baphalldii UX IIapaMeTpPOB, TPYAHOCTDH HOJIY-
geHusi HeOOXOIMMON MCXOMHON MH(MOPMAIMU O MAPAMETPUIECKUX BO3MY-
IIEHUSTX TTOPOJIVJIH OIIPeIeJIEHHBIN IECCUMU3M B OTHOIIIEHUN TPAKTHIECKO
nostesnoctu (KoHcrpykrusHoctn) MmerozoB PII manpasienus. Bmecre ¢
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TEeM B IOCJIEIHIUE TObI CTAJ AKTUBHO PA3BUBATHCS JIOCTATOYHO PaJINKAJb-
HBIIl IIyTh COKPAIIEHUsI TPYJOEMKOCTH PEIIeHUs] CJIOKHBIX BBIUYUC/IUTEIb-
HBIX 33/Ia9, B OCHOBE KOTOPOT'O JIEKUT UJiesi PACTIapAICIMBAHUS [TPOIIEC-
COB IIOKMCKa KOHEYHOI'0 pe3ysbTraTa. B HacTosiee BpeMst HAKOIJIEH OIIpe/ie-
JIEHHBII OIBIT CO3/IaHUSI aJTOPUTMUIECKUX U IIPOIPAMMHBIX CPEJICTB Pac-
YeTa ¥ ONTUMU3AINN TaPAMETPUIECKON HAJIEXKHOCTH ITPOEKTUPYEMBIX TEX-
HUYECKUX YCTPOMCTB U CUCTEM, OCHOBAHHBIX HA WCIIOJIH30BAHUU TEXHOJIO-
Tnm IapaJijieJIbHbIX U paclpeJle/IEHHbIX BBIYUCJIEHUI. ﬂ.}'{ﬂ IIpeo/10JIeHN A
CJIOYKHOCTE, CBA3AHHBIX ¢ JEMDUIUTOM WU OTCYTCTBHEM UHMOPMAIUH O
3aKOHOMEPHOCTSIX CJIyYallHBbIX IIPOIECCOB U3MEHEHHUsI [apaMeTPOB HCCIe-
JLYEMBIX CHCTEM, BO3MOXKHBI PEIIeHNs, OCHOBAHHDIE HA IIPUBJICICHUN HIEH
pobacrHOCTH M MUHUMAaKCA. JIpyruMu ciioBaMu, HeOOXOIUMBIN yPOBEHD Ha~
JIEZKHOCTHU 00ECIIeunBAETCsI JIMOO CO3/IaHNEM CUCTEM, HEIyBCTBUTEJBHBIX K
BapUAIUsIM U3 apaMeTpoB (POGACTHBIX ), TUOO0 B Pe3YJIbTATE IPUIAHMS UM
HEO0OXOIMMOTO 3araca paboTOCIIOCOOHOCTH, KOTOPBIN yINTHIBAET HANOOIEe
HeOJIaroNpUsITHBIE BAPUAIIUU IAPAMETPOB HCCJIEIYyEeMOIl CHUCTEMBI.

Ob6cyx)maercs ujest mocTpoenusi 3MEKTUBHBIX TAPAJIIETbHBIX AJII0-
PUATMOB MHOTOBAPUAHTHOTO aHAJIN3a, HEOOXOIUMOTO JjIsi BIYUCJICHUS CTa-
TUCTUYECKHUX OIEHOK BEPOSITHOCTU 0E30TKA3HOW pabOThI IIPU Pa3IHIHBIX
HOMUHAJIbHBIX 3HAYEHUSIX BHYTPEHHUX IIapaMETPOB.

IIpemyioxken n wccaen0BaH MAPAUIETBHBI AHAJOT METOJA CTATHCTH-
vyeckux ucnbiranuit (Monre-Kapiio) u aaropuTMmbl JUCKPETHOTO IOUCKA
HOMWHAJIbHBIX 3HAYEHUN TTAPAMETPOB, JTOCTABJIAIONIX MAKCUMYM BEPOSIT-
HOCTH GE30TKA3HON paboTsl [5].

IIpu mporpaMMHOit pean3anuy mapauieTbHBIX AJITOPUTMOB IIPEICTAB-
JISIETCS T1eJIeCO00PA3HBIM HCIIOJIH30BAHNE BO3MOXKHOCTEH KAK COBPEMEHHBIX
MHOTOITPOTIECCOPHBIX BBIUUCIUTEILHBIX CHCTEM, TAK U PACIPEIEIEHHBIX
MHOTOMAIIMHHBIX KOMILIEKCOB, CBSI3aHHBIX JIOKAJIBHOM ceThio. Peasm3arus
TOJIOOHBIX AJIFOPUTMOB HA MHOTIOIPOIECCOPHBIX MAIMHAX, PabOTAIOIIMX
IO/ YIIPABJIEHUEM OIIEPAIMOHHBIX CHUCTEM, IOJJIEP’KUBAIONINX MHOTOITO-
TOYHOCTH, He BBI3bIBACT MPUHIUIUAIBHBIX 3aTpy/aHeruii. B To ke BpeMs,
B DACIPEJIEIEHHBIX MeTEPOTeHHBIX CpeJax, HEOOXOIUMO CAMOCTOSITEIHLHO
pean30BaTh MEXaHU3MbI 3arPY3KHU JAHHBIX, CHHXPOHU3AIINU IPOIECCOB
7 6aJIAHCHPOBKHU BBIYUCUTEIBHON HATPY3KHU MEXKIy KOMIIOHEHTAMY KOM-
1iekca. [JIaBHBIM KpUTepUeM KadecTBa pacliapaJlie/InBaHus BHIYUCIEHUI
SIBJISIETCST COKpAIIleHIe ODIEero BpeMeH! peIleHust 3aad9u. Bo3MoxKHOCTH
JJIST PaclapaJsiie TMBAHNS BEIYUCICHII OTPAHNINBAIOTCS HE TOJBKO IUCIOM
HUMEIOIINAXCST [TPOIIECCOPOB, HO U OCOOEHHOCTSIMHU BBIYUC/IUTEIHHOTO aJIro-
pUTMa, KOTOPBIIl MOXKET 0Ka3aThCs TPUHIUITHAIIBHO [TOCIIEI0BATEIbHBIM. B
3a/1avax aHaJIN3a U ONTHMHU3AINN [TapAMETPHIEeCKOIl HAIe2KHOCTH MCIIOJIb-
3yeTcst MOJIEJIb Iepeiadn cooDIIeHnit u, Tak Ha3biBaeMasi, master-slave ma-
paJurMa napaJjuieibHOro nmporpammupoBanus. OUH U3 MPOIECCOPOB Ha-
3HAYAECTCH [JIABHBIM (master), OH MPOM3BOJAUT JUHAMUYECKYIO OaJIaHCHU-
POBKY 3arpy3KH, PacChblIaeT 3aJaHUs OCTAJIBHBIM MOIUHEHHBIM IIPOIEC-
copam (slave), dopmupyer pesynabrarsl. PacnapajuienuBanue 6a3upyercs
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HA JICKOMIIO3UIIUK IIOCJIEI0BATEILHOTO aJITOPUTMa BBIYUCJICHUI, B Kade-
CTBE eIMHULBI [apaJIIeIN3Ma BBICTYIAeT 3aada OJHOKPATHOIO pacdera
MOJIEJIA CUCTEMBI (MOZETMPOBAHNS CUCTEMBI).

Peanuzanus npejraraeMbIx NapaJjuiebHBIX AJITOPUTMOB aHAJIN3A U OTl-
TUMU3BAIUN [IAPAMETPUYECKON HAJEXKHOCTH OCYIIECTBJICHA HA BBIYUCIIH-
TesibHOM KJjiacrepe IRUS17.

3. 3akJiroueHue

B mammoit pabore MBI TocTapanch ChOPMYINPOBATH OCHOBBI TTOIXO/IA,
KOTOPBIl ObI OOBEINHUI TPAJAUIMOHHBIE IS TEOPUH U MPAKTUKU CXEMO-
TEXHUYECKOI'O IIPOEKTUPOBAHMS AHAJIOIOBBIX TEXHUYECKUX CHUCTEM (DyHK-
[IHOHAJIBHBIE MOJIEJIN C 3aJadaMi 0DeCIIeYeH s HAIeYKHOCTH 110 MTOCTEeH-
HBIM (HapaMeTpUYecKuM) orTKas3aM. Takoil moaxoJ ObLl Ha3BaH (DYyHKIU-
oHaJBHO -napamerpudeckuM. Obecnedenne Haje)kHOCTH B pamkax DII-
II0/TX0/Ia. OCHOBAHO HA CO3J[AHUU WM OITHMAJBLHOM HCIOJb30BAHIH 3aI1aCOB
(pe3epBOB) JIOIyCTUMBIX BapHAIU [TAPAMETPOB CHCTEMbI, KOHTPOJIE OIpe-
JIEJIATONTNX TIaPAMETPOB, TPOTHO3NPOBAHIY M3MEHEHUIT MapaMeTpoB C Iie-
JIBIO TIPEIOTBPAIIEHUS UX BBIXOJA 32 JIOIMYCTUMbIE ITPEEIbl U KOPPEKINH
[IapaMeTpPOB, OCYIIECTBIISEMOl B BHJIE HACTPOEK MJIU 3aMEH JIEMEHTOB, BbI-
paboTaBuInx CBO pecypc. 3a1aqn 00ecIeIeHns HaIe?KHOCTH YIAJI0ChH IIPH
9TOM IPEJICTABUTH B HECKOJIBKO PACIIUPEHHOM (hopMe 3ajiad mapaMerpu-
YECKOTO CHHTE3A.
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proach of reliability theory, as well as possibilities and perspectives of using
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BeI)OSITHOCTHbIe MoOJeJin MeTaJaHHbIX
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Awnnoranus. /[na obecrieuennst nHOOPMAIMOHHON 6€30MACHOCTH CETEBBIX B3a-
UMOJIENCTBUIl paHee OBLIO MPEJIOXKEHO YIPABJIATH CETEBBIMU COEIUHEHUSIMU C
IOMONILI0 MeTaaHHbIXx. MeTajgannubie cogepkar nH(MOPMAIMIO O JIOMYCTUMBIX
B3aMMOJIEHCTBUSX 33/1a49 U PACIOJIOKEHUAX IIPUIIOXKEHUH JIJIsl UX PEIIeHHs B PAC-
npejiesieHHo# cetu. B pabore paccmorpena aTaka Ha CEeTh U3 3aXBaYE€HHOIO XOCTa,
HCIOJIb3YIONIAs BEPOSITHOCTHYIO MOJIEJb (DYHKIMOHUPOBAHUS METaaHHbIX.

KimrodeBble cjioBa: BEpPOSATHOCTHBIE MOJEJIN, CETeBble MeTaJanHble, nH(pOpMa-
LUOHHAs 0E30IIaCHOCTD.

1. Bseneune

BosmoxknaOCTH MaTeMaTHYECKOr0 MOEJUPOBAHUS BBIYNCIUTEHHBIX
IIPOIIECCOB TIO3BOJISIIOT IIPOBOJUTDL IVIYOOKOE TECTUPOBAHHE ITUX IIPOIEC-
COB, U T€M CaMbIM TaPAHTUPOBATH UX IIPABIJILHOCTH B PellleHnn 3a1a4 [1].
OHaKO M0JIb30BAThCST TAKUMU MOJEJISIME JIJIsi KOHTPOJIST BBIYUCIUTE b=
HBIX IIPOIIECCOB B PACIIPEIETIEHHBIX NH(MOPMAIIMOHHO-BBIYACINTEIHHBIX CH-
cremax (PUBC) npakTudyecku HEBO3MOXKHO, T.K. TAKOH KOHTPOJIb SIBJIAET-
¢ TpymoeMKuM mporteccoM. OTCIOna BOZHUKAET UJIes UCIIOJb30BAHUS Ta-
ctu undopManuu (MeTaIaHHbIe), 3AJ0KEHHOH B MATEMATHYECKUX MOJIE-
JIAX JJIst OBICTPOrO YIPABJIEHUSI COEIMHEHUSIMUA B CETUA U CHI2KEHUS YIPO3
nuadopMaImonnoit 6ezonacuoctu. OTHAKO BO3MOXKHBI HOBBIE YI'DO3HI.

B pabore paccmoTpena aTaka Ha CeTh U3 3aXBAYUECHHOTO XOCTA, MCIIOJb-
3yIOIasl BEPOATHOCTHYIO MOJENb (DYHKITMOHUPOBAHUS METAIaHHBIX.

2. Mogeab MeTagaHHbBIX

Pacemorpum mozenns PUBC B Bujyie ciienyrorneil nepapxmdeckoii je-
komriozuiu. Pabora, Beinosasiemass PUBC, cBoguTest K peleHnto 3a1ad,
peanu3yeMbIX MPUIOKEHUsIME. Perrenne 3a1a9 COCTOUT W3 TPEX IIPOIEC-
COB:

— cbop undopmaryu, s perneHus 3a1a9u (ACXOAHbIE AHHbIE);

— 06pa60TKa I/IH(l)OpMa.I_LI/II/I Ha KOMIIbIOTE€PpaX C IIOMOIIBIO IIPOIrPaAaMMHOI'O
obecnieuenust (IPUIIOZKEHUH );

— pacIpejie/ieHre Pe3yJIbTaToB 00pabOTKN HH(MOPMAIIHH.
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NMudopmanmorabie TEXHOJIOTUN MOXKHO MPEJICTABUTHL B BUJIE MHOXKE-
cTBa 3aJ1a4. ByjeMm o0beauHsTh WHMOPMAIMOHHBIE TEXHOJOIUU U 3318~
YU B OJIMH BEPXHUU yPOBEHb MEPAPXUIECKON JeKoMIIo3uimu. Ha HikaeM
YPOBHE MEPAPXUIECKON JIEKOMITO3UITMN HAXO/ISITCS KOMITBLIOTEPHI U CeTh. B
KOMITBIOTEPaX HAXOIATCS NH(MOPMAIMOHHBIE PECYPChI U PELIAIOTCS 3a1a49M.

Kommbiorep, Kak y3es cern, HA3bIBAETCHA XOCTOM. Pa3imvHble 3a7a4du
MOKHO PEIaTh Ha Pa3IHIHbIX XOCTax ceTu. Torma ceTb 1o3BoJiser cobu-
PATh MCXO/IHBIE JJAHHBIE JJIsT 3314, ¥ PACIIPE/IEIISTh Pe3yIbTaT 06pabOTKH.

Tomuruka 6Gezonacaoctu PUBC Tpebyer KOHTpOJIST B3aWMMOEHCTBUM
XOCTOB B CETH, KOTOPBI CBOJWTCA K MOHUTOPHWHIY B3aHMMOJEHCTBUIl u
VIPABJIEHUIO COeJMHEHUsIMA. KOHTPOJIb B3aUMOJIEHCTBHUII XOCTOB B CETH
[TO3BOJISIET CHU3UTH YIPO3bl BHEJAPEHUS W PACIIPOCTPAHEHUSI BPEIOHOCHO-
ro Kojla uepe3 ceTeBoe 00OPY/OBaHME M KaHaJbl CBs3W. B padorax [2, 3]
yIIpaBJIeHNE B3aUMO/IENICTBUSMU XOCTOB B CETH IIPE/JIaraeTCsl PeaIn30BaTh
C TIOMOIIIBIO METAJAHHBIX.

IIpeamonoxkum, uro mus PUBC cosmana mareMaTndecKasl MOIENb,
OIIPEIEJIAIONIAs BCE JENCTBUS CHUCTEMBI JJIsI BBIIIOJHEHUS TPEOYEeMBbIX BbI-
qnciaennii mim pador. Hampumep, sto moxker ObiTh mumarpamma UML
(Unified Modeling Language) [4] koMmMmyHuKanuii, Hecymasi nHGOPMAIIO
o “muunu xu3HK’ [4]. AHamormdynas mosiHas UHQMOPMAIHS O BBIIOJIHE-
HuK paboTbl MOXKeT ObITh Ipejcrasiena puarpammamu PERT (Program
(Project) Evaluation and Review Technique) [5], a takxe cersimu Iler-
pu [6] u crpykrypamu co muoruMu cBasamu [7]. Ot momesnn rtpebyerc,
9TOOBI BO BCEX YKAa3aHHBIX CJIydasiX OblLjIa BO3MOYXKHOCTH BBIYHC/IMTH, Ka-
koit 610k Oy, [ = 1,...,t, 337189 U C KAKNMH UCXOJHBIMHU JIAHHBIMU HAJI0
pelaTs Ha OYEepPETHOM ITAle BBIYUCIUTEIBHOIO IMPOIECCa, & TaK¥Ke Iepe-
XOBI OT BJIOKA K OJIOKY. 3a/ady OTCIeXKUBAHUS IEPEXO/IOB OT OJI0Ka K 6J10-
Ky HazoBeM C. OHa OTCIEXKUBAET CTApT KaxKJI0ro OJIOKA, 00ECIIeYeHHOCTh
6JI0Ka MCXOTHBIMU JAHHBIMU, OKOHYaHUE PabOTHI OJI0Ka 1 (DOPMUPOBAHUE
HCXOJHBIX JIAHHBIX JIJIsI CJI€/IyIOIIEero 0JI0Ka.

0O603naunM MHOXKeCTBO 3a1a4 6oka Oy, = 1, ..., t, BBIIOIHSIEMOIT pa-
6otel gepe3 2,1 = 1,...,t, ¥ pacCMOTPUM Ha HEM MHOXKECTBO OUMEHO-
BaHHBIX TO/3a/a9 OJI0Ka, KOTOPOE MOXKHO IIPEJICTABUTH B BHJIE JI€PEBA.
Kopuem nepesa siByisiercst 3amada Bcero 6j0oka O;. Beejem GunapHoe ot-
Homrenue nopoxaenus (A;, A;), Toe Ha IepBOM MecTe B Iape QUIyPUPYeT
3a/1a9a, KOTOpas OIPeJeJIsieT 3aIlyCK 3a/[add, CTOSAIIENH HA BTOPOM MeCTe.
fcno, 1T0 370 OMHAPHOE OTHONIEHHNE OJHOZHATHO OIIPE/IEIISIETCS MOIEIISIMU
6J10k0B. [lomyaeHHOe J1IepeBO MOKHO PACCMATPHUBATD KaK IIOJIYPEIIeTKY, B
KOTOPO# MCXO/IHBIE AaHHBIE MOTYT ME€PEIABATHCHA YePe3 COOTBETCTBYIOIIIE
BEpXHUE I'DaHMU.

MpHuorue 3a1auu permatorcs (obecredensr 110 1 nrGOPMAIMOHHBIME pe-
CypCcaMu) Ha TeX YK€ XOCTaX, TJIe PACIOJIOKEHBI 33a91, UX TIOPOK IAIOIIHE.
OjtHAaKO YaCTh 33,149 MOXKET ObITH PEeIlleHa TOJbKO Ha JIPYTUX XOCTaX CeTH.

OrmpefiesiuM OTEpAIUAIO0 CKATUSL JepeBa cjemyiomuM obpasom. Kcim B
nopoxkaenun (A;, A;) 3agada A; pemaercss Ha TOM K€ KOMIBIOTEpE, ITO
u 3ajada A;, TO 3TH BEPIIUHBI OObEIUHSIOTCs 10 uMeHeM A;, a pebpo
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JMKBUAMpyeTcs. Pasymeercs, 3a1ada A; nMeeT B MaMATH HA3BAHUE 381441
A, 1 1ociIeIyIoNINe 331K, [OIABIINe B Hee IIPU CXKATHH.

Jlemma. B pesysvmame nocaedosamesvHozo NPUMEHEHUA CHCAMUSA K
UCTOOHOMY Depesy OCMAEMCA CHCAMOE JEPEBD, CMEHCHBLE BEDUUHBL KOO~
po20 onpedeamrom 3a0auu, PEWAEMBLE HA PASHOIT TOCTNAL.

JokazareabcTBo. Ilycrh 3aa9a A B C2KATOM JIepeBe peIaeTcsa Ha
xocre H(A). Ecin cmexkHast ¢ A BepIIMHA, HAXOAIIANCH HIXKE B C2KATOM
nepese, permaercs Ha xocre H(A), To 910 pebpo nomjiexkur cxaruio. 11o-
9TOMY T4 CMEXKHAs BEPIIMHA HE MOYKET HAXOJIUTHCS B CXKATOM JIEPEBE,
WJIM OHA OTIpEZeJIsIeT 3aady Ha IpyroM xocte. JleMMa moKa3aHa.

MuoxecTBo 3ama4a €, = 1,...,t, pasbuBaercs Ha HelepeceKalolme-
Cs1 KJTacChl TAKUM OGPa30M, UTO 339K OJHOTO KJIACCA PENAlTCs Ha OJI-
HOM KoMIbioTepe. MHOXecTBO pebep B C:KaTOM JiepeBe OyaeM 0003HAIATD
B;,l = 1,...,t, n Ha3BIBaTL Memadarnvimu Omoka O, 1 = 1,...,t. Samada
u3 C onpesiessieT Mepexo/] B yIPABIECHUNA CETH K OYEPETHOMY MHOXKECTBY
MeTaJaHHbIX.

s 3a7a4, BXOAAIINX B OTHOIIeHUE [3;, OlIpe/ie/IuM TPH JIOTOJTHUTE  b-
uble 3aga9u M, N, R, KOTOpBIE yIIPaBIAIOT B3aNMOICHCTBUAMUI B CETH Ha,
ocHOBe MeTaJaHHbIX B;. 3amzada M pachpenesisieT TpUIOXKEHUS I pe-
IIeHUsT 38789 MEXKJLy XOCTAMU, JIJIsi IIPOCTOTHI OyeM TOBOPUTHL O pacipe-
JIETIEHUY 33189 Ha XocTax. 3ajada M onpenenser GMHAPHOE OTHOIICHUE
H(A), o3nagaioiee, 9To Ha xocre H Moxker BbraucjaaThesa 3ajgada A. Pe-
3yJIbTATHI 33891 M ucnonssytored sagadeit N. Sagada N nomuepxubaer
CBSI3b C KasKJBIM XOCTOM, M OTBeYaeT 3a paspelleHHe U IpeJIoCTaBJICHHIe
xocTaM MH(MOPMAIUY 110 3aIIPOCy O B3AUMOJIEHCTBUN 33149 Ha PA3HBIX XO-
crax. Paspemenne ocHOBBIBaeTCA Ha MeTaJaHHbIX ;. 3amaua R crpount
OCHOBHOI1 U pe3epBHBIl MapIIpyThl 1o 3aaanuio 3anauu N. Hanpumep, R
HaxouTes B KouTposuiepe cetu SDN (Software-Defined Network).

IIycrs Ha xocre H(A) seranbho 3amyinena 3agada A. 3anada A; Ha-
XO[UTCA B OTHOWeHuu nopoxjenus (A, Aj) u pacmojioxkena Ha JpyroM
xocte. Ha kaxkaom xocte H ecTh areHT ¢ KpUITOrpauIecKUMU CPeICTBA-
mu n kiaoIoM k(H) nya cesasu ¢ xocrom H(N). Ipuaem s xkaxkmoro H
coeuaenue ¢ H(N) mopepxuBaeTcst IOCTOSTHHO.

Ja obpamenus k 3amade A; 3amada A uepe3 arenra xocra H(A)
CBAI3bIBaeTCs ¢ 3afadeil A, KOoTopasi ompefesisieT HAJUIue MOPOKIICHHUST
(A, Ay). Torma ma xoctr H(Ap) depe3 areHTa 9TOrO XOCTa HAIPABIISETCS
undopMarst o HeobxoxumocTH coepuuerus ¢ H(A), kmod k((4, A1)) st
3AIIUATHI TOMO COEUHEHNs], UAEHTU(DUKATOP, OPT, BpeMsi. AHAIOIMIHASI
uadopmarus nanpasiserca na xocr H(A). Ilocie BbinosHeHus 3a1a4u
A; 3anaua A nosygaer pesysnbrarsl oT A, a coemunenne H(A) ¢ H(A;)
Pa3pBIBAETCSI.

ANropuTM yNpaB/IeHHs CETHIO C IIOMOINBIO METAJAHHBIX OJHO3HATHO
OTIPeJIETISET TOPSJIOK PEIeHNs 3a/1a9 B KaXKJIOM OJIOKe, T.K. TepPexXoj Ha
JIPYTHE XOCTHI OJTHOZHAYHO ONPEJIENIEH PEIAeMBbIMU 33/Ia9aMU, KOTOPLIE B
CBOIO 0Yepe/Ib ONPEIEIISIIOTCA BBIIIOJHEHUEM 3aJa9 BCEro 0JI0Ka.
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PaccymorpuM Bompocs! mHMOPMAIMOHHOM GE30IMACHOCTH B JAHHOI CXe-
Mme. Panee B [2,3] orMeuasock, 9To ¢ MOMONIBIO METAIAHHBIX YJAeTCs U3-
OeraThb psAga CyIeCcTBEHHBIX arak. OZHAKO yrposa 3axBaTa XOCTa ObLIa
pPACCMOTpPEHA He TOJTHOCTDIO.

IIpeanosoKuM, 9T0 MPOTUBHUK 3aXBATHJI XOCT, COAEPKAINN 3a/1a91
n3 MHOKecTBa );. PaccMoTpuM aTaky Ha CeThb, yIPaBIAEMyIO METAJAHHbI-
mu B;. Ilycrs B nepese 3agaq () 3ajada A HaXOAUIACh HA 3aXBAYCHHOM
xocre H(A), m 1o ckaTusi MOPOXKJIaJa 3aTeM IMOVIONIeHHYo 3aady Aj.
Tenepb IPOTUBHUK IIPpH HEOOXOIMMOCTH IIepexona oT A K A mHUIumpyeT
zampoc K 3ajgade N 0 ceTeBoM coenuHeHHH ¢ 3adadeit A;. Ecrecrsenno, B
METaIAHHBIX [3; HeT paspelleHus Ha TaKylo CBS3b Yepe3 ceTb. Torma XocT
H(A) nosyyaer oTKa3 B MHULIUAIAA COEIUHEHNs], U BHIYUCIUTEIbHBIA [1PO-
I[ECC OCTAHABJINBACTCS.

JlomycTnM, 9T0 BO3MOXKEH MOBTOPHBINA 3aIpOC, KOTOPBINA OTKJIOHSIETCS
II0 TOM 2Ke IPUYIUHE. BBIX0 U3 TyInKa BO3MOXKEH TOJIBKO IIPH 00PAIIeHIH K
zaja4de M, KoTopast uepes 3aja4dy N coobmaeT 3aa4de A 0 HeOOXOIUMOCTI
pemarh 3a7a4dy A; Ha xocre H(A). Ecau 3azaya A ongarb obpamaercs K
sagade N 3a paspemenueM Ha coepunenue ¢ xoctoM H(Ap), To 3amada
M wmensier craryc 3agadun A; U ee coeMHEHUIT TAKUM 0OpPa30M, 9TOOLI
pa3MeCTUTh €€ pelenue Ha JPyroM Xocre. B arom cirydae meraganuase 5
MEHSIIOTCsI, U 3aIIPOC MOXKET OBITh y/IOBJIETBOPEH.

OHAKO 3TO ¢IMHCTBEHHOE PEIICHNE BBIXOIA U3 TYIINKa OCTAHABINBACT
paboTy ceTr Ha PEKOHMUIYPAIMIO U TOCTPOEHUE HOBBIX MapipyToB. Ecin
JIUIsl TIPOCTOTHI MPEIIOIOKHUTh, YTO BCE BPEMEHHbBIE 3aTPAThHI Ha 3aIIPOCHI
1 OTBETHI PACIIPEIEICHBI SKCIIOHEHINAIBLHO C IIAPAMETPOM A, a BpeMs pe-
KOH(UIYpAIUY PACIIPEIEJIEHO IKCIIOHEHIUAJIBHO € TApaMeTpoM A1 K A, TO
cpeJiHee BpeMs 3aJIeP:KKU BLIYUCICHUH PABHO %—i— )\i 3mech yucesio 8 ompe-
JIeJIgeTcs 9eThIPeXKPATHBIM IIOBTOPEHUEM IMPOTOKOJIA, IEPECHIIKHA JAHHBIX
MEXKJTy 3aXBadeHHbIM X0cTOM 1 xoctoMm H (N) (oTaenpno Tyma u oTiensHo
06paTHo).

Araka MOKeT OBITH IIOBTOPEHA C IPYTUMU 33JIa49aMU, U TOJbLKO AHAJIN3
KOMIIbIOTepHOFO thHHTOpI/IHFa Ha XOCTe H(A) MOZKeET OIIpe)le.HI/ITb IIpI/ILII/I—
oy cO0sT B 9TOM XOCTe.

3. 3akJiioueHue

VYupapiieHne coeIMHEHUSIMEI XOCTOB € TIOMOIIBIO MeTaIaHHBIX [2,3] naer
BO3MOYKHOCTD PENTeHrs MHOTUX TTpobJieM NHMOPMAITHOHHOM 6e3011acHOCTH.
OjHako 3TO HE WCYEpHIbIBaeT MHOXKeCcTBa yrpos s PYIBC.

B upejcrasiennoit pabore paccMOTpeHa BO3MOXKHOCTH 3aXBaTa XOCTa
IIPOTUBHUKOM, U PAaCCMOTPEHAa BEPOSATHOCTHAS MOJIEJb aTaKW Ha CETh B
9TOM ciIydae. XOTs B CTaTbe [IPUBEIEH METOJ, IPOTUBOACHCTBUS aTaKe Ha
CETb, YIPaBJISIEMYIO METaIAHHBIMU, BEPOATHOCTH OOJIBITNX BPEMEHHBIX 3a-
JEPKEK OCTACTCA BBICOKON.
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1. Introduction

Pseudo-Poisson processes are introduced in the famous monograph of
W.Feller, chapter X [1]. As defined in this monograph Pseudo-Poisson pro-
cess represents a continuous random change (the Poisson randomization)
of the “mathematical” time of a Markov sequence. So, Pseudo-Poisson
process is a type of subordinators for random sequences, when the leading
process is a Poisson one. We consider a generalization of the leading Pois-
son processes to the case of random intensity. Thus our subordination is
driven by a Double Stochastic Poisson process, and such kind of subordi-
nator for sequences we call as “Double Stochastic Pseudo-Poisson Process”
or “Double Stochastic Poisson Stochastic Index process” (DS PSI process).

Key lemma states that in the case when the subordinated sequence
consists of i.i.d. random variables with a finite variance the corresponding
Double Stochastic Pseudo-Poisson process has a property of stationarity
in the both wide and strict senses, and the covariance function is the
Laplace transform of the random intensity. For a special type of discrete
distribution for the random intensity the corresponding covariance func-
tion of the Double Stochastic Pseudo-Poisson process coincides with the
covariance function for the Gaussian short-memory fractional Ornstein-
Uhlenbeck (fO-U) process (on definition and main properties of {-OU we
refer to [2] ), i.e. for the Gaussian fO-U process with the Hurst parameter
0 < H < 1/2. The well known fact is that the Lamperti transform [3]
for the fO-U process allows us to obtain the fractional Brownian motion
(fBm) process of the same Hurst parameter. Taking the driving Double
Stochastic Poisson process with the such kind of type of distribution for the
random intensity and applying this driving process to the subordination
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of the “mathematical” time of the random sequence with the terms having
an arbitrary distribution of “the 2nd order” we obtain the stationary in a
wide sense process with the same covariance as for the fO-U process with
0 < H < 1/2. Next, applying the Lamperti transform to the corresponding
Double Stochastic Pseudo-Poisson process we obtain a self-similar process
with the stationary in a wide sense increments, with coefficient of self-
similarity 0 < H < 1/2, and with the truncations having the appropriate
scaling distribution of the term of the subordinated sequence. Finally,
under summation of independent copies of the Lamperti transformed DS
PSI processes, normalized with 1/ VN, as a result of CLT we obtain as
a limit (in a sense of the weak convergence of finite dimensional distri-
butions) the Gaussian fractional Brownian motion process (fBm). Note,
that summation of independent copies, normalized with 1/ VN, of the DS
PSI processes without Lamperti transformations results in a limit fO-U
process in a sense of so called “Upstairs representation” [4].

2. Main section

Let {Q,F,P} be a probability space, w € Q. Let (§) = (&), j =

0,1,..., be a random sequence, IIi(s), s € Ry be the “standardized”
Poisson process with the intensity 1, A(w) be a strictly positive random
variable with the distribution function Fy,(x), = > 0. Assume that
{(&),I1, A(w)} are jointly independent. We use the notation A(w) to differ
the case of a random intensity from the case A\ = const.
Definition 1. We define a Poisson subordinator with a random intensity
A(w) for the sequence (&), or Double Stochastic Pseudo-Poisson Processes
with a random intensity A(w) which is drawn at the initial time by the
following change of time of (&)

Va(w) = Vaw)(s) = ¥(s; Aw)) = SINOL se Ry,

where R
Iy (s) = i (sA(w)) -

In this paper we consider (£) consisting of i.i.d. random variables,
E¢ = 0, D&y = 1. The following key lemma states that the process (.,
is a strictly stationary one, and its covariance is the Laplace transform of

Aw).
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Lemma 1. The subordinator 95, (t), t € Ry, is a strictly stationary
process;

oo

cov (%\@)(U)a 1Z))\(w)(s + U)) = /exp{_ys}dF)\(w)(y) ) VS, v E ]R+ .

0
For details and accuracy of Lemma 1 proof we refer to [5].
Note that in the case when the random intensity A(w) is not drawn at
the initial time, but it follows the starting at zero positive Lévy process

A(t), t>0,
cov((s), (1) = Lag—s) (L), > s,

where Ly (u), w > 0, is a Laplace transform defined on Ry > u for a
truncation of the random process A at the point ¢ > 0.

According to the Barndorff-Nielsen’s representation [2], we define a
fractional Ornstein-Uhlenbeck process (fO-U) Ug(t), t € R, of the Hurst
parameter H € (0,1], as a Gaussian centered stationary process with the
covariance

r(t) = ru(t) = cov(Ug(0), Uk (t))
:%{e—Ht+th_|et/2_e—t/2|2H} 7 teR.
Remark that r(t) = r(—t).
Due to Lamperti transform [3] the process wg(s) = s Uy (log s),
s> 0, wy(0) = 0 a.s., is a fractional Brownian motion (fBm) process:

Gaussian centered self-similar strictly stationary increments process with
the Hurst parameter H € (0, 1],

1
cov(wa(s), wn (1) = 5 (52H L 5|2H) , st>0.

For t > 0 the following chain of simple equalities allows us to obtain
the expression for r(¢) in a form of the Laplace transform of a probability
distribution,

r(t) = lth (1 + e 2HE _ (1- e_t)2H>

where

<2H) T'(2H +1)
i) TE+rRH-j+1)
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It is not difficult to check that in the case 0 < H < 1/2 the expression
(2) defines a fully monotone function equaling 1 at zero, hence it is the
Laplace transform of a some probability distribution. The following ran-
dom variable ng (for 0 < H < 1/2) possesses this distribution of a discrete
type

1 . 1 .
P(77H=H)=§=po, P(HHZJ—H)=§PJ'» JEN;
2H(1 - 2H) 1+2H
=2H = ° ={1-— k>2.
P1 ) D2 21 ) Pk+1 ( k+1 )pk7 =

The random intensity A(w) 4 N, substituted in Definition 1 of the
DS PSI processes, (thanks to Lemma 1) provides that ¢y (s) = &, (snp)s
s € R4, has the same covariance as for fO-U. Note that a pairwise char-
acteristics function for the DS PSI process is as follows

La@w) () + 1) + (1 = Law)(s)) 6()(p),  mveR, seER,.
Theorem 1. Let us extend the stationary () on R > ¢ and consider
independent copies ’(/JE[] (t), j € N, of ¢y (t) which subordinate (respec-
tively) independent sequences (£)U! of totally i.i.d random terms {fz[] ]},

i€Zy, jeN,with B =0, Dl = 1.
Then the following convergence in a sense of convergence of finite di-
mensional distributions takes place as N — oo,

1 &
W;¢g1(t>;»UH<t), teR;

N

1 .

ﬁg usg](logs)in(s), seRy.
=1

Proof of Theorem 1 directly follows from the Central Limit Theorem for
vectors with the identical covariance.

For analysis of the distribution 7y let us introduce the following ran-
dom variable 7, taking values on {0,1,2,...},

P(n=0) = 2H,
P(n=1) = w
Pn=k) = 2H(1—2H)(2—2H)...(k—2H)7

(k+1)!
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Obviously, the distribution of 4+ (1 — H) equals (in law) to a conditional
distribution of ng provided that (ng # H).

After not difficult calculations we obtain a distribution function for n
in the following explicit form

P(p<n)=1- <n+"1+_12H) . neN,
and the asymptotic of its tail
n—2H
P(nZn)wm, n— oo.

3. Conclusions

Limit expressions for Uy and wy in Theorem 1 and explicit represen-
tation of the distribution of 7y set an algorithm to modelling as well fO-U,
as fBm.
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1. Introduction

Markovian arrival process (MAP) is a popular tool for modeling arrival
processes of stochastic systems. MAP is generalization of point processes
generated by transitions of Markov chains [1,2]. Its properties can be
derived from the theory of two-dimensional Markov processes with ho-
mogeneous second component, developed in [3]. Properties of MAP were
studied in [4-12] under the name “arrival stream without after-effect driven
by a Markov chain” or simply “MC-stream”. In these papers a matrix rep-
resentation for MC-stream was introduced, which made it easy to use it
in stochastic modeling. In parallel, starting from the paper [13] MAP was
also studied under the name “versatile Markovian point process”. Finally,
its name was settled at Markovian arrival processes in [14], as well as ma-
trix representation used for MC-stream become common. In this paper
we show the development of the theory of Markovian Arrival Processes in
RUDN University before 1990.

2. General Markovian arrival process

Consider a multi-type arrival process 7 = ((7y,¢p)), where 0 < 7 <
T2 < ... are arrival times and o,, € {1,2, ..., K'} is the type of arrival at time
Tn. Let §; ; = 1if ¢ = j and 6, ; = 0 otherwise, Ny (t) = qu Ok, be the
counting process of type k arrivals and N(¢t) = (Ny(¢), Na(t), ..., Nk (1)).
We say that a point process 7 is the (multi-type) Markovian arrival pro-
cess if there exists random process X (¢) with a finite state space X =
{1,2,..., L} such that Y (¢) = (X (¢), N(t)) is the time-homogeneous Markov
process with homogeneous second component [3], i.e. if for all 0 < k <
ni,j € X and s,t > 0 we have
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P{X(s+1t) =7 N(s+t) =n|X(s) =i, N(s) =k} =p; j(n — k,1).

The following properties of MAP follow from general results in [3].
The phase process X (t) is the time-homogeneous Markov chain with
the matrix of transition probabilities

P(t)= ) P(n,t),
n>0
where P(n,t) = [p; j(n,t)]. Consider matrices of transition rates A(n) =
[a; j(n)] of the process Y (t),

1 1
ai,i(0) = 5 lim(p;;(0,9) — 1), as;(n) = 5 lim p; ;(n,9),i # jn >0
Matrices A(n),n # 0, are nonnegative, A(0) has nonnegative off-diagonal

elements, and the matrix A = [a; ;] given by

A=) An)

n>0

is the generator matrix of the phase process X (¢). We assume that the
generator A is irreducible and denote p = (p;) the stationary probability
vector of X (1).

The counting process N(¢) of Markovian arrival processes is the process
with independent increments driven by a Markov chain [3]. In [15] arrival
processes having counting process with independent increments were called
"arrival streams without after-effect". For this reason in some papers
Markovian arrival process was called "arrival stream without after-effect
driven by a Markov chain" until in 1978 during seminar in Moscow State
University G.P. Klimov proposed to call it shortly as "MC-stream".

3. Simple Markovian arrival process

Simple Markovian arrival process is a single-type MAP characterized
by two nonzero rate matrices S = A(0) and R = A(1), while A(k) = 0,
for k > 2. One can find properties of the simple MAPs in [7]. Simple MAP
can be interpreted as follows [8]. Let arrivals occur with probability ¢;; at
each transition of the phase process X (t)from i to j and while X (t)is in
the state ¢ arrival process is the Poisson with the rate A;. Such an arrival
process is a simple MAP with matrices S = [s; ;] and R = [r; j]given by

5ij = aij(L—ig)s ©#J, . _ ) aijpig, 1#7,
’ ai,i*)\i, ZZ]? )‘ia Z:]
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Simple Markovian arrival processes have been used for the first time
in the study a finite queueing system that can be described by a Markov
chain (X(t),Y(t)), where X (¢) is the phase process of a simple MAP and
the process Y (t) describes internal system state [11].
Counting process N (t)of the stationary MAP is asymptotically Normal
with mean M (t) = M and variance

D(t) = 2q1Ru — A\)t + 2(gzRu — \) + o(1),

where A = pRu, u is the column vector of all ones, and row vectors q;and
g2 are unique solutions of the linear systems (3)

QA =pM—-R), qu=1,q2A=q; —p, qu=1 (1)

In [10] multi-server queueing systems with MAP arrivals and exponen-
tially distributed service times with parameter p were considered. Bino-
mial moments of the stationary probability distribution of the number of
busy servers in the infinite-server MAP|M|ox system is given by

bp = PpG(1)G(2p) - - - G(np)u,

where G(s) = R(sI — A)~!. For the MAP with diagonal matrix R for-
mula (3) was derived in [4]. Stationary loss probability for finite-server
MAP|M]|c|0 loss system is given by

1
B = XgRu,

where the row vector g is the unique solution of the linear system

g <I+Z ( B fl ) G(kp)G((k + 1)u)---G(CM)> =
k=1

=PG(L)G(2u) - G(cp).
If the matrix R has the rank one then the MAP is the renewal process
of PH-type. If the vector p is the left or the vector u is the right eigenvector
of R then the MAP is the Poisson process [10].

4. Multi-type Markovian arrival process

Simple multi-type Markovian arrival process is a generalization of sim-
ple single-type MAP . This version of MAP is characterized by K + 1
nonzero matrices S = A(0) and Ry = A(eg), k = 1,2, ..., K, where vector
e; has its kth component equal to 1 and all other components equal to
zero. Properties of the simple multi-type MAPs were studied in [11].
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Recursive method for calculation loss probability for the system

MAP|M|c|0 with multi-type arrival process was given in [12]. Matrices
W,. defined by the recursion

1 -1
¥, =0,9;, = (I k(SJr\Ilk_lR)) ,k=1,2,...
are nonnegative and satisfies the following inequalities
¥;Ru < ku,p¥, <p.

Stationary time blocking probability F and type k call blocking probability
By,

1
E=p(I—-P.u, B, = )\—p(I — . )Ryu,
k

where A\, = pR,u is the arrival rate of type k calls.

5. Conclusions

In this paper we show that the theory of Markovian Arrival Processes
was developed in RUDN University long before 1990, the year when the
paper [14] was published, and which is considered by the western research
community to be the year of the MAP introduction.
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Abstract. This paper deals with a queuing system GI”|M|1]|oo, i.e., single
server queue with general renewal arrivals, exponentially distributed service
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1. Introduction

Consider a queueing system GI”|M|1|oo. This means that customer
arrival moments 0 < ¢; < tg < ... < £, < ... constitute a renewal process [1]
with the distribution function P {¢,, — t,—1 <t} = F(t).

At every moment ¢, a group of v, customers arrives, with v, being
independent and equally distributed. Additionally suppose that v, are
bounded

a(z) = Mz"" = a1z + aa2® + ..+ @ z™, ap £ 0.

The system has single service channel and service time is exponen-
tially distributed with parameter p. Waiting queue size is unlimited and
customers are serviced in the order of their arrival.

Let £(t) be the number of customers in the queueing system at any
given moment ¢. Our aim is to find stationary distribution of the process

t—o00

P(z) = lim Mz = anz".
n=0
2. Analysis of the embedded queue
Consider process £(t) at customer arrival moments and denote

&n=Etn—0),n=1,2,..., & =0.

Then it’s obvious that the sequence of &, constitutes a homogenous
Markov chain. Let 7, be the number of points of a Poisson process with
parameter p falling in the interval (¢,,t,+1). Random variables n,, are
independent and their distribution is
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Mz""—sz —Zz/ L emHE AR (1) =

= / et UAdF (x) = o(p — p2),
0

oo oo

where ¢(s) = / e **dF (z), and ws = / (“m) e M dF(z), s > 0, is
0

0
the probability of having exactly s customers serviced in the interval be-
tween two consequent arrivals under the condition that after first of those
arrivals total amount of customers in the system is greater than s, that is
P{n, = s} = ws.
It is easy to see that the following equations holds between random
variables

T+ |T
£n+1:(§n+Vn_"7n)+7”217554:%' (1)

It is known [1] that Markov chain defined by equation (1) has a stationary
distribution if and only if M (I/n —np) <0, or

V—Zkak— <,UT (2)

oo
where T' = xdF(x) is the average time between customer arrivals.

0
Supposing this inequality holds, let’s find stationary distribution of the
o0

chain &,. Let 7(2) = lim Mz = Zﬂ'kzk. From the recurrent equation
t— o0 =0
(2) the following representation for function 7(z) could be obtained:

Q(3)
1—a(z)e(p—4)’

where Q (z) = Z TROqWs (1 — zm*k*l). This could be shown, for exam-

k+l<s
ple, as follows.
For variables satisfying (1) the following equations hold:

E Trogws and T, = E Troqws ,n >0 .
k+1—s<0 k+l—s=n

If we multiply left and right side of each of these equations by appro-
priate power of z and add, we obtain:

E TR = E E Troqws 2™ + E T Wy .

n=0 n>0 k+l—s=n k+1—s<0

3)

m(z) =
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then with some more easy and obvious transformations we get

g T2 = g g Tpoqwe 2= 4

n>0 n>0 k+l—s=n
+ E T WS (1 — phtl=s 4 zk‘H_s)
k+1—s<0
and finally
7(z) = g TEroqwezFTi—s + E TEoqwe 2 =54
k+l—s>0 k+1—s<0
+ g TLOWs (1 — z’”‘l_s) )
k+l—s<0

If we now notice, that in the right side of the last equation first two sums are
equal to 7(2)a(z)p (u - g), and in the third sum the expression 1 —zF+i—*
equals zero for k + 1 — s = 0, the validity of (2) becomes obvious. Let’s
now prove one auxiliary statement.

Lemma. Fquation «(z)p (,u — %) = 1 has, counted with multiplicity,
exactly m roots for |z| > 1.

Proof. 1t is sufficient to prove that the equation a(1)¢ (1 — pz) = 1 has ex-
actly m roots inside the unit disk. Multiply both parts of the last equation
by z". This won’t add any new roots because of c,;, # 0. Now consider the
equation 2™ — 2" (1) (u — pz) = 0. Function f(z) = 2™a(L)e (u — pz)
defined on [0, 1] has ‘derivative f (x)y=m—v+mT >m accordlng to (2).
On the other hand, (2™)._, = m. Thue for r € (0, 1) and sufficiently
close to 1, f(r) < r™. Taking z = re we get [z™a(L)p (u— pz)| <
rma(L)p (p—pr) < r™ = |z|™ and then the statement of the lemma
follows from Rouche’s theorem [2]. O

Denote as A1, Az, ..., Ay, roots of the equation a(L)p (n—pz) = 1.
1

T Am

Theorem 1. Under the condition (2) stationary distribution of the em-

bedded chain exists and is defined by the generating function

p(z) = = M) (1= Aa) oo (1= Am)
B (1 — /\1z) (1 — /\22’) (1 — /\mz) '

Proof. Multiplying both parts of (2) by (1 — A\12)... (1 — A\,2), we get
D1(2):=(1— X 2)... (1= Ap2)7w(2) =

_QA) X (=)

1—a(2)p (n—*4)

Then roots of the original equation are /\1 , )\12

(4)
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Function ®(z) is continous for |z] < 1 (z = 1 is a removable discon-
tinuity) and analytic for |z| < 1. Function ®3(z) is continous for |z| > 1

(z = 1 is a removable discontinuity) and analytic for |z| > 1. Because
Ak # 0 and A\, # 0, Po(c0) = C.

Thus [2] function ®(z) = ®1(2), el <1 is analytic and bounded
(1)2 (2)7 |Z| >1

on the whole plane. Then by Liouville’s theorem [2] it is constant, i.e.,

(1 =Xz)...(1 = A\pz) m(z) = C. Using normalization condition w(1) = 1,

we get the expression (2). O

3. Stationary distribution of the process £(¢)

Consider embedded in process £(t) semi-Markov process [3] ((¢), de-
fined by conditions ((t) = £(t, — 0) for t € [ty,tn+1). From the theory of
semi-Markov processes [3] it follows that the stationary transition intensity
of process((t) to state k equals hy = 7. It also follows from the same
theory that stationary distribution of £(t) exists. Stationary probabilities
of the process £(t) are expressed as follows: for n >0

k+l n

k+l>n k+l>n

Flz)=1-F(z), w, :/ U e~ P (z)da
0

Verbally this expression could be derived this way: for the process in
stationary mode at a given moment of time to be in a state n it is necessary,
that at some earlier moment at a distance x semi-Markov process ((t) gets
to some state k with probability hidx, at that moment a new group of
[ customers arrives, and then through the time x no new groups arrive,

probability of this being F(z), and during the time = exactly k +1 —n
k+l—mn
customers were served, probability of this being %e*“’:. Adding
this up by k and [ and integrating over z, we obtain the expression above.
In a similar way we get probability py = % Z TOWs.
k+1<s

With transformations similar to those used above to obtain (2) we get
this equation for the generating function of the stationary probabilities:

o0
= E P2t = % E Traws 2= 4 % E T Ws (1 — zk+l_s) ,
n=0

k,l,s k+1—s<0
where
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oo

Y wsrt = / e (- F()dr = L2 /O T F(a)dera(1-2) —

s=0 0

= 1= (Cl+e(n-1)).

Now generating function of the stationary probabilities could be easily
expressed as

Py = ot U LU= g (1),

o z—1
where Q1 (2) = % Z TR W, (1 - zS*k’l).
k+l<s

Expressing from (2) the product a(z)m(z)¢ (1 — £) in terms of m(z)

we obtain
1 1- 1
P(z) = MTZW(Z)I_Q(ZZ) + Q2 <Z> )

where Qs (3) = Q1 () + 77 757Q (3)-

Similar to the proof of theorem 1, we can now deduce, that function
P(z)— ﬁzw(z)%(zz) is analytic and bounded on the whole plane, there-
fore being constant, its value obtained from the normalization condition
P(1) = 1. Therefore we obtain final result.

Theorem 2. Under the condition (2) stationary distribution of the pro-

cess &(t) exists and is defined by the generating function

= n 1 1—a(z) v
n=0

where w(z) is defined by (2).
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Hay4uyno-mupoBo33peHydeckasi peBoJornus 16—17 BekoB
" ‘“MexaHuUN3M’ B HayKe

C. H. KonecaukoB™*

* Mexanuro-mamemamuueckuti darysomem,
Mocxosckutl 2ocydapcmeennvil yrusepcumem um. M. B.J/lomonocosa,
Jlenuncrue Topw 1, Mocksa, Poccus, 119991

Awnnoranusi. B craTtbe paccMOTpeH HOBBIH MOAXOM, K UCTOPUKO-HAY THOMY MaTe-
pHAJLy IEPUOJA «HAYYHO-TEXHUYECKON peBosonuu 16-17 BEKOB», KOTOPBIN 1103-
BOJIMJI BBISIBUTH BO MHOT'OM COBEPIIIEHHO HEOXKHIAHHDBIE ACTIEKTHI ITPOM3OIIEIIIIITX
B 9TO BpeMs U3MEHEHUl B HAyKe U MHPOBO33DEHNN U OOHAPYKUTH BarKHbIE B3a-
MMOCBSI3U C COBPEMEHHBIM Pa3BUTHUEM MEXAHUKH.

KiroueBble ciioBa: KJlaccudeckKasi MexaHuKa, 3akoHbl Hprorona, KonepHwuk,
3aKOHBI JBUKEHUSI.

IIpexkyie BCcero paccMoTpuM HOBOe IpouTeHne m3BecTHbIX KHUT H.Ko-
nepranka «O Bpamennn nebGecubix cdep» [4] mw M. Herorona «Maremarn-
JecKne HavaJa HaTypasbHOH (umocobuns» [3], Tak Ke KaKk U pojim co-
JIepKAIUXCsT B TOCTeHEl KHUTe «3aKOHOB HbIOTOHA» B pa3BUTUU HAYKHU.
Ha ocHoBe mpejiioykeHHOTO MaTepuaa, KpoMe 3HAIUTETHHOIO N3MEHEHUsT
[IOJTXOJIOB K U3Y9aeMOMY UCTOPUIECKOMY TIEPUOJLY CKJIAIBIBACTCSI MHTEPEC-
Hasl KAPTUHA BO3MOXKHOCTEIl IIPUMEHEHHsI CAaMbIX COBPEMEHHBIX Pa3esioB
MEXaHUKU B 9KOHOMUYIECKUX MMPUJIOKEHUSIX.

B ucropuu MUpOBOiT HAYKM XOPOIIO M3BECTEH MMPOU3ONIEIIINN B TeUe-
Hue 16-17 BeKOB KapIMHAJIBHBIN 1IepesioM B (bustocodpuu, HayKe U TEXHUKE,
[IOJTY IUBIIHI HA3BaHUE «HAYJIHO-MUPOBO33PEHUECKOI peBosmonuny. OmHa-
KO TPaJUIMOHHBIE B3MVISIILI HA 9TOT MEPHUOJ, OCTABJSIIOT CJIUIIKOM MHOI'O
BOIIPOCOB, W IPEXK/IE BCEIO HE JIAIOT OTBETA HA IVIABHBIN M3 HUX: «II0Ye-
My?». Bojtee TOro, meTasbHBIN MCTOPUKO-9KOHOMUIECKUI aHAM3 TPOUC-
XOJIMBIIUX B TO BPeMsl MCTOPUYECKUX IHporeccoB [1-2] He maer orBera Ha
BOIIPOC O TOM, COOCTBEHHO KAKUMHU IIPUIMHAMU ObLIM 00YCJIOBJIEHBI KapIu-
HAJIbHBIE M3MEHEHHsT B SKOHOMUYECKOMN, U €CJIM TaK MOXKHO CKA3aTh, «HA-
yuHOit» Teorpaduu EBpombl Tex BpeMeH, a OHM HECOMHEHHBI U KpaiiHe
3HAYNUTEJIBHBI.

B macrosimieit cratbe jies1aeTcs NOMBITKA MTPOJIUTH CBET Ha 9TU COOBI-
THS U OTBETUTH HA BOIIPOC, YTO YKe COOCTBEHHO, IPOMU3OIII0 B HAYJIHOM
MUPOBO33PEHUH, TIO-HOBOMY B3IVISIHYB Ha POJIb B HUX OCHOBHBIX HAYYHO-
ncropuyecknx nepconaxkeit — Konepuuka, ['amunes, lekapra, Hoiorona. B
YaCTHOCTH, COBEPIIIEHHO IIO-MHOMY IIpeJIcTaB/isieTcst poJib Konepauka u ero
OTKPBITHsI, KOTOPBIE HA ITOBEPKY OKA3BIBAIOTCS COBCEM HE TEMH, O KOTOPBIX
OOBIYHO PACCKA3BIBAETCA B JuTepaType. l'niore3a o BpameHun 3eMIn He
ObliIa, HOBUHKON K MOMEHTY IOsiBJIeHUsI 3HaMeHnToll Kaurn Konepauka [4],

E-mail: wiseacre@inbox.ru.
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6oJtee TOrO, caM aBTOP HA3BIBAET HA IMEPBBIX CTPAHUIIAX CBOUX IIPE]IIIIE-
CTBEHHUKOB, XOTsI U HE BCEX.

«IlosTomMy 51 ipuHsIT Ha cebsa TPy, MEPEIUTATh KHUTH BCEX (PHUIOCO-
&0B, KOTOpBIE TOJIBKO MOT JOCTATh, YKeJjiasi HaifiTh, He BBICKA3bIBAJI JIX KO-
raa KTO-HUOY/JIb MHEHUs, YTO Y MHUPOBBIX C]ep CYIIECTBYIOT JIBUYKEHUSI,
OTJIMYHBIE OT TEX, KOTOPbIE MPEMOJAI0T B MaTeMaTudeckux mkosax. Craa-
qajia g Hames1 y Hunepona, aro Huker BhIcKa3bIiBajl MHEHUE U JIBUYKEHUN
Semuin, 3areM s BcTperms y IloyTapxa, 94To 9TOr0O B3IVIsJA JEPKAIUCH U
HEKOTOPBIE JIPYTHE.»

Jamnee B kaure KomepHuK mpwBOAWAT M JPYTrUX aBTOPOB, MPUIEPKU-
BaBIIMXCsl KOHIIEIIUH JIBUXKEHUsST 3€MJIU, & B PYKOIUCAX, HE BOIIEIINNX B
KHUTY, OH IEePEYNC/IsAeT UX elrne OOJIbIe, AefCTBUTENHHO, KAK U O0emal
KormnepHuk B BBIIIENPUBEIEHHON IUTATE BUAUMO <IIPAKTUIECKHU BCEX, KO-
TOPBIX TOJIBKO MOT' JIOCTATh>.

Hawm ke maTEpecHa He cama rumoTe3a O BpPAIIEHUHM 3€MJIM, & apry-
MeHTaIus KomepHuka o nIpuYnHax HeOOXOJIMMOCTH IIPUHSITHST T'eJIMOIEH-
TPUIECKOW CHUCTEMBI, U €r0 OOIIUil B3IV HA OCHOBAHUS HAYIHON apry-
MEHTAINN, KOTOPBIl OCTAETCs MPUHIUIHUAIBHBIM U JI0 HACTOSIIErO Bpe-
MeHu. VIMEHHO 3Ta apryMeHTaIus KapJAuHaJIbHO orTiindaeT KomepHuKa or
€r0 IIPE/IECTBEHHNUKOB, AlleJIJINPOBABIINX IIPEUMYIIECTBEHHO K TOHSITUAM
IPENMYTIIECTBEHHO (PUIOCOMCKA-PETUTHOZHOTO XaPAKTEPA.

C 370it K€ TOYKM 3pEHUsi KPailHe BayKHBIM OKA3bIBAETCSI TEKCT IIpe-
JIMCJIOBUSI, HAIIMCAHHOTO HEU3BECTHBIM aBTOPOM, IIPEJITOIOKUTETHHO — U3~
BECTHBIM JIIOTEPAHCKAM OOTOCIOBOM U PEUTHO3HBIM nesitesieM Ocuame-
POM, IIPUHUMABIIEM JIeATeIbHOE YIacTue B U3IaHNN KHUTU. TaK Kak Ipe-
JIMCJIOBUE BOILJIO B OPUIMHAJbHBIE U3aHus Komepnuka 6e3 yKasaHus as-
TOPCTBA, TO JIjIsi YUTATE s, He U30I[PEHHOrO B aHAJN3E TECTOB, IIPEIICIIO-
BHUe Ka3aJoch npuHasuexkanmM Konepuuky [4]. [IpuseneM meHTpanbHyO
9aCTh IPEIUCIIOBUS:

"BeskoMy acTpOHOMY, CBONCTBEHHO Ha OCHOBAHUU TIMATEIHHBIX M HC-
KYCHBIX HaOJIIOJIEHUI COCTABJIATH IOBECTBOBAHNE O HEOECHBIX JBUKEHUSIX.
3areM, IIOCKOJIBKY HUKAKOW pa3yM He B COCTOSTHUU UCCJIEOBATH UCTHHHBIE
MIPUYUHBI WU TUIOTE3bI ITUX JBUXKEHUN, aCTPOHOM JIOJI?KEH U300PecTu u
pa3paboTarh XOTh KaKue-HHOY/Ib I'MIIOTE3bI, IIPU IIOMOIIHA KOTOPBIX MOXK-
HO OBLIO ObI HA OCHOBAHUU IIPUHITUIIOB T€OMETPHUH [TPABUILHO BBIYUCIIATD
9TH JABUXKEHUS KaK JJIsi OyIyIIero, Tak u Jyis mporieaiero spemesu. U o
U JIpyroe UCKYCHBIIf aBTOP 9TOI KHHUIHM BBIIOJHUI B COBepIIEeHCTBe. Beb
HET HEOOXOIMMOCTH, ITOOBI ITH THIOTE3bl OB BEPHBIMH WJIU JIaXKe Be-
POSITHBIMHE, JIOCTATOYHO TOJIBKO OJIHOTO, YTOOBI OHU JABAJIU CXOJISAIIUICS C
HaOJIIOJEHUSIME CIIOCOD pacyera..."

B srom nipeaucioBuun, 1o cytu, chopmyInpoBaHa HOBas MapaIUrMa Ha-
YYHOTO 3HAHWS, MPAKTUIECKN HEN3MEHHO COXPAHUBIIASICS JI0 HACTOSIIIIErO
BpeMenu. CyTb ee CBOJIUTCS K TOMY, UTO 3aJ1a9eii HAyKU sIBJISIETCST TOCTPO-
eHue MoJiesid (B TOM BPEMs MMEJIOCh B BUJLY - MATEMAaTHIECKON ) IIPUTOHOM
JIJIST IIPAKTUYECKOI0 MCIIOJIb30BAHMS, HCTUHHOCTh K€ e B HEKOTOPOM ac-
60TTOTHOM (DPUTOCOPCKOM WJTU PETUTHOZHOM CMBICIE COBEPITIEHHO HE STBJIS-
Jach obs3areabHoit. IIpn 9ToM cobcTBeHHO aBTOpCKUii moaxoa KomnepHuka
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CKOpee BCEero 3aMEeTHO OTJINYAJICS OT MHEHHS KOMMEHTATOPA, XOTsI U O~
JIepKUBaJI €ro MPUHIUIINAIBHBIE [TOJIOXKEeHNs. B oT/imdre 0T KOMMEHTATO-
pa, KOTOPBIil HACTAMBAJ HA IPAKTHYIECKOM 3HadUeHUU Mojesn, KomepHuk
are/yIMPOBaJ K JIPEBHEMY IOIXOJLY, COIVIACHO KOTOPOMY IIOCTPOEHHE «Kpa-
CUBOIi» B HEKOTOPBIM CMBIC/IE MATEMATHIECKON MOJIEN 00ECIIEUNBAJIO €e
UCTUHHOCTD.

Crenannbie »xe KomepHukoM BarKHeIne OTKPBITHS B MEXaHUKE COBEP-
III€HHO 33.6I)ITI)I n O6I)I‘{HO NMPUIIMCBIBAIOTCA JAPYTUM HCTOPUYIECKUM IIE€pPCO-
HaXKaM, XOTs B JE€HCTBUTEILHOCTU UX 3HAYEHUE [IJIsI COOCTBEHHO MEXAHUKM
SBJISIETCS] YPE3BBIYANHO BayKHBIM. B uactHOCcTH, KOmepHUK mo-suinMomy,
BIIEPBBIE, CTAJI PACCMATPUBATH JBUKEHHUE IJIAHET, KaK (PU3NIECKUX TBEP-
JIBIX T€JI, AHAJIOTUIHBIX 3eMJIe, & He TOYEK UM CBOIUMBIX K HIM (MDUPHBIX
TeJI, KaK DoJiee He TOJILKO DoJiee paHHUE aBTOPHI, HO U €I1[e MHOI'HE [TOCJIe Ty -
IOMHe. DTO TMO3BOJIMIO €My PA3IHIUTh BPAIATEIbHOE U KPYTOBOE TOCTY-
IaTeJIbHOE IBUKEHNE, JJIs OMUCAHUS ITOCJIEIHEr0 OH [IPEJJIOZKIJT IPUHIIATL
cioxkenust aBukenuit. B pesynbrare CouiHile U «OJIy2KIaiomime 3Be3Ibl»
BBICTPOMJINCH B IIPEKPACHYIO TAPMOHUYHYIO KAPTUHY, BMECTO 3AIIy TAHHBIX
meT/Ie00PA3HBIX TPACKTOPHIl, HUKAK HE TIHYNIINX Ha O0XKECTBEHHYIO Tap-
MOHWUIO.

O/ 1HAKO TOCTABUB BOIPOC O IOCTPOCHUHM MATEMATHIECKUX MOJIEJIEH,
Komepauk He mpemioxkui MeTOIUKY WX ITOCTpoeHusi. Bojee Toro, maxke
JUIsST MEXaHUKW 3Ta 3aJ1a49a, elle ObLjia CJUIIKOM CJIOXKHOM, TaK KaK O4YeHb
MHOT'O eIlle He OBbLJIO MOHSTHO B IPUYNHAX JABUYKEHHUI U CIIocobax mX u3-
MepeHuit. ITOT mpobesi OBbL 3AMOJHEH C y9acTHEeM MHOTUX YYEHBIX, HO
KOHEYHO Ipexk/ie Bcero Laymieem u Keriepom, KOTOpBIN B JIONOJIHEHIE K
MEeXaHUKe M MATEMATHKE CAEJIAJI IIAr U B U3YYEHUN IJIO0AJILHON «rapMo-
HUAU MUPa», BO3MOYXKHO HEJOOIEHEHHBIN ellle U B Hallle BpeMs. B gactu ke
[TOMCKA METOJIOJIONUH [TOCTPOEHUsI MATEMATUIECKIX MOJIEJIell TaKKe CyIIle-
CTBYET MACCa aBTOPOB, BHECIINX 3HAYATEIHHBIN BKJIAJ, HO OTPAHUIUMCS
TakuMu robababiMu urypamu, kak @.Bskon, P./lexkapr, I.B. Jleiio-
utl. [IpuyeM B cBeTe mpejiaraeMoil PEKOHCTPYKIIMH COOBITHI HAYIHOIT
PEBOJIIONUH, POJIb IOCJIEIHEr0 B CTAHOBJICHUN HAYKH ITOXOXKE, CYIIeCTBEH-
HO HEJIOOIEHEeHa U TPedyeT JaJIbHEHIIero ncce 0BaHus.

IIpuBesieM BecbMa BayKHYIO B KOHTEKCTE JIAHHOI'O OOCYZKJIEHUS IIUTATY
u3 «nepsonadast dpuinocobuns P.Jlekapra [5]:

«64. Yrobbl MMeTh BO3MOXKHOCTH ODOCHOBATH IIOCPEICTBOM IOKA3a-
TEJIbCTBA BCE, YTO 51 OYy BBIBOJIUTH, s HE IPUHUMAIO B (DU3MKE HUKAKUX
HadaJj, KOTOpbIe He ObLN Obl TAKXKE HAYAJIaMU MATEMATHKI; U STUX HATAJ
JIOCTATOYHO, TeM 60Jjiee 9TO MOCPEJICTBOM MX MOI'YT ObITH OObSICHEHBI BCE
SBJIEHUS IPUPOJIBL..»

VauBuTebHO, HO B 9TOi popmyIupoBke JlekapTa MOXKHO yYBUIETh 9€T-
KyIo mporpammy ¢yHmamerTajbHoro tpyga . Heorona «Maremarunde-
CKUe HavaJa HATYPaJbHON dumocodums.

Wmenno sTa KHUra TpecTaBiIsgeT JJis HaC HauboJsbImit uaTepec. 1lo
CPABHEHUIO C TPAJIUIMOHHBIMY [IPEJICTABJIEHUSIMU, OKA3bIBAETCS UTO POJIb
N.Hp0TOHA B JIUIE €r0 «TPEX 3aKOHOB MPUPOIBI» (4], m ero B3ammooTHO-
menus ¢ Jlekaprom [5] ropasmo TecHee, 4eM OOBIMHO cunTAeTCs. HBIOTOH
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OKa3bIBaeTcs nocyienoBaresneM JlekapTa, a He onmoneHToM. B coBpeMeHnHbIx
Kypcax MEXaHUKH OOBITHO «3aKOHBI HbI0TOHA» M3/1araloTCs B COBEPIIIEHHO
WHOH, OTJIMYHOU OT OPUI'MHAJIBHON, HHTEPIPETAll, HEe NAIO0NIeil BO3MOXK-
HOCTH OIEHUTH MX MEPBOHAYAJBbHBIN 3ambIices1. [IpuBenem hopMyaupoBKy
Tpex 3akoHOB HbIoTOHA B MX OpUrHHAIBHON (opMmymuposke [4]:

«3akoH . Besikoe Teio poiosKaeT yIaep2KuBaThCs B CBOEM COCTOSTHUN
IIOKOS MJIM PAaBHOMEPHOI'O U IIPAMOJIMHEHHOTO JIBUKEHU A, II0Ka U ITIOCKOJIb-
Ky OHO He IIOHY2KJAeTCsd NPUT0KEHHBIMU CHJIAMU U3MEHATb 3TO COCTOS-
HHE.»

Ilepssriit 3akon ompesesser, KJIO4YeBoe 1y MeTomosorun HeoTona mo-
HSITHE «CHJIa» depe3 WICHTU(PUKAINIO ero AeiicTBust Ha Tejo. 1lpu aTom
HyroToH mpuiep:KuBaeTcst TUXOTOMUN JIBUKEHUS, PACCMATPUBAIOIIEH 110~
KO#l KaK 4aCTHBIN Ciiy4dail paBHOMEPHOI'O IBU2KEHUS, U PA3AEJIAIONIEH YCKO-
PEHHOE U PABHOMEPHOE JBUMKEHUE. DTO IPOTUBOPEUUIIO YICHUIO ApUCTOo-
TeJIsl.

B coBpemennoit mureparype 1o mepBBIM 3aKOHOM OOBITHO (POPMYJIU-
pyercst «Onpenenenne 111> Herorona B HECKOJIBKO U3MEHEHHON (DOpMyIIH-
POBKe, II0 CPaBHEHHUIO C OPUTMHAJIOM:

«Bpoxkennasi cmita MaTepun eCcTh MPUCYINAasi €if CIIOCOOHOCTD COIMPO-
TUBJICHUSA, 10 KOTOPOI BCAKOE OTJICJABHO B3ATOE TEJIO, IIOCKOIbKY OHO IIPEJIO-
CTaBJIEHO CAMOMY cebe, YIIeP2KUBAET CBOE COCTOSIHUE ITOKOsI HJIM PABHOMED-
HOIO IPAMOJIMHEHHOIO JIBUKEHUA. »

«3akoH II . MIameHeHne KoJIndecTBa JIBUXKEHUsI ITPOIIOPIIMOHAIBLHO IIPH-
JIO’KCHHOH JBMKYIIEH Chjle U IIPOUCXOJUT [0 HAIIPABJICHUIO TOU IIPAMOMN,
II0 KOTOPOH 3Ta Cujia JeHCTBYeT.»

Bropoit 3akoH 103BOJIAET KOJTMYECTBEHHO M3MEPUTH CHJIY 4Yepe3 OKa-
3bIBaeMOe BO3/IeiCTBUE Ha TeJIO, TOYHee Yepe3 U3MEeHEeHUe ero KOJIMYeCcTBa
nerkennd. [Ipum aTtom HpIOTOH TOBOPUT MMEHHO O MPOMOPIIMOHAIBLHOCTH
BEJIMYMHBI CUJIbI, & HE O TOYHOM PABEHCTBE. DTO BAXKHO C METOJOJIOIH-
YeCKON TOYKU 3PEHUd, JJjid MPaKTUIeCKUX IPUMEHEHHI Jlazke B CJI0XKHBIX
CIIydasix MEXaHUIeCKOrO JBUXKEHUs, a TeM 0ojiee B HEMEXaHUIECKUX ITPHU-
JIO?KEHUSX.

«3akon III. [eiicrBuio Beerja ecTh paBHOE U IIPOTHBOIOJIOXKHOE IIPO-
TABOJEUCTBUE, NHAYE — B3aUMOJICHCTBIA ABYX TeJ APYT Ha APyra MeKIy
00010 PaBHBI U HAIPABJIEHBI B TPOTUBOIIOIOXKHBIE CTOPOHBL. »

W, nakoner, TpeTuii 3aKOH IO3BOJISIET CBECTH JIIOOYIO HEU3BECTHYIO «CH-
JIy» TPUPOJBLI K MEXaHUIeCKOU cuje, depe3 ux ypaBHuBanume. Hampumep,
IIOCKOJIBKY HU3BECTHO, YTO Ha TeAXKeJI0e TeJIO JeHCTByeT CuJla NPUTAXKe-
HUsI K 3eMJie, TO eCJIM OHO BUCHUT Ha KaHATE, 3aKPEIUIEHHOM Ha MPYKUHEe
WA MarHuTax, TO IPY2KWHA WJIM MAarHUTHI OKa3bIBAIOT IIPOTUBOIIOJIOKHOE
JleficTBHE Ha KaHAT, TAKUM OOPa30M OHU TaKKe SIBJIAIOTCS MCTOYHUKAMHU
CUJIBI MHON HPHUPOJIbI, WHa4Ye Obl CHCTeMa He HAXOIWJ/INCh B PABHOBECUU.
DTO MO3BOJISIET U3Y4YaTh JIEKTPUIECKUE WA MATHUTHBIE CHUJIbI, UJIU UHBIE
HeU3BeCTHbIE Jocesie CUJIbI, Yepe3 IOCTAHOBKY 3IKCIEPHUMEHTa CBOJAIIETO
X JIlefiCTBUE Yepe3 CUCTEMY IIPOCTBIX MAIMH K MEXaHHYeCKUM CHJIaM WUJIU
CcHUJIaM TAXKECTH.
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WNwmenno kuaura HpioToHA 10 HACTOSIIErO BPEMEHU CUUTAETCS IyTh JIA
He OCHOBOI BCEr0 COBPEMEHHOI'O eCTecTBO3HaHWsl [6], a aBTOp BXOIUT B
YHCJIO CAMBIX 3HAYUTEIbHBIX MBICJIUTENEN BCEX BPEMEH U HAPOIOB IO BEP-
cuu BBC [7], 3annmast B 3T70M KpaiiHe [pecTaBUTebHOM CIUCKE 3 MECTO.
Bps 1 970 MO0 OBI CAYIUTHCS €C/IA ObI «3aKOHBI IPUPOJIBGI» OBLIN ObI
TOJIBKO 3aKOHAMHU MEXaHUKH. AHAJIN3 OPUTMHAJIBHOIO TEKCTa U JajIbHeli-
IIero MCIOJIb30BaHUs 3aKOHOB HBIOTOHA JAIOT YeTKOe MpPEJCTABJIEHHUE O
TOM, YTO OHHU, KaK Pa3, U ABIAIOTCA METOJI0JIOI'MYEeCKONH OCHOBOI IIOCTPO-
eHIsI MATEeMATHIECKUX MOJIeiell, KaK B MEXaHUKe, TaK U B JAPYTUX IUC-
muiimaax. O6 9TOM TOBOpHUT, KaK M Ha3BaHWe KHUTH «MaremMaTudaeckue
HavaJja HaTypaJbHOH duiiocopuns, TaK U ee CTPYKTYpa — U3JI0KEHHE Me-
TOZOJIOTUN U OOIIMPHBIE [IPUMEPHI €e NMPUMEHEHNsl B HamboJiee MHTEPeC-
HBIX U IIPOJIBUHYTHIX HA TOT MOMEHT pasjeiax Mmexanuku. U xors Heroron
IIPUMEeHsIeT CBOM 3aKOHBI K MEXaHUYEeCKUM 3a/1a9aM, 3TO CBA3AHO IPEXKJE
BCEro C MOIYJISPHOCTHIO PACCMATPUBAEMBIX B KHHUTE 337[ad B HAYKE TOTO
BPEMEHH.

L1 MexaHUYecKO#l ayIuTOpuu, KOHEYHO 2Ke, Hambojiee MHTEPECHBIM
SABJISIETCS PACCKa3 O TOM, KaK M3MEHWJIACH POJIb MATEMATHKU U €€ CBS3U
C MEXaHWKOM, a TaKXKe WX 3HAUYeHHEe B HAayKe B TEUECHHE YKA3AHHOTO IIe-
puona. Takzke BaXKHI0, KaK 9TO COOTHOCUTCS C JIAJIbHENIINM IIPOTPECCOM
HAyK, U, B 9aCTHOCTH, MEXaHUKW, POJIb KOTOPOIl B Iporeccax MoanduKa-
UM HAYYIHOT'O MUPOBO33PEHUS OKA3bIBACTCS CUJILHO HejooreHeHHoi. [lo-
HATHE «MEXaHUIU3Ma», OKA3bIBAETCS HE IIPOCTO CUJIHHO YIIPOIIEHHBIM, HO
CKOpee JTaKe YyTPUPOBAHHBIM B COBDEMEHHBIX OIMCAHUSX, [T0 KpailHell Me-
pe, B OTEYECTBEHHOM JTUTEepaType. Y TPATUB CBA3b ¢ UCTOTHUKOM, KOTOPBIM
ABJISIOTCH 3aKOHBI HbloTOHA B MX M3HAYAIBHON (DOPMYIMPOBKE, OHO OKa-
3aJ10Ch HHTEPIIPETUPYEMBIM KpaiiHe BYJIbrapHO U JIazKe MECTAMU HEBEPHO.

Kpome Toro, kpaiiHe BasKHBIM SIBJISIETCS OIPEJIEICHNAE TIOHATUS MTHO-
BEHHOW CKOPOCTU W TOHSATHUsSI JeficTBust cuiibl B pabore Hpiorona. Onu
MPUHITAITAAIBHO OTJIMYAIOTCS OT TeX MOHATHUH, KOTOPOE HCIOJIb3yeTcd B
COBPEMEHHOM JINTEPATYPE U BOCXOJSAT K OIPEJIEJIEHUSIM DilIepa.

Peztomupyst, Mo2kHO cHOPMYITIPOBATD CJIEIYIONTY 0 HHTEPIIPETAIUIO CO-
ObITHil HayYHOU peBostonuu 16-17 BeKOB: npetozkeHHasi KomepHuKoM HO-
Bas IapaJurmMa HayK{ BbI3BAJIA XKUBOU OTKJIMK B CAMBIX PA3HBIX 00JIACTSIX
3HAHWS, HO, YTO BIIOJIHE €CTECTBEHHO, ITPEK/IE€ BCEIO — B MaTEMAaTHKe U Me-
xaHuke. OHAKO pe3yJibTaThl 3TOrO IIEPBOro ITalla ObLIA He TaK 3HAYMMBI,
TaK KaK OTCyTCTBOBAJIA METO/INKA IIOCTPOEHIS MATEMATHIECKAX MOJIEJIeN.

IIpenyoxkenne HbroToHOoM B BHiie «Tpex 3aKOHOB» TAKON METOIUKU
BBI3BAJIO B3PBIBOOOPA3HBIN POCT HAYYHOIO 3HAHWS BO MHOIHUX ODJIACTSIX,
[IpUYEM HE TOJIbKO €CTeCTBEHHOHAYYHBIX. DTOT IEPUO/] MOJIYUMJI HAa3Ba-
HUE «MEXaHWIM3May B Hayke. [Ipu 3TOM B camoil MeXaHUKE U HEKOTOPBIX
OJIM3KKX K Hell 0TPac/IsiX, MapaJjuie/ibHo ¢ HbIOTOHHAHCKOI, aKTUBHO pa3-
BUBAJIACh U «KOHTUHEHTAJIbHAA» [aPAJUTrMa AHAJUTUIECKON MEeXaHUKU,
OCHOBaHHAsI, €CJIM MOXKHO TaK CKa3aTh, Ha «durocodprun GECKOHETHO Ma-
JIBIX» 1 00Jiee OPUEHTUPOBAHHAS HA BHYTPEHHIOIO PAbOTy C YUCTHIMU Ma-
TEMATUIECKUMU MOJIEJISIMUA. DTO CTAJIO BO3MOXKHBIM OJIaroapsi TOMY, 9TO,
KaK TOTJIa Ka3aJI0Ch, OCHOBHBIE BOITPOCHI MATEMATHIECKOTO MTPEICTABICHUS
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TUIWIHBIX 331249 y2Ke ObLIN PEIIeHbl, U OCTABAJOCh PA3BUBATH UX AHAJIH-
THYIECKHAE BO3MOXKHOCTH.

Takum 06pa3oM, B HCCIIEIOBAHIY [IEPUOJIA HAY THO-MUPOBO33PEHIECKOM
peBoutionuu 16-17 BEKOB €CTh €Ile 09e€Hb MHOTO BOIIPOCOB, BJUSHUE KOTO-
PBIX Ha COBPEMEHHOE COCTOSIHHE HAyKH KpaiiHe MHTEPECHO U IOJJIEIKUT
U3y YEHUIO.
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Abstract. A mean-field extension of the queueing system GI/GI/1 is consid-
ered. Under certain assumptions on intensities, the process is constructed as a
Markov solution of a martingale problem.
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1. Introduction

Mean-field approach in the theory of queueing systems is designed to
take into consideration large interacting ensembles of queues by replacing
these interactions by a suitable “mean field”. In particular, this approach
showed rather fruitful in systems with countable state spaces. In this
work we propose a method of constructing a more general extension of the
system GI/GI/1 (more precisely, GI/GI/1/oc) under certain restrictions
on intensities of arrivals and service, which intensities may depend on
the state as well as on the marginal distribution of the process. Weak
uniqueness will be also discussed.

2. Main section

The state space of the process under consideration is the union
o0
X :=(0,z)U U (n,z,y), x,y>0.
n=1

The meaning of n here is the number of “customers” in the system; the
value x stands for the elapsed time from the last arrival, while y signifies the
elapsed time of the current service. There is only one server which works
without breaks (if there is at least one customer in the system) and it is
always in a working state. All newly arrived customers stand in a queue of
the infinite capacity, and for simplicity only we assume the FIFO discipline
of service. It is assumed that at any time ¢ at any state X = (n,z,y) (or
X = (0,z) for n = 0) there are intensities of service h[t, Xy, u¢] and arrivals
At, X, pi], where g is the distribution of the random variabe X itself.
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Note that occasionally we will be using notation (0, z, y) where y is a “false”
variable. The process is linear—deterministic Markov one (see [1,3]).

The assumptions:
(A1)

At X, ] = / A& X, Y)u(dY), hlt, X, ] = / h(t, X,Y)u(dY)

(A2) The functions A(¢, X,Y) and h(t, X,Y) are Borel and bounded.
(A3) The functions (¢, X,Y") and h(t, X,Y") are continuous in all variables.
(A4) The functions A(t, X,Y) and h(t, X,Y’) are bounded away from zero.

For X € X let us denote (X~ is not defined for X = (0,x))
Xt:=(n+1,0,y), forX=(n,zy),
X" :=1n>0)(n-1,2,0), for X =(n,z,y), n>1.

Theorem 1 Let the assumptions (A1)-(A3) be satisfied. — Then for
any fixed Xog € X, on some probability space there exists a Markov
process (Xi, t > 0) with marginal distributions p; and intensities
At, X, i), hlt, Xe, pe]; in other words, such that for any bounded con-
tinuous function g(X) with bounded continuous derivatives in (x,y), the
expression

t
My = g(3X0) = 9(X0) = [ Lo, Xuopn)a(X) ds &
is a martingale, where for X = (n,z,y), X' = (n',2',y), n >0, ¢t >0,

L(t, X', 1)g(X) := Alt, X', ] (9(X ™) — g(X))

+ 1(n > 0)hft, X', u](g(X ™) — g(X)) (2)

a )
1 =z .
+ o ~—g(n,z,y) +1(n > 0)8y9(n,m,y)

For any given measure-valued function (us, s > 0) in L(s, Xs, ius), the
martingale problem (see [4]) (1) has a weakly unique solution.

Equivalently to (1), Dynkin’s indentity holds true for any function g(X)
from the same class,

t
Eo.x,9(X2) = 9(Xo0) + Eo.x, / L(s, X, p)g(X.) ds.
0
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Moreover, equivalently, for any 0 < ¢; < ta... < t;,11, and for any Borel
bounded functions ¢, (X), X € X,

t,
m—+1 m

EQXO g(Xthr1) - g(Xtm) - / L(Sa Xsaus)g(XS) ds H ¢k(th) =0.
k=1

tm
(3)
The equation (2) may be also called a martingale problem.

Proof of Theorem 1. For any n > 1 consider a process (X), with
initial data X 0 = X, and intensities of jumps up and down, respectively,

A[t’ th—l/na :u?—l/n]v h[ta th—l/m M?—l/n]'

where X{' with ¢t < 0 is understood as X{', and similarly for p. The
process (X/') for each n are constructed by induction successfully on the
intervals [0,1/n], [1/n,2/n], etc. Due to the boundedness assumption on
both intensities, there is no blow up and the processes for any n are de-
fined for any ¢ > 0 as cadlag pure jump processes. Moreover, for any ¢
probability of jump at ¢ for any X™ equals zero. The processes (X[, t > 0)
for n > 1 being constructed, let us introduce on some probability space
independent equivalent processes (€', t > 0); let E/ stand in all cases for
the integration with respect to the third variable, e.g.,

E'h(t, X]',€)) = / h(t, X7 y)ul (dy).

It can be checked that the assumptions of the Lemma 1 from the Ap-
pendix are satisfied. Hence, on some new probability space there are
equivalent — and, hence, Markov with the same generators — processes

XT ‘") and a limiting pair (X , ¢) such that for some subsequence
(X7 & g P t) St q

(X7 er'y E (X,,£,), n' — oo, for each t. It follows due to the bounded-

ness of all intensities that the limiting process (X}, &,) is also stochastically
continuous. More than that, it is a pure jump process with a finite number
of jumps on any bounded interval with probability one. Moreover, due to
limp, o Sup,, SUp, s<7; |t—sj<p P X7 — XT| > €) = 0 for any € > 0 it follows
that

Xt'L/l/n, LS X;, n — oo
The analogue of Dynkin’s formula (2) reads,

tm41

Eox, | | 9(X7,,,) —9(X}) — / B L(s, X121 s €01/ )9(X2) ds

tm
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x [T o(X
k=1

By continuity of A and h, and due to the stochastic continuity of the
processes X and &, and since all integrand expressions are bounded, and
by virtue of Lebesgue’s bounded convergence Theorem, we obtain from (2)
in the limit with continuous bounded functions (¢y),

tm+1

Eoxo | 9(%,, ) —9(X,,)— / E'L(s, X,,£)9(X,) ds | [ és(X,,) =0
=1

tm
i (5)
Since the distribution of the random variable &; is the same as the one of
X, — let us denote it by fi; — then (2) can be equivalently written as

- - t7n+1 - 1 -
Eox, (g<Xtm+l> oK) [ gt Kui) ds) T 6%, =
t k=1

m

(6)
Due to the properties of measures on R?, the formula (2) holds true for any
Borel bounded functions (¢ ), too. Due to [3], solution of the “martingale
problem” (2) — or, more precisely, of the martingale problem

N - bt -
M, = g(Xth) —9(X;, ) — / Lg(s, X, fi5)ds 1is a martingale,
tm
with given (fis) is unique. Hence, by [4, Theorem 4.4.2] the limiting process

X is Markov. The required generator (1) with required intensities A, h
follows from (2). This finishes this sketchy proof of the Theorem 1.

3. Uniqueness

Theorem 2 Let the assumptions (A1)-(A2) and (A4) be satisfied. Then,
for any fized Xy, the process (Xy, t > 0) with required intensities A[t, x, ji)
and hlt,x, 1] is unique in distribution.

Proof of Theorem 2 is based on Girsanov’s formula for jump processes
(see, e.g., [5]) and will be presented in the full version of this paper.
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4. Appendix
Lemma 1 (Skorokhod [6, Ch.1, §6]) Let & (t >0, n=0,1,...) be

some d-dimensional stochastic processes defined on some probability space
and let for any T > 0, € > 0 the following hold true:

lim supsup P(|&']| > ¢) =0,

C—00 t<T
lim sup sup P& — &) > €) = 0.
hi0 n ¢ s<T; |t—s|<h

Then there exists a subsequence n — oo and a new probability can be
constructed with processes £ ,t > 0 and &, t > 0, such that all finite-

dimensional distributions of 5,”/ coincide with those of f_”/ and such that
for any e >0 and allt > 0,

P(IEF =&, >€) =0, n — oco.

5. Conclusions

Under conditions of boundedness and continuity of intensities of ar-
rivals and of service in all variables, it is shown that a mean-field Markov
process describing the model GI/GI/1 does exist. The results will also
have important consequences in the mathematical reliability theory, see [2].
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VIIK 51(091)
IlepBas MexxayHapoaHasi TomoJiornvdecKast
koHdepeniua. MockBa, 1935 r.

I. C. CmupnoBa*

* Kabunem ucmoput u MEMO0O0N02UY MATNEMAMUKY U METAHUKU,
Mocxrosckuti 2ocydapcmeennvli yrusepcumem um. M. B.J/lomornocosa,
Jlenunckue T'opw 1, Mocksa, Poccusa, 11923/

AnHOTauusa. PacMaTpuBalOTCs HEKOTOPBIE MOMEHTBI UCTOPUH PA3BUTHUSI TOIO-
sioruu B CCCP u CIITA 1o nepsoit Mexk1yHapoIHOI TOTIOJIOIMYECKON KOH(EePEH-
nuu 1935 r.; 06cyK1aeTcst coCTaB yYACTHUKOB U JIOKJIAJIbI, & TAKXKE XPOHOJIOTUS
JAJbHEAIINX TOMOJIOIMIeCKUX KOH(MDEPEHIiA.

Kirmouessle ciioBa: HUCTOPUA MaTEMATUKH, COBETCKasd TOIMOJIOTUYECKasd MIKOJIa,
aMepUuKaHCKasd TOIIOJIOrMYeCKasd IIKOJIA.

1. OpauM u3 BaxkHemux coObITuil MaTeMaTuku 20 BeKa CTAJIO POXKIIE-
HIe HOBOII MaTeMaTHUIeCKON JUCIHUIINHBI — Tomojorun. U yxe B mepBoit
tperu 20 Beka B MHUpPe 00pPA30BAJIOCH HECKOJIBKO HAITMOHAIBHBIX TOIOJIO-
TUYECKUX IIKOJI, HAauboJjiee BBIJAONIUMUCS U3 KOTOPBIX crajn MocKoBCcKast
ronosorudeckas 1mkosia I1. C. AnekcanipoBa n AMepuKancKasi TOTIOJIOT -
geckas mKkoja. OrpoMHYO POJIb B HAJTAXKMBAHUYA KOHTAKTOB MEK/Ty HAMMU
coirpadt Borxogier; u3 Poccun Cosomon Jledmer (1884—1972). B cBoeii peun
na oTkpoiTuu IlepBoit MexmyHapoaHoit TOMOIOTnIecKoit KOHMEpEeHIn B
Mockse (4-10 cenrsabps 1935 1.) on roBopmit: «¥Y HAC TEEPb, MOXKHO CKa-
3aTh, JIBa IOJIIOCA: aJiredpa U TOIOJIOrUsl... Bece 3HAaYeHNe 9TUX JIBYX HayK,
0CODEHHO TOIIOJIOTUH, HUIJIE TAK HE MOHATO, KAK B HAIINX JIBYX MOJIOIBIX
crpanax: B CCCP u B CIIIA. ¥V Hac co3jaiuch cambie sipKUe MIKOJIBI TO-
nosioruu. OHM MPOCTO B IIEHTpe Jiejia. Hurje 9To Jiydilie He MOHSIIM W He
paboTaloT TaK YCIEIHO, Kak 37ech, B Mockse» [1].

2. B Mockse niepBble BaxKHbIe yciiexu B Tomosoruu B 1921 1. mosmyvun
IMasen Camywiosua Ypoicon (1898—1924), nanucasiuii crasiiee Tenepb
KJIACCUIECKUM UCCJIeI0OBAaHME O Teopuu pazmepHocT. CBOIO TEOPHIO OH I10-
crpoust 6e3 Kakux Obl TO HU OBLIO IIOCTOPOHHUX BJIMsiHUI. BriocseacrBun
0Ka3aJI0Ch, 9TO KBUBAJEHTHOE yPBHICOHOBCKOMY OIIPe/eJIeHre He3a0JIr0
J10 3TOr0 OBLIO Jano Bpayspom, u 9TO TEOPUIO, PA3BUBAIOILYIOCS 10 TEM
JKe HaIlPABJIEHUSIM, OJHOBPEMEHHO C ¥ PBICOHOM M abCOJIIOTHO HEe3aBUCH-
MO OT HEro Ha4aJ CTPOHUTDL elre OoJiee MOJIONo# cTyiaeHT BeHnckoro yHu-
Bepcurera Kapa Menrep (1902—1985). B nacrosiniee BpeMsi Mbl TOBOPUM
06 ormpejsiesiennu pa3MepHoctu bBpayspa—Ypoicona—Menrepa u o Teopun
pasmeproctu Y poicona—Menrepa. I[Ipu 9T0M 110 1IIMpoTe 3aMBICIIA, TIOJIHO-
Te pa3spabOTKU M KOJMIECTBY HOBBIX T'€OMETPUYIECKUX (DAKTOB, BIIEPBBIE
YCTAHOBJIEHHBIX JIJISI CAMBIX IMUPOKUX KJIACCOB MHOXKECTB, yPBICOHOBCKAS
TeOpHust HECOMHEHHO cTOuT Bbiite Teopun Menrepa. B wactnoctu, Ypsicon
JIOKA3aJT 3aMeYaTeIbHYI0 TEOPEMY O BO3MOXKHOCTU MHTEIPAJILHOIO OIIPE,Ie-
JIEHUsI Pa3MEPHOCTU, KOTOpasl IOCIYKIJjIa OTIPABHON TOYKON BCEX J1ajlb-
HEHIIX MCCIe0Banuii B GOMILION Tomoorndeckoii obmacru |2, 3.
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B 192122 yuebnom romy YpsicoH BriepBbie B MOCKOBCKOM yHUBEp-
cuTere mpodnMTasl Kypc Tomojoruud. A BecHoil 1924 1. AJieKCaHIPOBBIM U
Y PBICOHOM OBLIO PEIEHO OPraHn30BATH HAYYIHBII CEMUHAP 110 TOIOJIOTHH
JJIsT CTYIEHTOB, KOTOPBIA B JaJibHeHeM, 00beIMHIBIINCH C TOTOOTAYIe-
CKUM ceMuHapoM KOMMYHUCTHYIECKON aKaJleMUU, CTaJl OCHOBOIl 3HaAMEHU-
Toif MockoBckoil Tomosiormaeckoit mkoast [4, 5. MHorne u3 y4acTHHKOB
9TOr0 CEMMHAPA BBICTYIIMIN C JOKJIAJIaMU Ha TOIOJOTHIECKON KOHMepeH-
mun 1935 r. (Edbpemosuu B. A., Hembixuit B. B., Ioutpsirnn JI. C., Po-
skanckas 10. A, Tuxonos A. H.). UnrepectHo, 9T0 MHUIUATOD [IPOBEICHUS
[TepBoit Mex ryHApOAHOIT TomToTIOrIUecKoit Kondepenrmu C. Jledrmer Tak-
JKe MPUHUMAJ yIacThe B pabore 91oro cemunapa. OH HEOHOKPATHO GbIBAJT
B CCCP u B utone—wutosie 1931 r. Tpuk bl BeICTyIIAN C HOKIagamu « OcHOB-
HbIE TOIOJIOTUYIECKNe HHBAPUAHTHI», «O TOMOJIOrHYIecKOl MHOTOOOpa3nu u
3aKOHE JBOWCTBEHHOCTH», «O GECKOHEYHBIX KOMILIEKCAX» MEPEl MOCKOB-
ckumMu Tonosioramu [6]. B 1934 . ¢ mokmanom «O npobiemax anreGpande-
ckoit reomeTpuny Jledrmern BeicTynua Ha II Beecoroznom maTemMaTudeckomM
cbesne B Jleaunrpage [7].

3. IlepBoe ynuHOe 3HAKOMCTBO AJjieKcaHpoBa u Jledimerna cirydmiocs,
no-puMomy, B 1927/28 yuebuom romy, xorga ITases Cepreesud Bmecte ¢
MOJIOZIBIM HeMelKUM MaTeMaTukoM Xaitarem Xondowm (1894—1971) B ka-
4ecTBe POK(QEJIEPOBCKUX CTUIIEHINATOB 3aHUMAJIUCH HAY IHBIMU UCCJIEI0-
Bauusimu B [Ipuncrone. Kak mucas mo3xe B CBOUX BOCIOMUHAHUSX XOI]:
«...B yHuBepcutere untasu jexiuun O. Bebsen, C. Jledmern u /Ix. Asrek-
caHzep, U C KaXKJIbIM U3 HUX MbI BeJu uHTepecHble Oecenpl. Iloxkamyii,
CaAMBIM BaXXHBIM J[JIs HAC OBbLJI KOHTAKT ¢ Jledrmemnom, moromy 9To, ¢ Of-
HOI1 CTOPOHBI, OH OBLI COIO3HUKOM AJIeKCaH/IpoBa B 60pHOE 3a BHEIpEHUe
aredpPanIecKuX METOJ0B B TEOPETUKO-MHOYKECTBEHHYIO TOIIOJIOTUIO, a C
JIPYTOii CTOPOHBI, MOU PabOTHI O HEIIOJBUKHBIX TOYKAX MPUMBIKAJNA K €r0
OCHOBOIIOJIArAIoIUM paboram» [8].

O conepunuecrse Jledmena n Asekcanyepa (1888—1971) B 910 Bpemst
MOXKHO HEMHOT'O IIPOYNATATH B BOCIOMWHAHUSIX U3BECTHOIO aMEPUKAHCKOIO
torosiora X. Yuran (1907—1989), ogHoro n3 MosoAbIx y4acTHUKOB Moc-
KOBCKOI KoHMepentun [9]. DTa pabora COmEpKUT TaKkKe 0YEPK HUCTOPUM
pa3BuTus Torosoruu 7o 1935 . m BocmOMUHAHUS YHUTHH O €r0 TEPBBIX
ycrexax B HayKe, 3HAKOMCTBAX C BBIJIAIOIIMMICS MAaTeMATHKAMU EBPOIIBI.

4. Odurnnaspabie 0T9eThl 0 MOCKOBCKOI TOMOJIOTAYIECKON KOH(MEPEH-
nuu 1935 r. MO2KHO HaliTH U B IIEPBOM BBIIIyCKe OCHOBaHHOTO Iocsie 11 Bee-
COIO3HOT'O MATEMATUIECKOrO Che3/a KYPHAIA «YCIEXH MATEMATHIECKUX
Hayk» [10], u B 1pyrux nuH(GOPMAIMOHHBIX CTATHAX O JIOCTUKEHUAX COBET-
CKUX MATEMATHKOB [7|; GOJBIIMHCTBO JOKIAI0B MOMENEHO B CTapeiimem
OTEYECTBEHHOM MaTeMaTHIeCcKOM KypHaje «Maremaruwdeckuii cOOpHUK»
[11]. Ho memyapHasi suTepaTypa, OnyOINKOBaHHAsI KAK B COBETCKOE Bpe-
M, TaK ¥ B HOCJEIHUE TOMbI, TO3BOJIAET Y3HATH HAMHOIO OOJIBIIIE O TOM,
9TO TOAYAC CKPBIBAETCS 3a CKYIBIMU MH(MOPMAIMOHHBIMU CTAThHSIMHU.

X. YuTHE B CBOMX BOCIOMUHAHUsX [9] mmimer, 4ro st Beex GOJBINOL
HEOXKUJIAHHOCTBIO OKa3aJjioch BeicTyiuienne A. H. Kommoroposa, KoTopsiii
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JIO 9TOTO BpOjie ObI HUKOT/a TOojIorueil He maTepecoBasicsi. OTHAKO B CBO-
eM JIOKJIaJIe M3JIOYKUJI 110 CYIIECTBY T€ YK€ Pe3yJIbTaThl, O KOTOPBIX XOTEJ
pacckasbiBath n Asekcarmep. Kax moszke ormewan B. U. Apronsm [12],
st paborsl KojiMoroposa — «ImpuMep HEOXUJAHHOTO MPOpbIBa AHjapes
HukosaeBriaa B HOBYIO 00J1acTh», 1 1ocse 3Toro Kosmoropos Tormostorueit
HEe 3aHUMAJICS.

06 3TOM 2Ke COOBITHH B YIIOMSIHYTBIX paHee BocrioMuHaHusAX [8] Xond
nurier 9yTh uHade: «HesaBucumble Ipyr oT apyra gokaaasl Jxk. Ajek-
cangyiepa, U. Toppona u A. H. Kosmoroposa, nmpounTtasibie Ha 9TOM KOH-
depenium, MOIOKUIN HAYAJIO TEOPUU KOTOMOJIOTUil (MCTOKH 9TON Teopun
BocxoaaT K Jledrerny, koropseiit B 1930 romy BBes mOHSTHE “TICEBIIOIMK-
aa”).» T.e. kpome Anekcanjepa u Kosmvoroposa GblI erie OJMH MaTeMa-
tuk — Uspanis Ncaakosua Topmon (1910—1985), nepssiit acimpant JI. C.
ITouTpsirnHa, MOy IUBINUI IO CYMIECTBY TE K€ PE3YIbTATHI, KOTOPOTO HU-
KTO KpoMe Xorda He Ha3bIBaeT, XOTs ero JNOKJaaj onyoaukosaH B [11], a
u3BecTHbI HeMenkuii Tonosior Ianc @poitnentans (1905—1990), sanHTe-
PECOBaBIIIUCH 3TUM BOIIPOCOM, IIOCKOJIbKY KOHCTPYKIMS YMHOXKEHUsT KOTO-
mostoruit Topiiona otmaanach oT KOHCTpyKIwmit Ajekcanjepa n Kosimo-
rOpoBa, KOTOPBIE OBLIN UICHTUIHBI, TO3/IHEE TOKA3AJ M30MOPMOU3M KOJIEIT
Topnona u Anekcannepa—Kommoroposa. Onnako B [10] (u naxe B Gosee
HO3JHUX CBOUX paborax) Asiekcanipos Huuero o6 arom He nuiier. OO bsic-
HeHHe 3TOMY MbI MOKeM HaiiTu B mybsmkaruu 2005 1. corna [opaona E. 1.
Topmona [13]. Ormernm Benen 3a E. 1. TopmoroM, 9T0 €ro orer B TO Bpe-
M3l TIOJTB30BAJICSI TTOCTOSTHHOM mtoiepkkoit Astekcaraposa u [loaTpsiruna,
KOTOpasl CYIECTBEHHO IIOMOTaJIa eMy B momckax paborsl. Ilo ero paccka-
3aM, yTBEpXKJEHHe ero KaHjuuarckoii aucceprammu B BAK (koropas k
TOMy BpeMeHH yxke Obuta omybsmkoBana B «Annals of Mathematics») cro-
WJIO MM 3HAYUTEJIbHBIX YCUJIUN B CBA3U C “COMHUTE/IBHBIM OJATHIECKAM
sarom” EceepranTa. YutHu B [9] He ynomunaer [opmoHa, mo-BHIMOMY,
IIOTOMY, 9TO HOKHUHYJI MOCKBY Ha CJIe/IyIOIIHil IeHb II0CJIE CBOETrO JOKJIAIa,
HE JOXKUIAsICh OKOHYAHUS KOHMEPEHIHH.

5. YuacraukoB KoH(pepermuu or uMmenn Axagemun Hayk CCCP mpu-
BETCTBOBAJI OJIMH U3 OCHOBaTeJsell 3HaMeHNTO MOCKOBCKOI MaremMarude-
ckoit mkosbr Teopnn dynkuit Hukomait Hukomaeswa Jlysun (1883—1950).
BricTynare ¢ Hay4HBIM JOK/IaJ0M JIy3uH He CTaJ, IOCKOJbKY TEMaTHKa
KOH(EPEHIINH OTINYAJACH OT HAIPABJIEHUS] €r0 MATEMATUIeCKUX KCCJIIe-
JIOBaHUII B TO BpeMsl, OJHAKO Ha 3aCEAHUSAX CEKIUHU <« [Omojormyeckast
TEOpUsi MHOYKECTB» IIPUCYTCTBOBAJI, ITOCKOJBKY B HEHl yJIaCTBOBAJIU €0
JIaBHUE KOJLJIETH, IPeJCTaBuTe M 3HaMeHuToi [losbCcKoil MIKOJIbI Teopun
muOkecTB Baiyia Ceprmackuit (1882-1969) u Kasumexx Kyparosckuit
(1896-1980). T'omom mo3Ke ITO OGCTOATENBCTBO CTAJIO OJHUM U3 TEX, KO-
TOpBIE CTABUIINCE JIy31MHY B BUHY BO BpeMs €ro IOJIMTHIECKO TpaBiu (T.H.
«zmeio Jlysunay) [14].

6. B pamkax xkomdepenIun 5 ceHTOps 1935 1. mpomio crernuabHoe 3a-
cenanre MOCKOBCKOTO MaTeMaTHIeCcKOro O0IEeCTBa, MOCBAIIEHHOE TTaMsITH




190 ACMPT—2017

Ommu Herep (1882-1935) [15], Ha KOTOpPYIO B KadecTBE HOYETHOIO I'OCTSI
no npursamennio MMO npueszxkai ee 6par @pury Herep (1884-1941).

7. B yxe ynomwunasmemcs npuBercrBun C. Jledmrerr rosopmn: « s
JIFOJIENl HAYKW HEJOCTATOYHO YUTATH B II€YaTH M HEBO3MOXKHO, TaK KaK
CJIUIIIKOM MHOTI'O II€YATAETCS; HO OY€Hb BAXKHO BONTH B COIPUKOCHOBEHUE
apyr ¢ apyrom. U BaxKHO, 9TOOBI TaKO€ CONPUKOCHOBEHWE OBLIO daIres.
K coxanenuto, curyamnust B Coerckom Corose, Jia U BO BCEM MUpE yXYI-
maJiach. Y:ke Hadnnas ¢ 1932 1., BbIe3[ 3a IPAHUILY CTAJ HEBO3MOXKEH
U HayJHble KOHTAKTHI ObLIN MpepBaHbl. TOJMBKO (haHTACTUIECKAS SHEPIHS
IT. C. AnexcanpoBa O3BOJIIIIA €My OPraHU30BaTh ITY HEOOBIYAHYIO 110
IIPEICTABUTENBCTBY KoHMepennuio. Bropas MockoBckasi TOmoIOrnyecKast
KOH(DEPEHINsT COCTOSIACh TOJBKO B 1979 ., HO HEKOTOPBIE MEXKTyHAPOI-
HbIe BCTPEYN TOIOJIOIOB BCe XKe MMesn MecTo 0biTh. Cpasy mocie Mockos-
ckoit koudepennuu 21-25 okTsadpsa 1935 r. B 2Kenese 1oz mipejicenaresib-
crBoM Duin Kaprana (1869—1951), koroporo He 6bu10 B Mockse, cocro-
sitachk Bropass MexayHapogHas TOToJIOTHIeckas KoHdepeH . B orim-
qme 0T MOCKOBCKOI KOH(MDEPEHIH, Ha KOTOPOH C JIOKJIAIaMU BBICTYIIIIO
45 maremarukoB u3 10 crpan, B 2KeHeBe OBLIO 32YUTAHO TOJBKO 8 JTOKJIa-
JIOB, U3 KOTOPBIX 4 BBICTYIABIINX y4acTBOBaIu U B pabore MockoBCKoi
koudepennuu. Bee atu oKIap1 onybiukoBansl B [16].

Bouu mposeiensr e kKoudepenruu B CIITA — B Muyuranckom yHu-
Bepcurere (1940 r.) u B Hukaro (1950 r.); nepsblit mocjieBoeHHbII Mex 1y-
Hapomabiit Ko/tokBuyM 1Mo aarebpanveckoil Tomosoruu cocrosycs B 1947
r. B [lapu:ke. B HacTosilliee BpeMst Ha MEXaHUKO-MaTeMaTHIeCKOM (DaKyJib-
tere MI'Y um. JIomoHOCOBa PErysIsipHO IPOXOIAT «AJIeKCAHIPOBCKUE dTe-
nusy. [locmennne cocrognues 22-26 mag 2016 1., B HUX DPUHUMAJIO yda-
crue 6osiee 170 MaTeMaTUKOB, OBLIO CJIEIAHO TPU IJIEHAPHBIX U 87 CEKIIN-
OHHBIX JOKJIAJOB.
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Abstract. Diamond anvil cells (DAC) are extensively utilized in the study of
material properties at extreme conditions of pressures and temperatures. The
pressures in excess of 400 GPa and temperatures in excess of 4000 K have been
reported in DAC devices. Most studies on the optimization of diamond geometry
and gasket materials used in diamond anvil cell devices have been carried out
by trial and error using experimental high pressure data. This article addresses
design and optimization issues in DAC using finite element modeling (FEM)
and computational analysis. The computational approach is centered around
the recent advances in the growth of isotopically enriched carbon-13 layers on
diamond anvil and their use as pressure sensor in diamond anvil cell devices. In
particular, the carbon-13 diamond layer of 6 microns in thickness grown on top
of existing anvil has been demonstrated to serve as a universal pressure sensor to
156 GPa. If a thin enough pressure sensor can be fabricated then the calibration
of this sensor is independent of the stress or strain distribution in DAC. Some
questions about the geometry and other properties of DAC remain open as well
the theory of a universal pressure sensor.

Keywords: Diamond anvil cell device, Finite-element modeling, Diamond-coated
rhenium gasket, Diamond anvil failure conditions.

1. Introduction

The object of our research is DAC device main component of which is
diamond anvil. In DAC configuration a sample chamber is placed between
the polished culets of diamond anvils. The metal gasket is preindented
between the two anvils before drilling a hole that serves as a pressure
chamber. All components are thoroughly assembled in a specially sealed
cylinder. Then using tools we can apply pressure by turning special nuts
in the assembly. Object of our investigation is the DAC device. We study
separately DAC device components: diamond anvils, gasket, and sample
material. In those components we study radial and axial stresses as well as
pressure distribution with respect to geometry of anvils, sample and gasket
material properties, and radial and axial coordinates. We have complete
description of geometry and material properties of all DAC components.
Because of DAC special design and diamond transparency we have X-ray
diffraction experiments data for sample materials obtained within DAC
compression. In some cases, diamonds were compressed to failure to test
the upper limit of the pressures that can be created in diamond anvil cell

E-mail: andykondratyev@aol.com.
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device. In order to use results of diffraction experiments we have to use
equations of state for diamond, sample material, and a gasket. As a re-
sult, we obtain dependencies of pressure distribution vs. radial distance.
The pressure distribution in DAC can be experimentally measured only at
the diamond/gasket interface and diamond/sample interface or at z = 0.
Obtaining experimental data of pressure vs. axial distance is more com-
plicated problem. At this stage of DAC device technology we are not able
to measure axial and radial stresses. In order to calculate this informa-
tion we have to use finite element analysis and modeling (FEAM) and
computer simulation as well as analytical modeling and solution to main
problems. Further development of finite element modeling (FEM) give us
the full computer simulation model of DAC compression process. We de-
velop and extend diamond anvil capabilities in order to use it as a high
pressure sensor. When a thin film of '3C layer was grown on a top of
regular diamond anvil this thin film maybe used as a high pressure sensor
using Raman spectroscopy. Our last study is by using analytical descrip-
tion and analysis of stresses and strains in an anvil and in a layer and also
by using FEAM and computer simulation to analyze pressure distribution
in a layer by describing the behavior of optical transverse phonon mode
in an anvil and in a layer. Our working approach is based on use FEM
and variety of analytical models with conjunction of experimental data.
We validated these models as well computer simulation models on the re-
sults of other researchers and verify them on experimental data. The use
of analytical model is essential because in some cases Nike2D supported
simulation models do not provide this type of information, e.g. equations
of state, dependence on initial and boundary conditions, solution stability,
internal and external strain, stress, loads and phonoelastic tensor proper-
ties. Phonoelastic analytical models allow connect strain measurements
with experimental data on Raman data under high pressure.

2. Computational Models. Equations of Motion and State in
Nike2D

Let p be the density, u; are the displacements €2 is the continuum
domain, b; is body force per unit volume, T;; is the Cauchy’s stress tensor.
As always

. ou; .. 0%u;
U= ——, iy = ——5.
oottt ot?

FE equations of motion in Q: p-1ii; = b; +7;; ;. Let continuum domain
Q has a boundary I',,, where spatial displacements u; are defined, and also
a boundary I';, where stresses T are defined.

U; = ﬂz CFU,

Boundary conditions are ~
Tij-n; = T3 C I'-.
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Rate of deformation tensor is d;; = 3 (i j + i) -
The Cauchy tensor T in general is a function of dza and a set of history

variables H and temperature T (we consider temperature to be constant
in our investigation)

Tij = Tij(dij,H,T) = Tij<dij7H)-

In our work we use two Nike2D material models: elastic and elastoplas-
tic. Nike2D uses axes r and z. Equations of state in the way they usually
defined in solid mechanics are not inbuilt in Nike2D. Sets of parameters
are used for elastic and elastoplastic materials. These parameters are re-
lated through some definitive equations of general form which we present
later. This leads us in our research to a rather strong commitment: try to
use well known equations of state for DAC components as well as different
types of analytical models valid for FEM DAC (e.g. Timoshenko-Goodier’s
model). We use Lagrangian and Eulerian theories in order to implement



Kondrat’yev A. 1. 195

Pusher

| 2nd bevel
7 angle
/

Central y
flat Diameond anvil /

radius /
& ~ ot Culet radius /

s ‘\"" ~ \ T 1st bevel

Sample A
Gasket
| L chamber

some of Nielsen’s stress-strain models into FEAM. In order to validate an-
alytical models we compare stress-strain curves obtained by Nike2D FEM
with the ones obtained from Timoshenko-Goodier’s, Nielsen’s, and Han-
fland et al.’s models. We also develop adjusting procedures with use of
some controlling parameters of these models in order to inbuilt them into
FEAM. Notice that use of analytical models in our FEAM research is per-
fectly justified because these models are not inbuilt in FEM supported by
Nike2D. Process of DAC compression is described by components, geom-
etry model, material model, motion model and equation of state. Maze
language commands allow to describe material models for each of DAC
components. Diamond anvil and “pusher” are considered to be “elastic”
and each of them is described by density, Young’s modulus, and Pois-
son’s ratio. This model describes isotropic, linear elastic material behav-
ior. Gasket and sample material are considered to be “kinematic/isotropic
elastic-plastic material” and described by density, Young’s modulus, Pois-
son’s ratio, yield stress, hardening modulus, hardening parameter, number
of points in stress-effective plastic strain curve, effective plastic strain, and
effective stress. This model includes linear or nonlinear strain harden-
ing. Kinematic and isotropic hardening models which describe sample
and gasket material yield identical behavior under monotonic loading. We
consider only double-beveled diamond anvils. Using Nike2D Maze input
language and using axial and radial symmetry of DAC we describe all four
components of DAC. Each component is described by its own geometry
and its own mesh. Geometry includes a series of line definitions. Points
are introduced in the line definitions. Using these definitions element and
nodal topologies are generated by Maze. Each DAC FE is defined by four
boundary, nodal points which are in nondeformed state connected by line
segments. The material number describing material properties of the ele-
ment is also included in the definition. From lines parts and regions are
constructed. Mesh assembly is defined from all described parts.

Process of DAC compression is described by components, geometry
model, material model, motion model and equation of state. Sample of
DAC geometry and mesh for all components is shown. Maze language
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commands allow to describe material models for each of DAC compo-
nents. Diamond anvil and “pusher” are considered to be “elastic” and
each of them is described by density, Young’s modulus, and Poisson’s ra-
tio. This model describes isotropic, linear elastic material behavior. Gas-
ket and sample material are considered to be “kinematic/isotropic elastic-
plastic material” and described by density, Young’s modulus, Poisson’s
ratio, yield stress, hardening modulus, hardening parameter, number of
points in stress-effective plastic strain curve, effective plastic strain, and
effective stress. This model includes linear or nonlinear strain hardening.
Kinematic and isotropic hardening models which describe sample and gas-
ket material yield identical behavior under monotonic loading. Parameters
describing elastic and elastoplastic material behavior usually are consid-
ered as linear or nonlinear functions of pressure.

3. Results and Conclusions

The following results were obtained:

1. The validation of the modeling approaches. Pressure distribution re-
sults obtained on DAC compression model were verified using existing
literature data;

2. DAC compression model in Nike2D computer code was investigated
for different types of boundary and initial conditions, verified on sev-
eral practical applications and theoretical results including equations
of state, Timoshenko-Goodier’s, Nielsen’s and Hanfland et al.’s mod-
els;

3. The experimentally measured pressure distribution in DAC to a peak
pressure of 213 GPa by X-ray diffraction methods using a diamond
coated rhenium gasket was compared with the finite element modeling
results and a good agreement was obtained;

4. The role of a thin film of 3C layer and its use as a universal sensor
in DAC to 156 GPa and corresponding mechanisms involved were
analyzed;

5. Finally, the role of diamond geometry and gasket materials were inves-
tigated to get a realistic estimate of the ultra high pressure conditions
that can be generated in diamond anvil cells. The radial and axial
stresses as well as shear stresses were examined and a failure criterion
for diamond anvils in high pressure devices was developed.
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Abstract. The paper concerns the generalized Maxwell-Boltzmann scheme: the
distribution of n particles among infinitely many boxes bg, k£ > 1, in a system.
Let Yz (n), k > 1, be the occupation members of the boxes, N, = >, ., 1[Y; = 7],
where 1[-] is the indicator function and » = 0,1, - ,n. The paper contains the
central limit theorem for the joint distribution of N; and the Turing’s “lost
probability” statistic, mo = Y, -, px1[Yx = 0] under mild regularity conditions
on the distribution {px;k > 1}.

Keywords: Maxwell-Boltzmann statistics, occupation numbers, missing prob-
abilities, Turing’s formula, central limit theorem.

1. Introduction

Alan Turing, along with Hodel and Cherch, is considered as one of
the founders of the modern mathematical logic (Turing machine, recur-
sive functions, etc.). But he also worked in cryptography, statistics, and
information theory. The following model was proposed by Alan Turing
during his famous activity in the decoding of German submarine enig-
mas in WWIL It is the generalization of the multivariant distribution or
Maxwell-Boltzmann scheme.

2. Main Section

Let X = {{;,k > 1} be a countable alphabet with letters £y, fo,---.
Consider a corresponding probability distribution {px;k > 1} on X, py >
0, pr 4, and >, - pr = 1. Let {Yy;k > 1} be the frequencies of the letters
observed in an identically and independently distributed (iid) sample of
size n under the distribution {pg;k > 1}.

In the terminology of Maxwell-Boltzmann statistics, ¢x, k > 1, are the
boxes, Y) are the occupation numbers of the boxes in the case when n
particles are allocated independently to the boxes one by one according to
the distribution {py;k > 1}.

Let Ny(n) => s 1Y =7], 7 =1,2,--- ,n, i.e., N, is the number of
letters repeated exactly r times in the sample. The lost probability statistic
by Turing is given by the formula

mo= > prl[Yy = 0],

k>1
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the total probability associated with the unobserved letters or empty boxes.
Since Yy, for each k, k > 1, has the binomial distribution with param-
eters (n,px), it follows that

E(mo) =Y pr(1—pi)"

E>1
and )
n+
B 1) =3 (" -,
E>1
that is,

(n +1) E(mo(n)) = E(N1(n + 1))

(a justification for Turing formula) and Ny (n) (i.e., the number of letters
observed exactly once) is a good approximation for the lost probability
mo(n) after normalization my — nmy (see additional information in the
monograph [1]).

In the present talk we will discuss only random variables my(n) and
Ni(n) as n — oo and the corresponding central limit theorem after appro-
priate normalization.

Note that there are many cases when the random variable, say, Ny (n)
is not asymptotically normal. Consider the geometric distribution py =
pg* 1 E>1,0<p<1,and g =1 —p. Then

E(Ny(n)) = 3 npr(1 — i)™

k>1

— anqk—l(l _ qu—l)n—l
k>1

~ anqk_le_(n_l)quil.
k>1

The asymptotics of the first moment has a form,

B ~ 3 2 (14 0(1)),
l=—00
vhere o) =pess (L [ 0))
¢ (/) 1)

The important fact is not only that Ni(n) is bounded in probability
but also the slow oscillation of E(N1(n)) in the Inn scale as n — co.
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Even for slowly decreasing py. the first two moments of Ny (n) on nwy(n)
can oscillate and be small for appropriate sub-sequences {ny}. The proof
of the central limit theorem requires some regularity assumptions.

Assume that sequence {py;k > 1} has C? interpolation p(z) € [0, c0)
such that pp = p(k), p(0) < oo, p'(z) < 0 for x > 0, i.e., fooop(k:)dx >
p(0) 4+ > 4> Pk = p(0) + 1. We consider three cases:

a) p(z) = %, where « > 1 and L(z) is a regularly slowly varying
function on [0,00) (it means that L(z) € C'([0,00)) and L'(x) =
Ly(z)/(1 + ), where Ly (z) = o(L(z)).

b) p(z) = exp(—In(1l + x)L(z)), where L(z) — +oc0 as ¢ — oo and
satisfies the same condition as in a).

¢) p(x) = exp(—z*L(z)), where 0 < a < 1 and L(x) is from the same
class as in a) and b

Theorem 1. Consider the Turing vector (nmo(n), Ni(n)). In all three
reqular situations a), b) and c) after normalization

(w*(n) ___nmn) Ni(n) = Ni(n) — E(Nl(”))>
0 Var(nmo(n))’ ! Var(nmo(n)) 7

it follows that
* * law
(mg(n), Ny (n)) = N(0, B)
where B is a non-degenerated limiting covariance matriz (see below). The

analysis of the moments of nmy(n) and Ni(n) is a non-trivial analytic
problem. Let’s give first the integral representations for such moments:

E(mro(n))w/ooo p(x)e @ dx,  asn — co

E(Ni(n)) = ( )s

nmo )
VaI' 'I’Lﬂ'o ’n, ~ / np(w) _ e—?np(z)) dl’,
%

Var N1 N/
0

Cov(nmo(n), N1(n))

np(x _"p($)dx—/ n2p2(x)e_2"p(w)dx,
0

It is not difficult to understand that the main contribution to the mo-
ments is from the region where np(z) = O(1), i.e., the occupation numbers
Yi, k > 1, have Poisson distributions. After changes of the variables and
using the Laplace method, one can find the asymptotics for the moments.
The formulas in the simplest cases are presented below.
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L(z)

D) p(x) = {irr)=> Where > 1. In this case,

E(Ni(n +1)) = E(nmo(n)) ~ C1(a)n'/*L(n),
Var(Ny(n)) ~ Cao(a)n'/*L(n), and
Var(nmo(n)) ~ Cs(a)n'/*L(n).
For the constants, C; (k), i = 1,2,3, and the slowly varying function
L(n) there are exact expressions.

1) p(z) = exp(—In” z), where 8 > 1 (a particular case of a more general
form presented above). In this case,

6(lnn)1/ﬁ
E(Ni(n)) = E(nmo(n)) ~ Cl(ﬂ)W7
e(lnn)l/’3
Var(Ni(n)) ~ 02(5)W, and
e(lnn)l/ﬁ

Var(nmo(n)) ~ CB(B)W'

IIT) p(x) = exp(—x“L(x)), where a € (0,1). In this case, all first and
second moments have (up to a constant factor depending only on «)
the form C;(a)In'/*"*nL(n), where the slowly varying function L
can be expressed in terms of L and a.

3. Conclusions

The paper in progress will contain the central limit theorem for the sys-
tem mo(n), N1(n),- -+, N.(n) under the same classes of distribution {py; k >
1} as presented above. Examples will be given to show that outside these
classes there are cases for which the asymptotic normality does not hold.
Statistical applications will also be considered.
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Abstract. This note states several results on the exponential functionals of the
Brownian motion and their approximations by Markov chains. Starting from
M. Yor, such functionals were studied in mathematical finance. At the same
time, they play a significant role in different settings: the analysis of diffusions
on the class of solvable Lie groups, in particular on the group of (2 x 2) upper
triangular matrices, with positive diagonal elements. The discrete random walks
cannot properly describe the local structure of diffusion. However, instead of
the usual local limit theorem (which is not applicable) its weaker form, namely
quasi-local form is given.

Keywords: Exponential functionals, Brownian motion, Asian option, solvable
Lie groups, random walks, quasi-local theorems.

1. Introduction

In the well known paper [1], see also selected works by Marc Yor
on the exponential functionals [2], the author studied the moments and
the distribution density for particular functional of the Brownian motion
B(s), s > 0:

t
AY :/ exp(2B(s) + vs)ds,
0

which corresponds up to normalization in ¢~! to the process associated
with the Asian option in the Black and Scholes model. The general case
v # 0 can be reduced to v = 0 using the Girsanov transformation and the
central object is now A; = fot exp(2B(s))ds.

This and more general exponential functionals (which have a transpar-
ent financial meaning) also appear in a completely different setting: the
Brownian motion on the solvable matrix groups. In this note we present
several results in the area but to simplify the notations we consider one
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particular case, namely the group G5 of 2 x 2 upper triangular matrices
with positive diagonal elements.
We will use the parametrization

g= [eXp(x) ‘ ],x,y,zGR,ger
0 exp(y)

2. Main section

The simplest random walk on G5 with short steps can be constructed

as the product of random matrices containing a parameter € = ¢,, = ﬁ:

Aoy = exp(eXy) ey,
0 exp(eYy)

where the random variables (X, Yx, Zx) are independent for fixed k and
the triples for different k£ are also independent. In addition

EXk = EYk = EZk = O7 VCLT‘Xk = VarYk = V(J,’I“Zk =1.
Let

1) = [[ Ay = [o2G0D =0) ] (1) = 0. A, (1
9e(r) kl;[l ,k l 0 exp(y(r)) ge(r +1) = ge(r)Ac rq1- (1)

From the last relation

z(r+1) = z(r)+eXr41 = exp(z(r)) = exp( (X1 +-+ X)),
y(r+1) = y(r) +e¥opr = exp(y(r)) = exp(e(Yr + -+ + 1)),
zr+1) = eZyprexple(Xi+---+ X, ) z(r) exp(eYH_l).

After iteration in the last formula

z(r) =celZrexp(e(Xy+ -+ X)) + Zrgexp(e(Xy + -+ Xp 2+ V7))
+Zp_gexp(e(X1+ -+ Xp_3+ Y1 +Y,) +
+Zyexp(e(Ye + -+ Y;))].

The successive sums of the random variables Xy, Yy, Z are attracted
(due to the functional CLT by Donsker-Prokhorov) to the Brownian mo-
tion i.e for n — oo,

law)

(X1+~-~+Xr)

(e(Xi+ -+ X,) = NG

=[tn],t <1} = b1(t), t < 1.
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Similarly,

{e(Y1 +---+Y,), r = [tn] (dav) ba(t), t < 1},

(e(Zu 4+ 2,), r =[] =2 by(0), £ <1},

and the processes b;(t), i € {1,2,3} are three independent standard one
dimensional Brownian motions.

Theorem 1 (Brownian motion on Ga) For the process introduced in (1),
the following convergence holds:

(ftn]) & g0, £ < 1,

1
N n— oo

and

o(0) = lexp(bmt)) Jy exp(ba(s) + ba(t) — b2<s>>db3<s>] @
0 exp(b2(t))

The generator of the process:

O, = (exp(by (t))7exp(bg(t)),exp(bg(t))/0 exp(b1(s) — ba(s))dbs(s)),

writes:
IR Y L BNy | D*f
of , of , of
+a:ax +y8y + Z@z] (z,y, 2).

Usually in the study of the approximations of the diffusions by the
Markov chains we want to prove not only the integral theorems (on the
convergence of the distribution functions) but also some kind of the local
theorems. In our case everything is nice for the diagonal elements of the
matrices. For instance, if X; are symmetric Bernoulli random variable
then for k = O(y/n),

1 1 e 2n
—( Xy 4+ X,) = —k} ~ .
\/ﬁ( 1 n) \/ﬁ }nﬁoo ﬁ27rn

The same is true for arbitrary integer valued random variables X; such
that EX; =0, VarX,; = 1.

P{Xi+--+X,=k}=P{
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What happens in the Bernoulli case for the non diagonal entry? Con-
sider the random variable

z(n) _ Zneg(X1+~~Xn,1) + Zn,leE(Xl"’"'X"*”Y”) 4t Zlee(Y2+mYn)_
€

For fixed X;, Y; it has a form

S = iaiZi,
i=1

where a; are typically (say, for rational €) jointly transcendental. It gives
either P{S = 0} = 0 or (like in our case of particular a;, i = 1,--+ ,n)
P{S,, =0} = o(e=V") (see e.g. [6]), i.e the local CLT is not working. But
there is a bit weaker quasi-local theorem. Let us formulate the following
result.

Lemma 1 Let Xy, -, X, be independent random wvariables (in each
group) and EX;, =0, VarX,, = o2, B2 =31 02, in = E|X;n|> and

M, = Y7 fin. Assume that B, — co and Lyapunov function L(n) =

Igg = O(B%l). Then for any sequence d, — oo and g—’; — 0 for a fized

integer b,
p{ St <b,Bn+b>} ~ 2 (0.
—b2/2
Here ¢(b) = e\/ﬁ .

Using this lemma one can prove the quasi-local theorem for the element
z(n). If the random variables Xy, Yy, Z;, £ < n have the densities, then
the following results hold.

Theorem 2 If X;,Y;, Z), have characteristic functions in L*(R), so that
in particular they have densities, then the joint distribution density for the
elements of g%([tn]) ezists and converges uniformly to the joint distribu-

tion density for elements of the g(t).

The recent progress in the study of limit theorems for non-lattice and
non absolutely continuous distributions (see e.g. [3], [4]), opens the possi-
bility to prove stronger quasi-local theorems for singular distributions of
Z; with Diophantine property.

Finally we want to formulate two results on the generalized Yor’s type
exponential functional on Ga:

At) = %/0 exp[2(by(s) + b2 (t) — ba(s))]ds.
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Theorem 3 Fort — oo

In A(t) (aw) . bo(s
2\/1? = My = Iglgai([bl(s) +b2(1) bg( )]

For the distribution of M; there exists an explicit formula. This formula
shows that the generalized Asian option is very large for ¢ — oo with high
probability.

However, the following result holds.

Theorem 4 Consider

a(t) = E[A()| bi(s) < 1, ba(s) < 1, s < £]

(i.e prices of both stocks did not grow). Then a(t) — 0, t = 00, a.s.

3. Conclusions

The proofs of all results presented above as well as the theorems an-
nounced by the authors in [5] will be given in the forthcoming paper by
the authors. In particular, it will include the quasi-local theorems for
the random walks on the dense subgroups of R' and such groups as Hs
(Heisenberg group) and Af f(R'). We also expect to prove new limit the-
orems for the general exponential functionals given by the multiple It6
integrals.
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Abstract. We present various natural (according to the Zolotarev (1986) classi-
fication) convergence rate estimates in the Lindeberg theorem, like Esseen (1969),
Rozovsky (1974), and Ahmad-Wang (2016) inequalities, and their improvements.
We also discuss some problems associated with the optimization of the appearing
absolute constants and present both upper and lower bounds for them.
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Let X7, Xs,..., X, be independent r.v.’s with distribution functions
Fy,...,F, and such that EX; = 0, EX? = 0} < co. Let B2 =370} >0,

Sp =By S0 Xy, Fo(z) =P(S, <2), ®(z) = \/% I et /24,

/ 23 dFy,(x)
|z|<z

n

e —3 _
L =B.* Y swlow)}, Len= 5" sw {o(2)},
b1 %>

Ap = sup |F(z) — ®(2)], or(z) =

+z/ 22 dFy(x),
|z|>=

i 0<2<By
n n
D= 82X [ wan@]+ s 13 [ 2ane)g).
=1 |z|<Bn 0<z< B, 1" lz|>2

The first term in gy (z) is the truncated third-order moment and the second
one is the quadratic tail. Note that f;n, L?jin are always finite, while L?};yn

maybe infinite. Moreover, fijm < L"En
In (Esseen, 1968) the following estimates are given:

An < CE . LSE,n and An < 6E . Zz‘,n’ (1)
where C, C'p are some absolute constants. In (Rozovskii, 1974) it was

proved that
A, < Cr- L?%,na (2)
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where Cr is an absolute constant.

A very recent result due to (Ahmad, Wang, 2016) can be formulated
in the following terms. Let G be a class of all functions g: [0, c0) — [0, 00)
such that ¢g(z) does not decrease together with z/g(z) for z > 0, then for
every g € G

Caw 9(z)
An X5 5~ sup —— zZ), 3
B'?Lg(BTL) ; z>18 z Qk( ) ( )

where C 4y is an absolute constant.

All these inequalities improve the celebrated Osipov (1966), Katz (1963),
and Petrov (1965) estimates in the CLT and thus can be called natural (ac-
cording to Zolotarev’s (1986) classification) convergence rate estimates in
the CLT in the sense that their left- and right-hand sides either tend or
do not tend to zero simultaneously, if the X}, satisfy the Feller condition
of the uniform asymptotic negligibility.

In the present work we improve all the bounds presented above by:
(i) transferring the suprema and the modulae outside of the sum over k =
1,n in (1) and (3);

(ii) bounding the domain z > 0 over which the supremum can be taken
in (3);

(iii) introducing a parameter ¢ € (0, 00] defining the domain 0 < z < £B,,
over which the suprema can be taken in (1)—(3);

(iv) introducing a parameter v > 0 defining the proportion between the
third truncated moment and the quadratic tail in the definitions of o(z)
and L?j%’n.

We also find the extremal functions g that minimize and maximize
the R.H.S. of inequality (3) and its improvements. Moreover, we present
two—sided bounds for all the constants appearing in the improved inequal-
ities, the lower bounds being obtained in terms of the asymptotically ex-
act constants introduced in (Komogorov, 1953), (Zolotarev, 1986), and
(Shevtsova, 2011). The proof of the upper bounds is substantially based
on the method of characteristic functions, for which purpose new and sharp
estimates for characteristic function were obtained.
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Abstract. The asymptotic minimax theorem for Bernoulli two-armed bandit

problem states that minimax risk has the order N2 as N — oo, where N is
the control horizon, and provides the estimates of the factor. For Gaussian two-
armed bandit with unit variances of one-step incomes and close expectations,
we improve the asymptotic minimax theorem as follows: the minimax risk is

approximately equal to 0.637TN? as N — cc.
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an asymptotic minimax theorem, parallel processing.

1. Introduction

We consider the two-armed bandit problem which is also well-known
as the problem of expedient behavior in a random environment and the
problem of adaptive control (see, e.g. [1], [2]). Let &,, n =1,...,N be a
controlled random process which values are interpreted as incomes, depend
only on currently chosen actions y,, (y, € {1,2}) and are distributed as
follows

Pr(&, = 1lyn =€) = pe, Pr(&§, =0y, =) = qu,

pe+qe = 1, £ = 1,2. This is Bernoulli two-armed bandit. It can be
described by a parameter 8 = (p1,p2) with the set of values © = {0 :
0 < p¢ < 1;¢ = 1,2}. The results can be applied to optimizing of data
processing. In this case &, = 1 and &, = 0 correspond to successively and
unsuccessively processed data. The goal is to maximize (in some sense)
the total expected number of successively processed data.

Control strategy o at the point of time n assigns a random choice of the
action y, depending on the current history of the process, i.e. responses
2" =2, 21 toO applied actions y"~ L= g, -+sYn—1. Denote by
my = py one- step expected income if the ¢-th action is applied. If the
parameter 6 is known then the optimal strategy prescribes always to choose
the action corresponding to the largest of mq, mo, the total expected
income is thus equal to N(m; V mg). If the parameter is unknown then

the regret
Ly(0,0) = N(m1Vmz) —Eqp (Z&)
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describes the expected losses of income due to incomplete information.
Minimax risk is equal to

RN (©) = infsup Ly/(0,8), (1)
T

corresponding optimal strategy is called the minimax strategy. The mini-
max approach to the problem was proposed in 3] and caused a considerable
interest to it. It was shown in [4] that explicit determination of the mini-
max strategy and minimax risk is virtually impossible already for N > 5.
However, an asymptotic minimax theorem was proved in [5] using some
indirect techniques. This theorem states that the following estimates hold
as N — oo:

0.612 < (DN)~Y2RM(©) < 0.752, (2)

where D = 0.25 is the maximal variance of one-step income. Presented
here the lower estimate was obtained in [6]. The maximal values of the
regret calculated for proposed in [5] strategy correspond to |p; — pa| =~

3.78(D/N)'/? with additional requirement that p;, py are close to 0.5.

The goal of our paper is to improve the estimates (1). Our approach is
based on the main theorem of the theory of games which sets the relation
between minimax and Bayesian approaches. Let A(6) be a prior probability
density. The value

RB(\) = inf /@ Ly(o,0)\(0)d6 (3)

is called the Bayesian risk and corresponding optimal strategy is called the
Bayesian strategy. Minimax risk (1) and Bayesian risk (1) are related as
follows

R\ (6) = R (%) = sup R (), (4)

where \q is called the worst-case prior distribution. The advantage of the
Bayesian approach is that it allows to find explicitly Bayesian strategy
and Bayesian risk by solving a recursive Bellman-type equation. How-
ever, a direct usage of the main theorem of the theory of games is vir-
tually impossible due to the high computational complexity. Therefore,
at first we describe the properties of the worst-case prior and this allows
to simplify Bellman-type equation significantly. This is easily made for
Gaussian two-armed bandit which occurs if the parallel control in the ran-
dom environment is implemented, i.e. the same actions are applied to
groups of incoming data and then cumulative incomes are used for the
control (see [7,8]). For Gaussian two-armed bandit we obtain the invari-
ant Bellman-type recursive equation with the unit control horizon and
second-order partial differential equation in the limiting case. Finally, the
asymptotic estimate of the minimax risk is obtained by numerical methods.
For Gaussian two-armed bandit with unit variances of one-step incomes
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and close expectations, we estimate the minimax risk as approximately
equal to 0.637N'/2 as N — cc.

2. Main section

Incomes of the Gaussian two-armed bandit &,, n = 1,..., N have prob-
ability densities f(z|my) if y, = ¢, £ = 1,2 where

Falm) = (27) "% exp {~(z — m)?/2}

So, Gaussian two-armed bandit is described by a vector parameter § =
(m1,m2). The set of parameters is © = {0 : |m; — ma| < 2¢N~1/2} with
¢ > 0 large enough. It is a set of “close expectations”, maximal expected
regret is attained just on this set of parameters.

According to the approach based on the main theorem of the theory of
games (see equality (1)) we characterize the worst-case prior distribution.
It is convenient to modify parametrization. Let’s put m; = m + v, mgy =
m—wv, then § = (m+v,m—v) and © = {0 : |v| < cN~/2}. Asymptotically
the worst-case prior distribution density can be chosen as

Va(ma ’U) = /{a(m)p(v), (5)

where K, (m) is the uniform density if |m| < a, p(v) is a symmetric density
(i.e. p(—v) = p(v)) if |v| < eN~Y2 and a — oc.

Let’s present the dynamic programming equation for calculation Bayesian
risk and Bayesian strategy with respect to (2). Denote by nq, na, X1, Xo
current applications of both actions and corresponding total incomes up to
the point of time n = ny + ny. We assume that once being chosen action
is applied M times (so, the group control is considered). It turned out for
the prior (2) that at the time point n control is completely determined by
a triple (U, ny,ng) with U = (X1ny — Xong)n™ L.

We present the equation in invariant form with unity control hori-
zon. Let’s put ¢ = MN7Y t; = niN~!, t5 = noN~1, t = nN~1,
u = UN"Y2 w = vNY2 ¢ = CNY? o(w) = NY?p(v). Denote
fp(u) = (2nD)~ /2 exp(—u?/(2D)).

Bayesian strategy at the initial stage ¢t < 2¢ (n < 2M) applies actions
turn-by-turn. Then it can be determined by solving the following recursive
equation:

re(u,t1,t2) = z@%nz O (u, ty,ts), (6)

where rgl)(u, t1,t2) = r§2)(u, t1,t2) =0ift; +t2 =1 and

rél) (ua t1, t2) = 69(1) (U, t1, t2) + TE(ua t1+¢€, t2) * fst%t*l(t+s)’1 (’LL), (7)
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T£‘2) (U, t1, t2) = 59(2) (U, i1, t2) + e (ua ti,t2 + 5) * fst%t*l(t-‘rs)*l (’LL) (8)

if t1 +t2 < 1. Here ‘¢’ denotes convolution,

g9 (u, ty,ty) = /Qw exp ((—1)€2uw — 2wt tat ™) o(w)duw,
0

¢=1,2. If t > 2¢ (n > 2M) then the ¢-th action is currently optimal iff
rg)(u,tl,tg) has smaller value (¢ = 1,2). Bayesian risk corresponding to

the prior (2) is calculated according to the formula

c oo

N7Y2RE (p(v)) = 4¢ / wo(w)dw + / re(u,e,€) fose(uw)du,  (9)

0 —o0

where
N7Y2RE (p(v)) = lim N™Y2RE (v,(m,v)).
a— o0
It is proved in [7,8] that there exists a limit r(u, t1,t2) = limr.(u, t1,t2)
as € — +0. The limiting description of r(u, ¢1,t3) is given by the second-
order partial differential equation which follows from (2), (2), (2). Equa-
tion (2) must be written as min(r(e) (u,t1,t2) —re(u,t1,t2)) =0, £ =1,2.
The differential equation is as follows

or t% 0*r
mi — 4+ = X — () _
é:%,HQ (315[ + 22 X u2 +9g (u,t1,t2) 0 (1())

with £ = 3 — ¢. Initial and boundary conditions take the form
T(u, t17t2)|t1+t2:1 = 0, T(OO,tl,tg) = T(—OO,tl,t2> =0. (11)

The optimal strategy prescribes to chose the ¢-th action if the /-th member
in the left-hand side of (2) has minimal value. Note that e — 0 implies
N — o0. So, the limiting value of Bayesian risk according to (2) is given
by
lim N~Y2RE (p(v)) = r(0,0,0). (12)
N—o0
To estimate the limiting value of the minimax risk according to (1)
and (2) we assumed that the worst-case prior g(w) is a degenerate one and
is concentrated at two points w = +d with equal probabilities. Calcula-
tions of r(u,t1,ts) as a function of d were implemented according to (2),
(2) for t; + t2 > e with ¢ = 0.001. Partial derivatives were replaced by
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partial differences with Au = 0.023, At = 2000~!. For 0.5 < d < 2.5
maximum of 2de + (0, £, ) was approximately equal to 0.637 at d = 1.57.
Finally, the determined optimal strategy was applied to calculate regrets
for 0.5 < d < 2.5. As the regret does not exceed the value 0.637 at
d =~ 1.57, this confirms the assumption of the worst-case prior.

3. Conclusions

The asymptotic minimax theorem for Gaussian two-armed bandit was
obtained for the case of close mathematical expectations. To generalize it
to the case © = {0 : |m; —mg| < 2C'}, 0 < C < oo one should provide the
separation of close and distant expectations at the initial stage of control.
Some ideas are presented in [7]. Applications of the results to Bernoulli
two-armed bandit may be done by usage of group control.
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1. Introduction

The class of L-statistics is one of the most commonly used classes
in statistical inferences. We refer to monographs [5], [11], [12], [14] for
the introduction to the theory of L-statistics. A survey on some modern
applications of them in the economy and theory of actuarial risks can be
found in [7]. There is an extensive literature on asymptotic properties of
L-statistics, but its part concerning the large deviations is not so vast. We
can mention a few of highly sharp results on this topic for L-statistics with
smooth weight functions established in [13], [2], [1]. As to the trimmed
L-statistics, the first — and up to the recent time the single — result on
probabilities of large deviations was obtained in [4], but under some strict
and unnatural conditions. Recently, the latter result was strengthened in
[9], where a different approach than in [4] was proposed and implemented.

In this note we present some of our recent results established in [8]- [10].

To conclude this short introduction, we want to mention a paper [3],
and an interesting article [6], in which a general delta method in the theory
of Chernoff’s type large deviations was proposed and illustrated by many
examples including M-estimators and L-statistics.

2. Moderate deviations for intermediate trimmed means

Let X1, Xo,... be a sequence of independent identically distributed
(ii.d.) real-valued random variables (r.v.’s) with common distribution
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function (df) F', and for each integer n > 1 let X;., <--- < X,,.,, denote
the order statistics based on the sample X1,...,X,,. Introduce the left-
continuous inverse function F~! defined as F~!(u) = inf{z : F(z) > u},
0<u<1, F71(0)=F~1(0%), and let F,, and F,;! denote the empirical
df and its inverse respectively.

Consider the intermediate trimmed mean

1 n—my 1—Bn
T, = ﬁ Z Xinm = / anl(u) du7
i=kn+1 Gn
where k,,, m,, are two sequences of integers such that 0 < k,, < n—m,, < n,
apn = kn/n, Bn = my/n, where we assume that

min(k,, m,) — oo, max(a,,B,) = 0, asn — oo.

Define the population trimmed mean

1-v
u(u,l—v):/ F~'(s)ds, where 0<u<l1l-v<1.

Let &, = F~1(v) denote the v-th quantile of F' and let Wi(") be the X;
Winsorized outside of (§a,,,&1-3, ], i.e. w = max(&,,, , min(X;,&1-3,)),

K3
1=1,...,n. In order to normalize T,,, we define two sequences

Hn = ,U(Oéna 1- ﬁn)a 0-12/{/)71 = Var(Wl(n))a

and assume that liminf, . ow,, > 0.
Let ® denote the standard normal distribution function. Here is our
main result on moderate deviations for intermediate trimmed means.

Theorem 2.1 ( [10]) Suppose that E|X1|P < oo for some p > ¢* + 2
(¢ > 0). In addition, assume that —=5"— — 0 as n — oo, and that

min(ky ,my,)

max(cn, B,) = O((logn)~7), for some v > 2p/(p—2), asn — oo. Then

P(M > ) = [1 - ®(@)](1 +o(1)), )

OW,n

as n — oo, uniformly in the range —A < x < ¢y/logn (A > 0).

It is known that the intermediate trimmed mean 7;, can serve as a con-
sistent and robust estimator for EX; (whenever it exists), and that the
large and moderate deviations results for T,, can be helpful to construct
more attractive confidence intervals for the expectation of X; than those
that arise from the CLT.

Our next result concerns the asymptotic behavior of the first two mo-
ments of T, and the possibility of replacing the normalizing sequences
in (2.1) (in particular, replacing of p,, by EX).
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Theorem 2.2 ( [10]) Suppose that the conditions of Theorem 2.1 are sat-
isfied. Then

n2(ET, — ) = 0((1ogn)*1>, % =1+ o((logn)?),

Var(T,)
(TW,n/\/ﬁ
Moreover, py, and ow,, in relations (2.1) can be replaced respectively by

ET, and o or \/nVar(T,), without affecting the result.
Furthermore, if in addition

=1+o0((logn)™"), as n— .

max(an, B,) = o[(nlogn) 21 |,
then
n'2(EX, — pn) = 0((10gn)—1/2)7

and py, in (2.1) can be also replaced by EX;.

3. Large and moderate deviations for trimmed L-statistics
In this section we consider the trimmed L-statistic given by

n—my
L,=n"! Z CinXim, Where c¢;, €R.
i=kp+1
Let o, [, denote the same sequences as before, and suppose now that

anp —a, B,—08, as n—oo, 0<a<l-pg<l1,

i.e. we focus on the case of heavy trimmed L-statistic. Let J be a function
defined in an open set I such that [a,1 — 8] C I C (0,1). Define the
trimmed L-statistic

n—my 1—Bn
Z canm = / J(u)F;  (u) du
i=kn+1 Gn

with the weights cl n=n/ IL/ nl) /n u) du generated by the function J.

To state our results, we need the followmg set of assumptions.
(i) J is Lipschitz in I.
(ii) F~1 satisfies a Hélder condition of order 0 < ¢ < 1 in some neighbor-
hoods U, and Uy_g of a and 1 — 3.
(iii) max(Jan, — af, |Bn — B]) = O(Tfﬁ), where € is the Hélder index
from condition (ii).



218 ACMPT—2017
(iv) Yoy lein — &l = O(n=%), where ¢ is as in conditions (ii)-(iii).

i=kn+1
Define the distribution function of the normalized L,,:
FLn(:C) :P{\/E(Ln —/ln)/J < (E}, (2)
where p,, = f;fﬁ " J(u)F~Y(u) du, and the asymptotic variance

1”—/3 1-8
o? = / / J(u)J (v)(min(u, v) — wv) dF~ (u) dF~ (v).

Here is our main result on Cramér type large deviations for L.
Theorem 3.1 ([9]) Suppose that F~1 satisfies condition (ii) for some 0 <
e <1 and the sequences oy, and B, satisfy (iii). In addition, assume that
the weights c; ,, satisfy (iv) for some function J satisfying condition (i).

Then for every sequence a, — 0 and each A >0

1= Fp, (z) = [1 = @(2)](140(1)), 3)

as n — oo, uniformly in the range —A < x < a,nc/?C+e)),

Remark 3.1 Note that under somewhat stronger conditions (iii’)-(iv’)
(cf. [9]) than (iii)-(iv), the asymptotic variance o in Theorem 3.1 can be
replaced by y/nVarL,, without affecting the result (see Theorem 1.2 [9]).
Corollary 3.1 Suppose that the conditions of Theorem 2.1 are satisfied
with e = 1, i.e. F~1 is Lipschitz in some neighborhoods U, and Uy_p of «
and 1 — 3. Then for every sequence a, — 0 and each A > 0 relation (3.1)
holds true, uniformly in the range —A < x < a,n'/S.

Finally, we state our main results on probabilities of moderate devia-
tions for L,, i.e. the deviations in logarithmic ranges. We will need the
following versions of conditions (ii)-(iv).

(ii") There exists a positive € such that for each t € R when n — oo

P (ot t/logn/n) = F~!(a) = O((logm)~*+9),
F_l(l -B+ tm) - F_l(l - 6) = O((logn)_(l‘*‘a)).

(iii") max(|an — al, |8, — 8]) = O(1/22), n — oo.

: = e 0 | — 1 n

(iv") For some &€ > 0 i:gﬂ |Ciin — Cinl = O(loggn 1Ogn), n— 0o. .
Theorem 3.2 ( [8]) Suppose that F~1 satisfies condition (ii") and that
condition (iii") holds for the sequences a, and B,. In addition, assume
that there exists a function J satisfying condition (1) such that (iv") holds
for the weights c; n. Then relation (3.1) holds true, uniformly in the range
—A <z <cylogn, for each ¢ >0 and A > 0.
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Theorem 3.3 ( [8]) Suppose that the conditions of Theorem 3.2 hold true.
In addition, assume that E|X1|Y < oo for some v > 0. Then

VnVar(L,)/o =1+ O((logn)~(0+2),

where v = min(e, €), €, € are as in conditions (ii") and (ii") respectively.
Moreover, relation (3.1) remains valid for each ¢ > 0 and A > 0,
uniformly in the range —A < x < ¢v/logn, if we replace o in definition of

Fr, (x) (cf. (3)) by /nVar(Ly,).
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1. Introduction

Classical works by P.L. Chebyshev, A.O. Gel’fond, B.V. Gnedenko,
A.N. Kolmogorov, Yu.V. Linnik, A.G. Postnikov, and other researchers,
demonstrate the fruitfulness of the interaction of analytical and computa-
tional methods in solving problems in probability theory and its applica-
tions. In the framework of this approach A.V. Malyshev have developed
Linnik‘s ergodic method in number theory. The fruitfulness of this ap-
proach to appropriate problems of probability theory and reliability theory
have demonstrated by works of A.D. Solovyev and his colleagues.

Nowadays some aspects of the investigations are reflecting in the areas
of arithmetic statistics and Cohen-Lenstra heuristics. These two areas are
mathematical approaches which were founded in order to throw light on the
limiting behavior of (number-theoretic and group) objects in families [1-4].

Arithmetic statistics of subschemes of abelian varieties over finite fields
have investigated in paper [2] .

Arithmetic statistics and the probability that a complete intersection
is smooth have investigated in the paper by A. Bucur, K. Kedlaya in [3].
Let X be a smooth subscheme of a projective space over a finite field.
In the case of a single hypersurface of large degree, the probability that
its intersection with X is smooth of the correct dimension was computed
by B. Poonen in [4]. A. Bucur, K. Kedlaya generalize Poonen’s theo-
rem to the case of complete intersections. They then relate this result to
the probabilistic model of rational points of such complete intersection.
Briefly, the general idea of the proof of authors Theorem is a sieve over
the set of closed points of X similar to Poonen’s proof of Theorem 1.1. in
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which authors separately analyze the contribution of points of low degree,
medium degree and high degree. Authors also give an interesting corollary
that the number of rational points on a random smooth intersection of two
surfaces in projective 3-space is strictly less than the number of points on
the projective line. Finally, they indicate some other directions in which
one can probably generalize Poonen’s results from hypersurfaces to com-
plete intersections and make the conjecture, generalizing the conditional
Poonen’s Theorem 5.5. There are another interesting papers on arithmetic
statistics.

In our communication we present several results related to statistics of
Artin-Schreier covering over fields of finite characteristic and over Spec Z,
which support our computations and which follow from general theorems
by N. Katz and others about global monodromy of Kloosterman sheaves.
In this framework, we can reprove known results for two parameter Kloost-
erman sums. In a more general framework, connections among arithmetic
statistics, probabilities and Langlands correspondence are investigated.

2. Equidistribution and L—functions

Let X be a compact topological space and C(X) be the Banach space
of continuous complex-valued functions on X. For f € X let its norm

||fI| = supzex|f(x)|. Let d, be the Dirac measure associated to z € X :

Qo 0w = Let u be a
n

0:(f) = f(x). For a sequence (z,),n > 1 let u, =
Radon measure on X.

The sequence (z,,) is said to be equidistributed with respect to measure
p (oru-equidistributed) if p, — p (weakly) as n — oo.

Let G be a compact group and let X be the space of conjugacy classes
of G Let z,, v € X be a family of elements of X indexed by a denumerable
set 3.

Theorem (Chebotarev, Artin, Serre). The elements z,, v € X are
equidistributed for the normalized Haar measure of G if and only if the
L—functions relative to the non trivial irreducible characters of G are
holomorphic and non zero at s = 1.

3. Experimental distribution of Kloosterman sums and
Sato-Tate density

Definition 1 Let

cx

da
T3
P )

p—1
Te.d) = 30
x=1
1<e¢,d<p-1; z,c,d € F}

be a Kloosterman sum.



222 ACMPT—2017

By A. Weil estimate T},(c,d) = 2 /pcos0,(c, d).

In seventies the author of the communication have computed the dis-
tribution of angles 6,(c,d) (mainly for the case ¢ = d = 1, prime p runs
from 2 in interval [2,10000], and unsystematically for some prime from the
interval with constant p and varying 1 < ¢,d <p—1).

There are possible two distributions of angles 8,(c, d) on semiinterval
[0,7) :

a) p is fized and ¢ and d varies over F
Op(c,d) asp — o0
b) ¢ and d are fized and p varies over all primes not dividing ¢ and d.

i what is the distribution of angles

Congecture 1. In the case b) when p varies over all primes then angles

0,(1,1) are distributed on the interval [0,7) with the Sato-Tate density
2 2

=sin” ¢.

s

4. Artin-Schreier covering and Kloosterman sums

Let k£ be a field of characteristic p > 0 and let X be a nonsingular
projective variety defined over k. In most cases k = Fy,q = p® for some
positive integer s.

An Artin-Schreier covering of X is a finite morphism 7 : ¥ — X from
a normal variety Y onto X such that the field extension k(Y)/k(X) is an
Artin-Schreier extension. This extension is defined by the Artin-Schreier
equation y? —y = f and f € k(X).

Example 1. The equation in affine form y? —y = cx + % ¢,d € Fy, defines
an Artin-Schreier covering of the projective line.

Ezample 2. The equation in affine form y? —y = 2" + a12” ' + --- +
p—1% + apn, a; € I, defines an Artin-Schreier curve and the respective
covering of the projective line.

Proposition 1 The Kloosterman sum Tp(c,d) is defined by the Artin-
Schreier covering

d
ypfy:c:ch;, c,d € Fy.

Proposition 2 See [5,11]. Let X be reduced absolutely irreducible non-
singular projective algebraic curve of genus g defined over a finite field Fy.
Let F, be an algebraic closure of F,. We may regard X as an algebraic
curve over F,. In this case on can attach to X the Jacobean J(X) of X.
Formal completion of the variety defines the commutative formal group F
of dimension g.

Proposition 3 Under the conditions of the Proposition 3 there is an al-
gebraic construction of the continuation of the Artin-Schreier covering
7:Y — X to the map « : J(Y) — J(X).
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Let [ be a prime such that [ # p. Let T;(A) be the Tate module of the
abelian variety A. In the case of the Jacobean J(X) the Tate module is a
free module of the rank 2¢g over [—adic numbers.

5. Sato-Tate type conjectures and elements of Langlands
program

Geometric analogous of Sato-Tate conjecture (Sato-Tate conjecture
over functional fields) are investigated and proved by B. Birch [7] and
by H. Yoshida [8].

Let (in P. Deligne notations) X be a scheme of finite type over Z, | X|
the set of its closed points, and for each z € |X| let N(z) be the number
of points of the residue field k(z) of X at x. The Hasse-Weil zeta-function
of X is, by definition Cx(s) = [[,¢/x /(1 — N(x)=%)~L

The Hasse-Weil zeta function of E over Q (an extension of numerators
of (g(s) by points of bad reduction of E) is defined over all primes p:
L(E(Q),s) = [[,(1 = app® + e(p)p'~?*)~", here €(p) = 1 if E has good
reduction at p, and ¢(p) = 0 otherwise.

A cusp (parabolic) form of weight & > 1 and level N > 1 is a holomor-
phic function f on the upper half complex plane H .

Langlands conjectured that some symmetric power L-functions extend
to an entire function and coincide with certain automorphic L—functions.
Sato-Tate conjecture, now Clozel-Harris—Shepherd-Barron—Taylor Theo-
rem:

Theorem (Clozel, Harris, Shepherd-Barron, Taylor). Suppose E is
an elliptic curve over Q with non-integral j invariant. Then for all n >
0; L(s; E; Sym™) extends to a meromorphic function which is holomorphic
and non-vanishing for Re(s) > 14 n/2.

These conditions and statements are sufficient to prove the Sato-Tate
conjecture.

Under the prove of the Sato-Tate conjecture the Taniyama-Shimura-
Weil conjecture oriented methods of A. Wiles and R. Taylor are used.

Recall the main (and more stronger than in Wiles and in Wiles-Taylor
papers) result by C. Breuil, B. Conrad, F. Diamond, R. Taylor.

Taniyama-Shimura-Weil conjecture - Wiles Theorem. For ev-
ery elliptic curve E over Q there exists f, a cusp form of weight 2 for a
subgroup I'o(N), such that L(f,s) = L(E(Q), s).

6. Distribution of Kloosterman sums in functional case

Theorem 1 For any sequence of prime finite fields F,,, when p tends to
0,1 <c¢d<p-1 z.cde F,. the distribution of angles 0,(c,d) on
semiinterval [0,m) tends to the equidistribution with the density %sin2 t.
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6.1. Sketch of the proof

( follow to [9]. Very roughly.)

a) Construction of [—adic representations, [—adic cohomologies and
corresponding sheaves.

b) Introduction and investigation of corresponding L—-functions and
their zeroes.

¢) Testing that the given representation is pure. Computation of the
weight of the representation. Selection of representations.

d) Applications of Deligne’s results.

7. Conclusions

The short review of some novel results in the area of arithmetic statis-
tics is given. Several results related to statistics of Artin-Schreier covering
over fields of finite characteristic and over Spec Z, which support our
computations and some of which follow from general theorems by N. Katz
and others about global monodromy of Kloosterman sheaves are presented.
The sketch of the proof of the analog of N. Katz theorem for two parameter
Kloosterman sums is given.
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YIOK 510.58
BeposaTHOocTHBIE MeTOBI /IJI CPAaBHUTEJIBHOIO aHaJINA3a

1 OIITUMHU3AIINU CIl€eHapueB U aJIFTOPUTMOB YIIpABJICHUA
pedeBbIM AUAJIOI'OM

M. II. ®apxamgos*, H. B. IleryxoBa*

* JIabopamopus a8moMamu3uUPOSAHHBIL CUCTIEM MACCOB020 00CAYHCUBAHUA U
06pabomku, CueHafo08,
Hnemumym npobaem ynpasaerusa um. B.A. Tpanesnuxosa PAH,
ya. Ilpogcorosnasn, 0. 65, Mockea, Poccus, 117997

AwnHoranusi. B craTbe BEpOSTHOCTHBIMU METO/IAMU MCCJIEIYIOTCS OCHOBHBIE Xa-
PaKTEPUCTHUKHA YEJIOBEKO-MAIIMHHOTI'O INAJIOTa B PEYEBBIX JUAJJIOTOBBIX CHCTEMAX:
BEPOSATHOCTD YCIIEITHOI'O 3aBEPIIEHUS UAJIOTa M OIEHKa HPOIOJIKUTEIBHOCTH
JHAJIOTOB C PA3JINIHBIMY IIPOIE/IYPAMU BBISBICHUSI 1 KOPPEKTUPOBKH OIMTUOOK.
Beimonsen anaan3 pasimaHbIX BADUAHTOB JHAJIOTOB U MOJIYY€HBI PEKOMEH AT
JJI OITUMU3AINN CIleHapUeB JUAJIOTOB C yYeTOM Ha/ Ie?KHOCTU PacCIO3HaBaTe 1.

KuroueBbie cjioBa: BepOSTHOCTHBIE METOMBI, CIIEHAPUH U AJTOPUTMBI yIIPAB-
JIEHUsI PeYeBbIM JUAJIOIOM, BEPOSITHOCTD YCIIENTHOI'O 3aBepIIeHUsI JUaJIora, Ipo-
JIOJIPKUTEJILHOCTD JUAJIOTa, PevueBoil nHTepdeiic.

1. Bsenenue

ABTOMATH3MPOBAHHBIE JIUAJOTOBBIE CUCTEMBI HA OCHOBE PEYEBBIX TEX-
HOJIOTUI BCEe aKTUBHEE BHEJPSIOTCS B ITOBCEIHEBHYIO KHU3Hb Jjrojeii. Ha-
e BCEr0 WX WCHOJB3YIOT s MOJIydeHus WHMOPMAIUH, IPU OPOHUPO-
BaHUU WJIM JJIsI TePeJIadu IOJI0COBBIX KOMaH 1. lleHTpasibHast posib B pede-
BBIX JINAJIOTOBBIX CHCTEMAX IIPUHAJJIEIKUT MOJLYITIO YIIPABICHUS JTHATIOTOM.
Ero dyukiueit siByisiercs nmpuHaTAE PEIIEHUsS OTHOCUTEIBHO TOTO, IO Ka-
KOl M3 BeTBeil Oy/eT pa3BUBATBCS JIMAJIOr IIOCJIE 3aBEPIIEHMs KaXKI0ro
YeJI0BEKO-MAIIMHHOTO B3AUMOJICHCTBHUSA. AJITOPUTMBI TIOBEJICHUS TTPOEKTH-
pyioTcs pa3spabOTINKOM U OCHOBBIBAIOTCS HA ONTUMU3AINHU OIIPE IE/IEHHOM
GYHKIMY ¢ y9eTOM TeKYIIUX 3HaYeHu psija mapamerpos. OCHOBHYO IIpoO-
6JieMy MIpY TPOEKTUPOBAHUN YIIPABJIEHUSI JUATIOTOM COCTABJISIET HEOOXO M-
MOCTBb y4era OImbOK pacno3HaBaHusi. HecMOTpsi Ha TO, 9TO HAJIEXKHOCTD
pacro3HaBaTesell 3HaYNTEIbHO BBIPOCIIA 38 TOCJEIHNE TOJIBI, OITHOKHI BCe
paBHO OyIyT BO3HUKATH. OHU SIBJISIIOTCS CJIEJICTBUEM U BHEIITHErO IIyMa,
¥ WHIWBUYyaJbHOCTU IIPOU3HOIIEHNS KJINEHTOB, U HAJUYIUs TPYIHO pa3-
JITYAEMBIX TI0 [IPOM3HOIIEHUIO CJIOB B JIIOOOM sI3bIKe. EJIMHCTBEHHBIN Ha-
JEXKHBIIT c1ocod OOHAPYKUTh W HUCIPABUTH OIMHOKM — 3TO obOpalrneHne K
IIPOIEJype TEPECIpoca, KOIJIa CHCTeMa II0CJIe PACIO3HABAHUS CKA3aHHO-
IO KJINEHTOM IPOU3HOCHUT CBOIO TUIIOTE3y U IMPOCUT KJIMEHTA HOATBEP/IUTH
W OTBEPrHyTH ee. OIHAKO Mepecpoc UMeeT W HEraTUBHYIO CTOPOHY: OH
CBsI3aH C TIOTepell BDEMEHU U MOYKET BBhI3bIBATH pasipaxkeHue Kinenta. Co-
BCeM He 06e3pa3/ImdHO , B KAKOM MeCTe JINAJIOTa UCIOJIb30BaTh [I€PECIIPOC U
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KaK ero IMpOou3BOAUTH. B cTaThe BEpOSATHOCTHBIMU METOIAMU UCCJIEIYIOT-
Csl BAPUAHTHI CIIEHAPHUEB JMAJjIora C IIPUMEHEHUEM PA3JIMYHBIX IMIPOIEILYP
OOHapyKEHUsT U KOPPEKINH OMNOOK PACTIO3HABAHUSI.

2. CpaBHeHUE ClHIeHAapUEB AMAJIOTA

B peueBbIX auasioroBbIX cHCTEMAaX B3aMMOJEHCTBUE C IOJIb30BaTEIEM
OCYIIECTBJIIETCS IIyTEM IIOCJIEI0BATEIbHBIX IUKJIOB BOIIPOC-OTBET, B KOTO-
PBIX KaXKJIBIil BOIIPOC CHCTEMbI TOCTPOEH TaK, YTOOBI ITOJIyYUTh B OTBETE
KJINEHTa HEKOTOpYIo mHMopmaluo. OrBer KjneHTa 00padaThiBaeTCs Pac-
To3HABaTEIEM. B 3aBUCUMOCTH OT Pe3yIbTATOB 00PAOOTKN MEHSIETCS BHY T-
pEeHHee COCTOSTHUE TUAJIOTa W (DOPMUPYETCS HOBBIN BOIPOC KJIUEHTY WJIN
ciesryet obparieHune K 0ase JAHHBIX WJIU BHEITHEH CUCTeMe.

BeposTHocTHbIE METOMBI JOCTATOYHO IMUPOKO UCIIOIB3YIOTCS JIJIsI aHA-
JIN3a U ONTUMU3AIUU aBTOMATU3NPOBAHHBIX JIUAJIOIOBBIX CUCTEM, [TOCTPO-
eHHBIX HA OCHOBE PeYeBBbIX TexHoJoruii. B pabore [1] noeeseHne cucrembr
PEJICTAB/IAETCS. MAPKOBCKUM IIPOLIECCOM IIPUHATHUS pernenuii. B padore [2]
aBTOPBI paccMaTpuBajd MpobJeMy yIpPaBJIeHHs JUAJOTOM C YIETOM BO3-
MOYKHBIX OIMTMOOK PaCIIO3HABAHUSI. BBIOOp MpemaraeMoro UM ajJropuTMa
IIPOJIOJIPKEHUs IAJIOra OCHOBAH HA WCIIOJIb30BAHUS YACTUIHO HADJIIOIAe-
MOTO MapKOBCKOT'O TIpOIiecca IIpuHsATUs perternii. B pabore [3] nosenenue
CUCTEMBI MIPEJICTABJSAETCA B Bujie rpada, U MOIY/Ib YIPABICHUS BbIOUpa-
eT CJIeIyIolee IeiCTBAe CUCTEMbI, OCHOBBIBAsICh HA TEKYIIEM COCTOSTHUU W
B COOTBETCTBHUU C IIPOIIMCAHHON CTpaTerueil, ONTUMU3UPYIONIEH IIeIeBYyIO
dyuxnuo. [lomobuble moaxomapl H0Ka3aau CBOK 3PHEKTUBHOCTD B IMIPO-
CThIX TpujokKeHnsxX. OIHAKO OHU CTAHOBSITCS CJIUIIKOM CJIOXKHBIMU JIJIsT
KOHCTDYUPOBAHUS [IPABUJI B CJIO2KHBIX CIIEHAPHUSX.

B mocnennane rompr ObLIN MIpEJIOKEHBI HOBBIE TOIXO/bI, KOTOPBIE HC-
[TOJIB3YIOT CTATUCTUIECKHAE METO/bI U MAIIMHHOE ODYy4YeHUe JIjisl OlpeIesie-
HUsI ONTUMAJIBHBIX JIEWCTBUI CHCTEMBI B XoJ1e juajora. Obydenne ¢ mom-
KPEILIEHUEM sIBJISIETCS B HACTOSIIEE BPEMsi HAMOOJIee MOIMYISTPHBIM METO-
JIOM, WCIIOJIb3YEMbIM JIJIs OITUMUBAINK [IAAJI0ra Ha OCHOBE HAKOILIEHHBIX
nmaHHBIX. B paborax [4, 5| npusenen 0630p myGanKaImii 1 pe3yIbTaATHl HEKO-
TOPBIX TPUMEHEHUI 00yJYeHrs C TOJIKPENJICHIEM B JUAJOTOBBIX CUCTEMAX.
ITokazaHo, 9TO TaKKMe CUCTEMBI JIEMOHCTPUPYIOT HEIJIOXHE PE3YJIbTATHI.

O 1HAKO TIOJTHOIEHHOE TIPUMEHEHNE MAIITMHHOTO 00y IeHWsT Ha, ITale pas-
pabOTKU CUCTEM W Ha PAHHUX CTAIUSX IKCIJIYATAIUA HEBO3MOYKHO M3-3a
OTCYTCTBWUSI JAHHBIX JIJIsl O0Oy4eHUsi. BbLau 1pejjiosKeHbl pa3IndHble MOJIe-
JIV TIOJIB30BATENIEH [IJIs1 TPEHUPOBKY MOJIEJIEM, OHAKO IIOBE/IEHNE PEATHHBIX
[TOJTb30BAaTEIell OKA3BIBAETCsI, KAK IIPABUJIO, OTJIMIHBIM OT MOJEIUPYEMO-
ro [6]. pyroii momxom cocTouT B co3maHnu 0000IIEeHHO 6a3bl JaHHBIX [7].
31ech ecTh cBOM MPOBJIEMbI, HAIPUMED, TTPEIIOIAraeTCsl PABEHCTBO SHTPO-
nuit Bcex aTpubyToB.

enbio nanHOi pabOTHI SABJIAETCH aHAJIN3 OCHOBHBIX CIIEHAPUEB HAJIO-
ra U MOJIy9eHre Psi/ia OIEHOK M PEKOMEHAIINI, KOTOPhIE IIOMOTJIN OBl pa3-
paboTYNKAM PEUYEBBIX JIMAJIOTOBBIX CUCTEM CIIPOEKTUPOBATH OIITUMAJIbHBIIH
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CIIEHAPUIL TNAJIOTa B 32BUCUMOCTH OT HAJIE?KHOCTHBIX [IAPAMETPOB UCIIOJIb-
3yeMBIX PeYeBbIX OJIOKOB.

s perieHnst 9TOH 3a7a9u BBIIOJIHEHA KJIACCH(HKAIUS IHAJIOTOB, B
OCHOBY KOTOPOIl TIOJIOZKEHBI CJIEYIOIIe TPU3HAKN: TUIBI 9JIEMEHTOB JIa-
JIOT'a, - TIPOCTHIE 3JIEMEHTHI U COCTABHBIE 3JIEMEHTBI; MECTOIIOJIOXKEHUE TIPO-
IIEJIy P BBISIBJIEHUSI U KOPPEKTUPOBKHU OIMHMOOK - B mporecce (hOPMUPOBAHUS
3alpoca, I0cjae OKOHYaHHS (POPMHUPOBAHUS 3aIPOCa; CIOCOD peasm3aliun
IIPOIIEIYD BBISIBJIEHUS] ¥ KOPPEKTUPOBKH OINMNOOK - HOKAXKJOMY JIEMEHTY,
€UHBIM OJIOKOM, IIyTEM OIMPOCA.

Meronuka BBITIOJIHEHUST CPABHUTEIBHOIO aHAJIN3a BAPUAHTOB COCTOUT
B HCIIOJIb30BAHUHU MOJMMDUINPOBAHHOIO IIPUMEHUTEIBHO K JAHHOI 3a/1a9e
[IPUHIINATIA KBAHTH(UKAIUH , KOTJA BAPUAHTHI CPABHUBAIOTCS HA MHOXKE-
CTBe OJHHAKOBBIX THIIOBBIX KOJHYECTBeHHBIX 3HAYEHUI PsIjia, TapaMeTpOB.
Hamnpumep, cpaBHUTEIbHAS OIEHKA BEPOATHOCTU YCIIEITHOTO 3aBEPIIEHUS
JIMAJIOTa OCYIIECTBIIAETCS IPU OJMHAKOBBIX 3HAUCHUSX BEPOSTHOCTEH Ipa-
BUJILHOI'O PAaCIIO3HABAHUSI PEYEBBIX OJIOKOB U OJIMHAKOBOM JIOIIyCTHMOM
IHCIIE TIEPECIIPOCOB JJIsl CPABHUBAEMBIX BADHAHTOB crieHapues [8, 9, 10].

HeobxomumocTs B TAKUX AOMYIMIEHUSX JUKTYETCsT OOJIBIION Pa3MepHO-
CTBIO MOJIEJIEN U IMUPOKUM JTUAIIA30HOM M3MEeHEHUs TapaMeTpoB. KpaHTH-
pUKaIUs SIBJISIETCS JOCTATOIHO IMOILYJISPHBIM METOJOM KOJHIECTBEHHOIO
aHaJIN3a KadecTBa HHTEPQEIHCOB.

B kauecTBe XapaKTepUCTUK JIjisi CDABHEHUsI BAPDUAHTOB BBIOPAHBI JIBA
IVIABHBIX KOJMUYIECTBEHHBIX KPUTEPHUs OIEHKN KadeCTBA PEYEBOIO TUAJIO-
TOBOTO Y€JIOBEKO-MAIIMHHOIO B3AUMOJEHCTBUS: BEPOSTHOCTH YCIIEIITHOTO
3aBepIIeHHS JTHAJIOra U IPOJOJIXKUTE/IBHOCTD JTHAJIOTA.

Ilouck onTuMasBHOTO CliEHAPHUS OCYIIECTBIISETCA HA OCHOBE MUHUMIU-
3allUU OIEHOK IPOJIOJIZKUTEILHOCTH JIMAJIOTa ¢ ODecliedyeHrneM 3aJaHHON
BEPOSITHOCTH €I'0 YCIIEITHOI'O 3aBEPIIEHUS.

OreHKa BEPOSITHOCTH YCIIEITHOTO 3aBEPINEHHST JTHAJIOTA.

st OlleHKU BEpOSITHOCTH YCIIEHIHOTO 3aBEPIIEeHHS JHAJIOTa BHAYAJIE
OIIPEIEJIAIOTCS BEPOSITHOCTH IIPABUJIBHOIO PACIIO3HABAHUS JIEMEHTOB JIAa~
JIOTa, & 3aTeM BBIBOAATCH (POPMYJIBI BEPOATHOCTH YCIIEITHOTO 3aBEPIICHIS
JIHAJIOTOB, OTJIMYAONIUXCS TUITAME 9JIEMEHTOB U IIPOIIE Iy DAMY BBISIBJIEHUS
1 KOPPEKTUPOBKHU OITHIOOK.

Ilox mpoctbiv ss1emerTOM nUaIOTa TOHUMAETCH B3ANMOIEHCTBIAE MEXK-
JIy CHCTeMOI U KJIMEHTOM B BHJIE «BOIIPOC-OTBET», B XOJI€ KOTOPOI'O BbISIB-
JISIETCSI OJIUH aTPUOYT 3aIIPOCa.

Tlox cocraBaBIM 3/1€MEHTOM TUAJIOTA TOHIMAETCS B3aUMOIEHCTBIE, IPU
KOTOPOM OIIPEJIEJISIIOTCS HECKOJIBKO ATPHOYTOB 3aIIPOCa € UCIIOJIH30BAHUEM
Pa3HBIX pevueBbIX 0I0KOB. Vcrob30Banne COCTaBHBIX JIEMEHTOB B JJUAJIOTe
BBI3BAHO OOBIYHO CTPEMJIEHUEM COKPATHUTDH IIPOJIOIKUTEIBHOCTD JIAAJIOTA.

IIpeiebHBIM BAPUAHTOM COCTABHOTO JIEMEHTA, SIBJISIETCS «MOHOJIOTO-
BOe» B3aMMOJEHCTBIE, IPU KOTOPOM B OTBETE KJIMEHTA Ha BOIIPOC CUCTEMBI
MIPUCYTCTBYIOT BCE 3alPaINBaeMble aTPUOYTHI.

BeposiTHOCTB ITpaBUJIBHOIO PACIIO3HABAHUS JIEMEHTA JJUAJIOra 3aBUCHT
OT HaJIE?KHOCTHU COOTBETCTBYIOIIErO JIAHHOMY IAry JHAJIOTa PedeBoro 6J1o-
ka (610KOB) U OT BiUgHUA YesioBedecKoro dakropa. Hagexuoctu pedeBbix
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OJIOKOB OIIEHMBAIOTCS YKCIIEPUMEHTAJIBHO IIyTEM WX TeCTUPOBaHUSA. Bius-
HUE YeJI0BEeYeCKOro (PaKTOpa B IIPOIECCE IIEPECITPOCOB MOXKET ObITH YMEHb-
IIIEHO 3 CYeT BBIJIAYN IPUMEPOB U IMOCKa30K. Jlajee mokazannr (OPMYIIbI
JJ151 OTIEHKU BEPOSTHOCTH IIPABUJILHOT'O PACIIO3HABAHUS IIPOCTOIO U COCTaB-
HOT'O 3JIEMEHTOB.

BeposgTHocTs npaBuiibHOrO pacio3HaBaHUs IPOCTOrO JIEMEHTA THAJIO-
ra mpu n nepecnpocax P, ompenessiercs hopMystoit:

n Jj—1
P, :Po+ZPOj H(1*P0k),n: 1,2,3
=1 k=0

TJIe po - HOMUHAJIbHAs BEPOSTHOCTH IIPABUIBHOIO PACIO3HABAHUS dJIe-
MEHTa HUAJIora, Poi - BEPOSTHOCTH NMPABUJIBHOIO PACIIO3HABAHUS 1pU k-
TOM Ilepecrpoce. B yciIoBraX 0JHOPOIHOCTH IIPOIIECCa PACIIO3HABAHUS, KO-
IJIa BEPOSATHOCTDb PACIIO3HABAHUS IIPH KazKJIOM IIepeCcIIpoce PaBHa pg, BEPO-
ATHOCTb MIPABUJILHOTO PACIIO3HABAHUS JIEMEHTA JTUAJIOTa TTPEJICTABIAETCS
YCEIEHHBIM NeOMETPUYCCKUM PACIIPEICTIEHUEM:

1— (1= po)"t!

=1—(1—po)"",n=0,1,2,3
1_(1_p0) ( pO)

P, =" po(l—=po)’ = po

j=0

Bennuuna, BeraucieHHas mo mgaHHON (GopMysie, MpeICTaBisger coDOM
HIUZKHIOIO OIIEHKY BEPOSITHOCTH IIPABUJIBHOI'O PACIIO3HABAHUS SJIEMEHTA A~
JIOTa, TIPH 7, TTEPECITPOCAX.

W3 dopmysbr BugHO, uTO Tipu po > 0,7 OIUH-IBA IEPECIpoca MOLYT
o0ecreYnTh BEPOSITHOCTH PACIIO3HABAHUS dJjieMeHTa juaJjora dosee 0,99.

CocraBHoit 37meMeHT cofepKuT M CMBICTIOBBIX COCTABJISIONIAX, PACIIO-
3HABAEMBIX CAMOCTOSITEJILHO C BEpOSTHOCTBIO Py, ¢ = 1, M. BepositHOCTB
Py, n1paBuIbHOIO PaCIO3HABAHMS COCTABHOI'O JIEMEHTA JINAJIOra PaBHA

M
Py = H Foi
i=0

s cocTaBHOTO 9JIeMEHTa, KAK MOYKHO HOJIYIUTh U3 (POPMYJIBI, TAKKE
JIOCTAaTOYHO 1 MjIu 2 1epecpocoB, a HAWJLydlllne PE3YJIbTATHI 110 BEPOATHO-
CTH PaCIIO3HABAHUS UMEET BAPUAHT BBISIBJIEHUs] U KOPPEKTUPOBKHU OIIUOOK
0 KaKJI0! COCTaBJIAIONICH JJIEMEHTA.

BepositHOocTh ycnerHoro 3aepiienust guaJjiora Py, | cocrosiero us
kombunanuu (N — N,.) npocrbix u N, COCTABHBIX 9JIEMEHTOB, KayKIblil 13
KOTOPBIX MOXKET IEPECIPAIINBATHLCS 1 Pa3, OIMPEIEISIeTCs COOTHOIIEHIEM:

N—N,. N,
PBn: HPni'HPcnj
i=1 j=1
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IIpomokurebHOCTD TUAIOTA

st anamsa JUajoroB Mo MPOJAO/IKUTEILHOCTH BBEJECHBI CJIE/YIONINE
DPa3HOBUIHOCTHU OIEHOK:

® 1IpeJIeIbHbIE OIEHKH: OIEHKA CHHU3Y, OIEHKA CBEPXY;

® CDEJTHSIST OIEHKA.

Hikasist oreHka BBIYUC/ISETCS B IIPEJIITIOJIOKEHAN OTCYTCTBUS HEPa-
BHJIBHO PACIIO3HAHHBIX 3JIEMEHTOB U XapaKTePHU3yeT AJIFOPUTM yIIPaBJIe-
HUSI JINAJIOTOM IIPU MJIeAJIbHOI cucreMe pacro3HaBanus. OneHKa CBEpXy
XapaKTepU3yeT MAKCAMAJIbLHO BO3MOXKHYIO ITPOJIOJIKATEIHHOCTD JTHAJIOTA
[IPU YMEHBIIIEHUU BEPOSITHOCTH PACIIO3HABAHNUS SJIEMEHTA JIUAJIOTA JI0 yCTa-
HOBJIEHHOTO IIPeJIeJIa.

QopMysbl I pacueTa IPOJAOJIKATEIHLHOCTH JUAJIOTA YIUTHIBAIOT B
TOM YHCJIe U BPEMEHHBbIE 3aTPAThl HA IPOIEILYPHI BBISBJICHUS U KOPPEK-
THPOBKH ONINOOK. BB paccMOTpEeHBI CJIe/IyIONIie BapUAHTHI STUX IIPO-
IeIyp: MO KaXKJOMY IAry JIHAJIOra, MOCJe 3aBEPIIeHUs [UAJIora IIyTeM
[Iepecpoca BceX aTpPHOYTOB, IOCJIE 3aBEPIICHUs JIUAJIOra W IIPOYTEHUS
PACIIO3HAHHOTO 3AIIPOCA IIyTEM BBISBJIEHHUS OIMNOOYHBIX aTPUOYTOB U HMX
KOPPEKTUPOBKH.

BaxkHO oTMeTHTB, YTO BBIsIBJIEHHE U KOPPEKTUPOBKA OMIMOOK PaCIIO-
3HABAHUS BO BPEMS JUAJIOTA IPUBOIUT K ABTOMATU3AINN HAKOIJIEHUS MH-
dopmaru 06 omubkax B jor daityiax. B pesysibrare co3maercs 6a3a maH-
HBIX, KOTOpasi MOYXKeT ObITh HMCIIOJIb30BAHA KAK IPU UCIPABJIEHUH OIIUOOK
B CJIOBap#AX, TaK U IPU IPUMEHEHUH PA3IUIHBIX METO/IOB MAIIIMHHOTO 00Y-
qeHust st pa3paboTku 3PpHEKTUBHBIX CTPATETWIl YIIPABICHUsT TAAJIOTOM
HA TOCJIELYIONNAX CTA/INIX PA3BUTHS IIPOEKTA.

Huzke mpuBenensr ob1mme (popMyIIbl /1 BHIMUCIEHHS OIEHOK TPOI0JI-
JKATEJBHOCTH Jiuajora n3 [N 3jIeMeHTOB: HIKHeH o1ieHKku 1y, OIEHKH CBEP-
xy T u cpennero Bpemenu Ty,

TH@_V:L)

N N N
TB = [(ZL2> : Kn80n + ZQZ + (ZGz) . Kna()n:| - T
P =1

=1

T, = Z(l—pm-pffm~0ﬁ~[ch-<N—m>+

m=0
Jr(LCP ’ Kﬂaon + QCP + GCP ’ Knaon) : m] T

riae 7 - Bpel\/IeHHOﬁ KBaHT, Sana‘{I/IBaeMbIﬁ Ha IIpOu3HeceHue OJHOI'0
CpeTHECTaTUCTUIECKOI'O CJI0Ba,
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L; - KOJIn9ecTBO BPEMEHHBIX KBAHTOB, 3aTPAYMBAEMbBIX Ha i-ThIf 3j1e-
MEHT JIMaJjIora IIpH [IPaBUJIBHOM PACIIO3HABAHUM,

(- KOJTMYIECTBO BPEMEHHBIX KBAHTOB, 3aTPAYMBAEMbBIX HA I-THIi 3J1e-
MEHT JHaJjora Ipu IIepecrpoce,

G; - KOJINYECTBO BPEMEHHBIX KBAHTOB, JOIOJHUTE/IBHO 3aTPaIMBAEMbBIX
HA {-THII JIEMEHT JIHAJIOTa TP HEePECIPOce HEMOHATHIX PEIINK KJIUEeHTa,
Ky, - Ko3bbUIUEHT, IOKA3bIBAIONINIT, BO CKOJIBKO Pa3 yBEJIHYUBACT-
csl BpeMsl, 3aTpadnBaeMoe Ha OJIMH [EePECIPAIINBAEMBI 3JIEMEHT JHAJIOra,
[IPU JOIYCTUMOM 9HCJIE TIEPECIIPOCOB.

CpaBHeHre BapHAHTOB OPraHU3AIMN JIMAJIOTOB IIPOU3BECHO I Oe3-
Pa3MEpHBIX BEJIMYNH, KOTOPBIE TIOJIYUEHBI JejieHneM 00enx dacTeil cooT-
HOIIIEHUH JJIsT BDEMEHHBIX OIEHOK HA BEJWYUHY T. ITH Oe3pa3MepHbIe Be-
JIMYMHBI HA3BAHBI COOTBETCTBEHHO KO3(bUIMeHTaMy HUXKHE, BEpXHel u
cpeJiHell OTEHOK POJIOJIKUTELHOCTH JTHAJIOTA.

3. PezynbTaTnhl aHam3a U peKOMEHOAINN

B coorBercTBHE ¢ Kitaccudukarueil MeTO0B PEYEBOTO B3AaNMO/IEHCTRUS
OBLIN TPOAHAJIN3UPOBAHBI CJIEIYIONINE BADUAHTHI OPraHU3AINN JUAJTIOTOB:

- UAJIOr U3 IPOCTHIX 3JIEMEHTOB;

- JIMAJIOT U3 HPOCTBIX U COCTABHBIX 3JIEMEHTOB;

- PEXKUM «MOHOJIOTA».

Jist KaXK710r0 BapuaHTa, ObLIM PACCMOTPEHBI PA3JIMIHBIE TPOTIETY PhI
BBISABJIEHUS U KOPPEKTUPOBKU OMIMOOK. BapuanThl cpaBHUBAIUCH IO KPH-
TepUsiM IIPOJIOJIKUTETLHOCTH JINAJIora pU 00eCIiedeHnn 3aJaHHOI Bepo-
ATHOCTH YCIENTHOTI'O PACIIO3HABAHUSI.

Brormosmennsrit anaan3 mo3Boans ¢cpOpMyJINPOBATE CJIEIYIOIINE PEKO-
MEHJIAINY [[JIs] PA3PA00OTINKOB PEUEBBIX JUAJOTOBBIX CHCTEM:

e B nuasiorax n3 IpoCThIX JIEMEHTOB JIyUIlle IIPOU3BOIUTD [I€PECIIPOCHI
110 KaXKJIOMY JJICMEHTY.

e llcriosib30BaHMe COCTABHBIX JIEMEHTOB YJIyYIIAeT BPEMEHHbBIC XapaK-
TEPUCTHUKY [IJIsi CTPATEruii BBEJIEHUs IIePECIIPOCOB TOcje (hOPMUPOBAHUS
3arpoca. YJydirneHne TeM OOJIbIle, IeM BBIIIe HAJIEKHOCTD JIEMEHTOB.

e PexxuM MOHOJIOTA MMeEET JIyUIne XapaKTEePUCTUKU, YeM JIPyTrue, HO
TOJIBKO IIPU JIOCTATOYHO HAJIE?KHBIX PEUYEBBIX OJIOKAX.

e [Ipu oTCyTCTBUM KOHKPETHBIX JAHHBIX O HAJEXKHOCTH PACIO3HABA-
HHUsI PEKOMEH/IyeTCsl CTPOUTD JIUAJIOT U3 IIPOCTHIX 3JIEMEHTOB C IIPOBEPKOM
[IPaBUJIBHOCTU PACIIO3HABAHUS U KOPPEKTUPOBKOI OIMMUOOK IO KaKIOMY
3JIEMEHTY IHUAJIOra.

Tlosrygennbie pe3yabTaThl TAKKE ITO3BOJISIIOT:

® OIIPEJIEJISITH HEOOXOIMMOE YHCJIO IIEPECIIPOCOB;

® OIpeNelIATh CpeJlHee BpeMsd, 3aTpaduBacMoe Ha 3JIEMEHT JIUAaJIOra;

® BBLIUUCIIATH BEPOSITHOCTU YCIEIIHOIO 3aBePIIeHHs JIUAJIOr0B Pa3Ind-
HOII CTPYKTYDBHI;

® AHAJIM3MPOBATH U CPABHUBATH MEXK]Iy COOOI Pa3JUIHBIE CTPATErHN
YIIpaBJIEHUS] TAAJIOTOM;
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® [IPOU3BOINTH OOOCHOBAHHBIN BHIOOD CIIEHAPHUEB U AJITOPUTMOB YIIPAB-
JICHUSI JIMAJIOTOM JIJIsi KOHKPETHBIX 3371a9 HA OCHOBE Pa3pabOTaHHON MeTO-
JUKH.

4. 3akJiouyeHue

IIpoekTupoBaHue ClieHAPUEB JIJIsl PEYEBBIX JTUAJIOTOBBIX CHCTEM BO MHO-
TOM OCTAeTCsI HICKYCCTBOM. eJIOBEK MPUBBIK K PEUEBOMY B3aUMOJIEHCTBUIO
C JAPYTUM YeJOBEKOM W IOITOMY HEIPOU3BOJIBHO OXKHUJIAET OT PEYEBBIX
CHCTEM TaKOI'o ke «pas3roBopay. OJHAKO pacliO3HABAHUE PEYU U ee I0-
HUMaHWe TOKa eIe JAJIeKO He CBOOOIHBI OT OIMmMOOK. PaszpaboTdmk pe-
YEBBIX IMPUJIOXKEHUN JIOJKEH CUUTaThCsi ¢ TuMu dakropamu. [losromy
JIJIsT HEIO BayKHBI 0OOCHOBAHHBIE PEKOMEH AT, KOTOPBIMEI OH MOXKET BOC-
[I0JIb30BATHCST HAa PAHHUX JTalax CBOeil pabOThbl, YTOOLI CO3JATH YCIIEI-
HO (PYHKIIMOHUPYIONIYIO CUCTEMY, IIyCTh U C YIIPOIIEHHBIM JIUAJOTOM THUIIA
BOIIPOC-OTBET M C IPOCTBIMHU IPOIEJYyPAMU BbISIBJIEHUS U KOPPEKTUPOB-
K1 ommbOK pacrno3naBanus. Jlammnoe nccmemoBanne OLIIO HAIIETIEHO Ha T0-
JIyU€HUEe TAKUX PEKOMEHAIUN IIyTeM ITPUMEHEHNUs BEPOSTHOCTHBIX MOJIEe-
JIeit JIJIsT aHAJIN3a, TAKUX BaXKHBIX XapAKTEPUCTUK JUAJIOTOBBIX CHCTEM KaK
BEPOATHOCTH YCIEITHOTO 3aBEPINEHUs [IAAJI0ra M OIEHKa €ro IIPOIOJIKIU-
tesibHOCTH. [IprMeHeHre pa3IMYHBIX BAPUAHTOB IIPOIEAYP BBISIBJIEHUS] U
KOPPEKTHPOBKHU ONMIUOOK COMPOBOYKIIAETCS aBTOMATHIECKUM HAKOIIJIEHUEM
cBesleHnit 00 OmUOKaxX pacrno3HaBaHUs B JiOT dailyiax, 9T0 MOXKET OBITb
HCITIOJIB30BAHO JIJIsl YJIyUIEeHUsI KaJecTBa pabOThl CHCTEM HA OCHOBE IIPH-
MEHEeHUsI CTPATErnii MAITMHHOTO O0YYeHUsT JIJIs YIIPABICHUS JTHATIOTOM.
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In the article, the basic characteristics of human-machine dialogue in speech
dialogue systems are investigated by probabilistic methods: the probability of
successful completion of a dialogue and evaluation of the duration of dialogues
with various procedures for identifying and correcting errors. The analysis of
various variants of dialogues is made and recommendations are received for op-
timizing the scenarios of the dialogues taking into account the reliability of the
recognizer.
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About the thinning of a flow with limited aftereffect
and different interarrivals distributions

V. A. Ivnitskiy*

* Moscow State University of Railway Engineering
Obrazcova Street, 969, Moscow, 127994, Russia

Abstract. In the talk, we present some analytical results obtained for the
probability characteristics of a thinning of a flow with limited aftereffect. The
thinning is performed according to a given function which depends on evolution
time and on the number of customers in the thinned flow and the number of lost
customers in the original flow. The characteristics are obtained in the form of
Laplace-Stieltjes transforms defined by a system of recurrence equations using
inversion of Laplace-Stieltjes transforms. A special case is also considered.

Keywords: flow with limited aftereffect, thinning of a flow, time-depend func-
tion of thinning, Laplace-Stieltjes transform, inversion of Laplace-Stieltjes trans-
form .

1. Introduction

Let us recall some results about thinning of flows. Renyi [1] in 1956
proved the first theorem on thinning of a renewal flow. A customer joins
the thinned flow with a constant probability ¢, and with probability p =
1—¢q he doesn’t. By changing the time scale the flow can be made constant
intensity. Assume that the thinning is performed n times with different
probabilities ¢1, ..., g,. Then, provided that n — oo and ¢4, ..., ¢, — o0,
the thinned flow converges to a Poisson flow. Belyaev Yu.K. in an addedum
«Random flows and renewal theory» to the Russina translation of the book
by D. Cox and V. Smith [2] wrote about the preservation of Poissonian
property by the flow under the thinning of the original Poisson flow.

Belyaev Yu. K. [3] generalized this fact to arbitrary flows. Gnedenko
B.V. and Kovalenko I.N. in [4] generalized Belyaev’s theorem to the case of
a non-stationary limiting flow. A. D. Soloviev in [5] in 1971 demonstrated
that asymptotically the time of the first occurrence of a rare event in a
regenerative process with appropriate normalization tends to an exponen-
tial random variable with parameter 1. Some other results about thinned
flows can be found in [8-12].

For all of these works the aim was to obtain the limit theorems in
the case of infinite thinning and under appropriate normalization. The
common point for the above works was the fact that the thinning was car-
ried out according to procedures that were time-independent. The novelty
of this work is that the thinning is performed according to well-defined
time-dependent procedures.
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2. The problem statement

In his article [6] V. Smith studied a flow of customers with differ-
ent probability distributions of interarrival intervals. A.Ya. Khinchin [7]
named such flows of customers the flows with limited aftereffect. The
present article considers a flow of customers with limited aftereffect and
thinning. The first customer in this flow arrives at a random time with
the probability distribution function Fi(x).

The time interval between the arrival of the first customer and the ar-
rival of the second customer has a probability distribution function Fs(z),
and in general, the time interval between the arrival of the (i — 1)-st cus-
tomer and the arrival of the i-th customer has a probability distribution
function F;(z),i=2,3, ....

The thinning meant the following. If the customer arrives at time ¢,
the number of customers joined to the thinned flow by this time equals
1 — 1, and the number of customers from the source flow who didn’t join
(wad lost) equals j, then the customer either joins the thinned flow with
probability P; ;(t), or is lost with the complementary probability. The next
interarrival time has distribution function F;1;(z). The functions P; ;(¢)
are assumed to be known. We aim to find the probability distribution of
the number of customers who joined the thinned stream up to an arbitrary
time ¢, assuming that at times ¢ = 0 the number of customers in thinned
flow was zero.

3. Solution

We introduce the following notation: v(t) — the number of customers
who joined the thinned flow, vo(t) — the number of lost customers from
the source flow with limited aftereffect, £(t) — the elapsed time between ¢
and the next arrival from the source flow with limited aftereffect.

First, consider the process ((t) = (v(t),&(t)). This process will not be
Markovian random process, since its values after time ¢ will not depend
only on values v(t) and £(t), but will also depend on the number of lost
customers up to the time ¢ from the source flow with limited aftereffect.
This is because the lost customers shift time instants of customer arrivals
to the thinned stream on the time axis.

Indeed, consider two consecutive times &y and &y + €. Let us assume
that both times the customers arrived from the source flow with limited
aftereffect have not joined the thinned flow, the probability of this event
equals (1 — Py 0(£0))(1 — Po,o(& + &)). If we consider the process ¢(t) =
(v(t),£(t)), the probability of this event is equal to (1 — Py(&p))?, as the
shift on the time axis by the amount £ will not be considered because the
value £(t) is not taken into account.

Let us now consider the process ((t) = (v(t),vo(t),&(t)). This process
already takes into account the fact that the lost customers shift points in
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time of customers arrivals to the thinned flow on the time axis. There-
fore, the process ((t) = (v(t),vo(t),&(t)) will already be a Markov random
process, its values after the time ¢ will depend on v(t), vo(t) and £(t), i.e.
will not depend on its states before time ¢. We introduce the notation

f@j(tx‘) :()ng(t) = i7V0(t) = ]af(t) < ), Spi,j(t) = (p(@j)(t,OO), =0,
sy J=0,1,....

The problem is to find the probability distribution ¢; ;(¢) for the num-
ber of accepted customers to the thinned flow by a fixed time t.

First, we wiill find the joint probability distribution for the number
of accepted customers in the thinned flow and the elapsed time till next
arrival, i.e. ¢; ;(t, ). Initially, number customers is zero (at time t = 0).

We derive a system of differential equations for the desired quantities

©; ;(t, ). We have the following system of difference equations

wo,0(t + At,x — At) = po0(t, x) — po,0(t, At),
©0,j (t + Ata T = At) = 0,5 (ta :E) — 0,5 (tv At)
+ po,j-1(t, At)(1 — Py i1 (1) Fj(z), j >0,
Pio(t + Atz — At) = @, o(t, ) — pio(t, At)
+ @i—1,0(t, At)P_1,0(t))Fi(z), i > 0,
wil(t+ Atz — At) = pi1(t, ) — i1 (t, AL) + 0i—1,1(t, At)
X Pi_11(t)Fii(z) + pio(t, At)(1 — P, o(t)) Figa(z), i > 0,
@i j(t+ Atz — At) = @5 (t, ) — i ;(t, At) + @i_1,;(t, At)
XPi—1,;(t)Figj(z) + @i j-1(t, At)(1 — Py j—1(t)) Figj(2), i > 0,5 > 1.
This yields the following system of differential equations for ¢; ;(t,z):

L o0t z) — Lpoo(t,x) = —Zpo0(
2005t ) — 20t @) = =0 5(t,

+ 0,5-1(1,0)(1 = Poj—1(8)) Fy(w), j >0,
Lpiot,z) — Zpiot,z) = —2pi0(t,0)

+ i 10(t,0)P_1,0(t) Fi(2), i >0,
Loii(t,r) — Zoii(t,z) = —2pi1(t,0)

+ %%‘—1,1(257 0)P;—11(t))Fiya(z)

+ 20 0(t,0)(1 = P o(t))Fipa(2), i >0,
Soii(tm) — Lis(tw) = =L (t,0)

+ 2 im13(8,0)Pimy 5 (1) Fr s ()

+ 201 (H0)(1 = Py 1 (1) Fiyy(x), i > 0,5 > 1.
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We introduce the notations:
o0 o0
~(0 —sx ~ ~ —sx .
%N®=/e dﬂ@ﬂ:%@%@M$:/e dFi(z) = ¢1(s), i > 0,
0 0
@i i(u,s) //e*”*“t dypi (t, ) de,
0 0
Gij(u /e @w t, %(ﬁi,j(u,O) :/e_waaz‘tow(t 0) dt,
0 0

o
25;.(u,0) :/e*“taﬂc@m(t 0)P, ;(t)dt, i =0,1,..., j=0,1,....
0

The following theorem holds.

Theorem 1. The Laplace-Stieltjes transforms @; ;(u,s) of functions
©;.;(t, ) satisfy the following relations:

®o,0(u, s) = ( ) Y(@1(s) = pr(u)),
Gij(u,s) = (=B (1, 0) + - Bi1(u, 0)Bisa(s)
+ awﬁpz,j l(u )@z-‘rj( ) — %‘Pi,j—l(u70)¢i+j(8))> 1>0,7>1

where %@m‘(u, 0) are determined sequentially from the following recurrent
equations

L5 5(1,0) = Giy1(w)(ZGio1,j(u,0) + 2 G j-1(u,0) — £&; ;—1(u,0))
o0

0
ox
i ( D (1, 0P (1) dt

+/e w2 i 1(t,O)(l—Pm-1(1t))dt>.

0
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Abstract. In the case when the sample design is given, and the "noise" con-
ditional distribution function is known, nonparametric estimators of linear and

smooth functionals from the regression function, for which minimax lower bound
of mean square risk is asymptotically tight, are constructed

Keywords: asymptotically effective nonparametrical estimator, maximum like-
lihood method, regression function.
1. Introduction

Let the values X (¢1), ..., X, (t,) of unknown function f(¢) be observa-
tions at some point ti,...,t,, t € [0;1]. The values X (t1), ..., Xp(tn) are
conditionally independent for a given design t™) = (t1,...,t,).

Let us consider the problem of estimation of linear functional

L(f) = / 1)t

and the smooth functional F' : Ly — R!. It is supposed that f(t) € K C
Lo, where K is known compact in Lo, I(t) is the known function in L.

Assume that the regressor’s design is given. It means that the random
variables ty,...,t, are independent and have the common distribution
density p(t),

0<e<p(t)<C <o,

here ¢, C are some constants.

2. Main Section

Observation X;(¢;) can be written in the form
Xl(tl) Zf(ti)—F&i(ti) (Z = 1,2,...,n).
Here €;(t;) = X;(t;) — f(¢;) is the "noise",

E{X(t:) — f(t:)|t:} = 0,
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gi(ti),...,en(tn) are conditionally independent for a given design t(™ |

f(t) is regression function. Let f € K C Lg, sup |f(0)] < oo were K is
feK

some compact in Ls.

The distribution of X;(¢;) — f(;), for a given t; = ¢ is supposed to be
known and the density function ¢(z|t) with respect to the Lebesgue mea-
sure in R! is absolutely continuous in x, has the finite Fisher’s information

1) :/de

q(z|t)

and satisfies the following regularity conditions

0 < inf I(t) <supI(t) < oo; sup/ |z|q(x|t)dx < oo; (1)
[01] [0;1] [0;1]
Rl
Gz +slt) — qp(xft) >2
sup/< : — = dr — 0 s — 0; 2
o:1].J, g2 (x4 slt)  q/2(x(t) @
¢ (z|t) >2
sup —2— ) dr —0 A — o0.
031 q'/(xt)

1]
g% (z[t)/q*/ 2 (x]t)|> A

The functional F' is Frechet differentiable in Lo for f € K and the
derivative F'(f,t) satisfies the Holder conditional in Ly with some index
a>0,ie. for f1, fo € K

I F(fr, ) = F'(f2, ) IS CLll = 2 17, (@ <)

Theorems of asymptotical minimax lower bounds of mean square risk
were proved in [1], [2] if conditions (2), (2) are satisfied.
Definition 1. The estimator L,,, is asymptotically effective in K non-
parametrical estimator of linear functional L(f) for the given experiment
design and the known noise conditional density, if

| ~ 2] P
[ (- 0Y] - [ e

Definition 2. The estimator ﬁ’\n is asymptotically efficient in K non-
parametrical estimator of smooth functional from the regression function,

if
lim sup[nE{F, — F(f)}* - /0 m

n—oo K

dt] =
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To estimate the linear functional, the interval [0; 1] is divided into N =
[vv/n](y > 0) mutually disjoin parts so that

N ( J F@)it)p(t) dt)

Ak

lim sup /0 TROLOTIOEESY T 1(®)p(t) dt -0

N—
CreK k=1

It is noted that on each set A; the function f(¢)I(¢) is approximated
successfully by constant

Sj:N/f(t)l(t)dt7 j=1,...,N
A

Let us denote by A; the event consisting in the fact that the number of
elements from ¢(™) belonging to A\; greater than y/n . On each such interval
the estimator J; is constructed. It maximizes function
Z;(0) = I a(Xi(t:) - %ﬁz‘)}?(ti)
tiEA,; :
here a; = N [ I(t)dt.
A .

J
then the estimator

j=1

(x(A)- is indicator of an event A) is asymptotically efficient in nonpara-
metrical estimator in the sense of definition 1.
To estimate the value F(f) the following conditions will be used

LfeKcWy (B>1).

2. The derivative F'(f,t) satisfies the Holder condition with some index
a > (28)7! uniformly in K.

3. The set {F'(f,), f € K} is compact in Ls.

4. inf I(t) > 1. > 0 (I is constant).
t€[0;1]

Let us divide the sample design (¢1,...,t,) into two parts. The first
one has volume ngy . It is known (see [2]) that for f € W; there exists
based on X (t1),..., X, (tn,) an estimator f,, for which

— _ 28
sup E || foo — f |7 < Mng 7.
feK
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The volume ng satisfies the conditions

L 2841
"2B(a+ 1)

The remaining part of the sample is used for the linear functional

1
0/f (Foos 1)

estimation. The estimator has the form

7L1 Z ‘a]‘ > N~ )

Here N = v,/n1 (v > 0) is the number of equal part A; which divided
[0;1]; A; is the event consisting in the fact that the number of elements

from ¢("1) belonging to A; is greater than \/n1; a; = N- [ F’(fn\o, t)dt

avi

ng = [n] <v<l

g} is the value that maximizes function

z,0)= T1 a(Xilt) = 2ltp(t).

tEN
Than the estimator

F(fo) + I / Foa (OVF (Fro 1)t

is asymptotically efficient in K nonparametrical estimator of smooth func-
tional F(f).

3. Conclusions

Thus, the constructed estimators of the linear functionals are the max-
imum likelihood estimators. This is possible because it is assumed that
the function belongs to some compact. It is possible to divide the interval
[0, 1] into parts so that on each segment the function is almost constant
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AHHOTaI_(I/ISI. Pa,CCMa.TpI/IBaeTCH 3a/lada CTaTUCTHUYIECKOI'O O6Hapy}KeHI/I${ CUI'Ha-
Jla C HEM3BECTHOI SHeprueil B MHOTOKAHAJIBHOM cucTeMe Ha (poHe Gestoro rayc-
COBCKOr'O mryMa. Hpe,unonaraeTCH, 9YTO CHUT'HaAJI MOXKET IIOABUTBHLCA B JIIO6OM nu3
KaHAJIOB C U3BECTHOI MaJIOil allpUOPHOIl BEPOSATHOCTHIO. 3a/1a49a COCTOUT B TOM,
‘ITO6bI Ha OCHOBE 3allyMJIEHHBIX Ha6J'IIO,ZLeHI/H71 BBIXO/ZIOB BCE€X KaHaJIOB PEIIUTDH
NIPUCYTCTBYET JIM CUTI'HAJI B OJJHOM U3 KaHaJIOB WUJIA H&6J’IIO,II;&6TC$[ YUCTBIN aryM.
B pabore BbramcisiioTcs npejiesibHbIe PACIIPeIe/IeHUs] TeCTOBBIX CTaTHUCTHK Te-
CcTa MAKCUMaJILHOHN alloCTepUOPHOIN BEPOATHOCTH M ONTUMAJIBLHOIO 6aileCOBCKOTO
TeCTa, HaXOATCs MHOXKECTBA He OOHAPYKUBAEMbBIX UMU CUTHAJIOB.

KiroueBble cioBa: 6alleCOBCKHUIl TECT, TECT Ha OCHOBE OTHOUIEHUS TIPABIOIO-
00T, MHOTOKaHAJIbHOEe OOHAPYKEHNE CUTHAJIOB, OOHAPYKEHUE PA3JIaIKU.

1. Bseznenue. ITocranoBka 3amadn

B pabore paccmarpuBaercst oHa W3 OpPOCTEHMUX 3389 CTATHCTIIE-
CKOT0 ODHapY?KeHUsI CUTHAJIA B MHOTOKaHaJIbHOI cucreme. C MaremMaTnde-
CKO TOYKY 3pEeHUsl ITO 33/1a49a 0 IPOBEPKe MPocToil runore3nt Hy, KoTopas
COCTOUT B TOM, 4TO HabJirojiaeMblit BeKTOp Y € R mpescrasiisier coboii
JIMCKDeTHBII 6eblit rayccopekmii myM Ho : Y = o€, e € = (&,&2,...) T
CTAHIAPTHBIN OEJIBbI rayCCOBCKMIA TIIyM, T.€. BEKTOP B R, KOMIIOHEHTaMM
KOTOPOTO SIBJISIFOTCSI HE3aBUCUMBbIE CTAHJIAPTHBIE I'ayCCOBCKUE CJIydaiiHble
BEJINYUHBL, & 0 > () — U3BECTHBIN YPOBEHD IIyMA.

Ansrepuarusoii runoreze Hy sBasiercst Hy : Y = S 4+ 0, S € S, e
S — MOAMHOXKECTBO CUTHAJIOB B R°®, KOTOPBIE MOI'YT MMETh TOJIBLKO JIUIIh
OJTHY OTJIMYHYIO OT HyJisl KomroHenty. TodHee, mycTh Sy OJIHOMEpHOE JIH-
HeitHoe moanpocTpancTBo B R, 0Opa3oBaHHOE U3 BEKTOPOB, Y KOTODPBIX
BCe KOOpAMHATHI Kpome k-oif pasubl mHymo. Torna S = (Jro; Sk. Kpowme
TOTO, MPEJIOIAraeTCs, IYTO CUTHAJT S € S aBJIseTcs CrydailHbIM, HE 3aBH-
CAIMIM OT £ U TAKUM, UTO P{S € Sk} = Ty, TJIe allpUOPHbBIE BEPOSITHOCTHU
T} CIUTAIOTCST M3BECTHBIMU.

Ilepsrrit aBTOp Mognepzkan rpanToM PODOU 16-29-09649 odbu M, BTOpOil aBTOp HOA-
zepxkan rpanToMm Poccuiickoro nayunoro donzga (npoexr No. 14-50-00150).
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Takum obpazom, 3amada COCTOUT B TOM, YTOOBI O HADJIOACHUSAM Y
[IPOBEPUTH MPOCTYIO ruroresy Hy mpoTuB cjIoxKHOI ajibrepHaTuBbl Hj .

HamomMHuM, 9TO CTATHCTHYECKUM TECTOM HA3BIBAETCS JIIOOAsT M3MEPH-
masi dyskmus ¢(Y), npuHnMmaromast 3HadeHns u3 orpeska [0,1]. Hamee
JJIST IPOCTOTHI OYJIEM IIPEIIIOJIAraTh, YTO 9Ta (PYHKIIUS IPUHUMAET TOJIb-
Ko aBa 3uadenus {0, 1}: ecau ¢(Y) = 0, 70 910 03HAUAET, YTO IPUHAMAETCS
runoresa Hy, a eciim ¢(Y) = 1, To npuauMmaercst anbrepHaTusa Hj.

KauecTBO cTATHCTHYIECKOIO TECTa MPUHSATO M3MEPSITH BEPOSTHOCTSIMU
OMmubOK IEPBOTO POJA vy (BEPOATHOCTH JIOXKHOI TPEBOTM) M BTOPOTO POJa
B¢ (mpollycka curHaja), KOTOPBIE OIPENEIISIOTCS COOTBETCTBEHHO CJIEY-
tomuM obpasoM: oy = Po{@(Y) = 1}, 54(5) = Ps{¢(Y) = 0}. Brecs Py
— BEPOSTHOCTHAsI M€pa, MOPOXKIeHHast Habronenusvu Y upu Hg, a Pg —
Mepa, mopoxaertasi Y npu H; npu dpukcupoBannoM BekTOpe S.

Kaxk mpaBuiio, Mbl XOTUM TIPU 38[aHHON BEPOSITHOCTHU JIOYKHOI TPEBOTH
[MOCTPOUTH TECT ¢ MUHUMAJILHONH BEPOATHOCTBHIO TPOMIycKa curaaja. K co-
2KAJIEHHIO, PEIIUTD 3Ty 3aJ1a9y B OOIIEM C/Iydae, KaK IPABUIIO, HEBO3MOYKHO
[TOCKOJIbKY BEPOSITHOCTH OIMIMOKK BTOPOTO poja 3aBucut ot S. O iHaKko Bee-
[J1a MOYKHO TIOCTPOUTH CTATUCTUYIECKUIA TECT, KOTOPBIN IPU 38 [aHHOI Bepo-
STHOCTHU JIOXKHOM TpeBOFI/I MI/IHI/IMI/ISI/IpyeT CPEJHIOI BEPOSITHOCTH OITUOKH
BTOporo pozma By(Q fs B4(S) dS, tne nmomorkuTenbHas QyHKIUST

Q(-) Takosa, 4TO / Q(S)dS = 1. IToguepkHeM, 4TO BEPOSITHOCTHAS ILJIOT-
s

HoCcTh Q(+) MOJIZKHA 00s13aTEIBHO OTPaXKaTh AlPHOPHYIO MHQMOPMAIUIO O
curnajsie S. ITockosbky mpesnosaraercsi, 9To S € Sg ¢ BEPOATHOCTHIO T,
a Sy SIBJISIETCST OJITHOMEPHBIM TOFIPOCTPANCTEOM, TO B paccMaTrpuBaeMoit

3ajia4e fSQ(S)B¢(S) ds = Zk; 17ka Qk Sk /8¢( 'aoa Sk707) dSk
3nech qi(-) — anmpuopHasi IWIOTHOCTH PACIpejiesieHus curHana S B k-oM

KaHaJe.
Tect, MUHUMU3UPYIOMINI CPETHIO BEPOSITHOCTH OIMTUOKKA BTOPOI'O PO-

na, mveer B G(Y) = 14372 f (s;Yi)ds >ty }, IJ1¢ KPUTH-

9eCKUil YpOBEHD t, BBIOMPAETCsI TaK, 9TOOBI OOECIEUNTDh 33/ IAHHOE 3HAUE-
HUe BEPOSITHOCTH JIOXKHOM Tpesoru a, a [(s; Yy) = exp(—(s% —2sYy)/(202))
— OTHOIIIEHUE TPaBI0NOoI00ust Jiist k-To KaHaJA.

ITockosibKy y Hac, Kak MpPaBWJIO, HET HUKAKON ampuopHOit mHbOpMa-
[N O PACIpeJIeJIEHIH HEHYJIeBOH KOMIIOHEHTHI CUTHAJIA, TO MaTeMaTude-
CKH 9TOT (PaKT MOXKHO BBIPDA3UTDH MPEJIIIOIOXKNB, HAIIPUMED, ITO ITA KOM-
[IOHEHTa MMeeT TayCCOBCKOE paciipejiesieHne ¢ OOJIBINON jucnepcueii, T.e.
qe(s) = (V21 A) Lexp(—s2/242), rne A > o. Torma, npu A?/0? — oo

MBI [IPUXOJIUM K CJIeJIyIOIIeMy 0afleCOBCKOMY TecTy:

°(Y) = 1{}21 T eXp(;;é) > tg(w)},
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rjie KpUTHYeCKoe 3HaueHue to () BBIOMpaETCst Tak, 9TOOBl FapAHTHPOBATH
BEPOATHOCTD JIOYKHOI TPEBOTT PAaBHYIO v. 371ech 1 fanee T = (71, T, ...) "
— BEKTOP AllPUOPHBIX BEPOATHOCTEH.

Ha npakTuke Hapsity ¢ 6aileCOBCKUM TECTOM YaCTO UCIIOJIb3YETCsI TECT
MaKCUMaJIbHOI ariocrepuopnoii BeposarHoctu (MAB)

o) = 1{max |, Xp(g)} > 7 .

rje t* () — COOTBETCTBYIOMINH KPUTHIECKHI YPOBEHb.

Iesb 9TO# cTaTbu — BBLIACHATH B KAKOM CMBICJIE U HACKOJILKO Oaifi-
ecoBckmii Tecr Jiyuine tecra MAB. Iy sroro HaMm morpebyercss JI0IOJI-
HUTEJIbHAST TUITOTe3a 00 AIlPUOPHBIX BEPOSITHOCTIX 7). DyJIeM pejno-

jJaraTh, 410 T = Tp = T % /Zilw 2, mne @(x), v € RY —

HEOTPUIATE/bHAS, OPPAHUYEHHAS (DYHKIIUS TAKasi, ITO fooo m(x)dx = 1,
H(z) = [°7(x) logﬁdx < 00. I'py6o roBopsi, 9TO NpeJIIoIOKeHNe
O3HAYAET, UTO AMPHUOPHBIE BEPOSTHOCTU MAJIBI, TOYHEE, UMEIOT MOPSIOK
n~!, HO IpH 3TOM SHTPONNS AIPHOPHOrO PACIIPEIE/eHHs OTPAHITICHA Be-
smaunoit log(n) + C, rae C < oo, npu obbix 1 > 1. PakTuyuecku, Beu-
quHA N ABJgeTC 3 DEKTUBHON pa3MEPHOCTHIO 331a9H U J1ajiee Hac OymIyT
UHTEPECOBATH CBOWCTBA CTATUCTHUIECKUX TECTOB HPH 1 — 0O.

Sagada OOHAPYXKEHUsI CATHAJA B MHOTOKAHAJIHHBIX CHCTEMAX HMEET
MHOTOYHCJIEHHBIE TeXHUYECKUe MTPUJIOKEHUsT 1 Horaryio ucropuio. Pasno-
0oOpa3Hble CTATUCTUYECKUE IOCTAHOBKHU M BAPUAHTDI 3TOHN 338291 PACCMOT-
penbl, HanpuMmep, B [1]. OGHapy»KeHMe cuTHAIA ¢ U3BECTHOW SHEprueii B
rayCCOBCKHUX KaHAJAX C IMTOMOINBIO METO/a MAKCUMAJBLHOIO MPAaBIIONOI0-
fus meTanabHO H3ytdeHo B [2], §8.2.

Ilo-BuauMoMy, OFHOM W3 TEPBBIX MaTeMaTHIeCcKux paboT o Gaitecos-
CKOM OOHApyKEHUH CUI'HAJIA B MHOI'OKAHAJIBHBIX cucreMax spJsercs [3]. B
9TOi paboTe U3ydasach CTATUCTUYECKAs MO/JIE/Ih, COCTOAINAST U3 1 PIJIEeB-
CKHUX KaHAJIOB. 3ajada 6aitecOBCKOro 0OHAPY KEHNsT CUTHAJIOB C U3BECTHOMN
9HEPrueil B rayCCOBCKUX KaHAIaX paccMarpuBajach B [4]. B stux paborax
[IPEJII0JIArajIoCh, YTO CUTHAJ HOSBJISIETCS B OJTHOM U3 1 KAHAJIOB C PABHBI-
MU AIPUOPHBIME BepoaTHOCTSIMA. OTMETHM Takxke, 9To MoHOrpadwus [5]
COJIEPKUT MHOTO MHTEPECHBIX U TOJIE3HBIX (DAKTOB 00 OOHADYKEHUS CHUT-
HaJIa ¢ MHOTOKAHAJIbHBIX CUCTEMAX C TayCCOBCKUMU IITyMaMHU.

IMomuepkuemM, 9TO B Hacrosmeil paboTe M3y4aeTcs CUTYAIUsT KOTJA
AIPUOPHBIE BEPOSITHOCTH TOSBJICHUs] CUTHAJIA B PA3JIMYHBIX KAHAJIAX Pa3-
JINYHBI, 8 €r0 HEPI'Us HEU3BECTHA U SIBJISETCS MEIIAIONIM IapaMeTPOM.
[TockosibKy craTuCTHYecKas 3ajiada OOHAPYKEHUsI CUTHAJIA B MHOTOKA-
HAJILHOUM CHCTEME SIBJIsIeTCs 3ajadeil OOJIBIION pPa3MEepPHOCTH, TO B OTJIHU-
YUU OT CTATUCTUYECKUX 3aJ1a9 HU3KOH Pa3MEpPHOCTH, ee PelleHHe CyIe-
CTBEHHBIM OOpa30M 3aBUCHAT OT UMEIOIEHCs arnpuopHoit mHpopManum 00
00HAPYKNBAEMBIX CHTHAJAX WM IIOITOMY PE3YJILTATHI, NIPEJCTABICHHBIE B
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HaCTOHH.[efI pa60Te JOBOJIBHO CYINECTBEHHO OT/INYAIOTCA OT PE3YJIbTATOB B
ITUTUPYEMbIX BbIIIIE pa60TaX.

2. OcHoBHBIE Pe3yJabTATHI

IIpu n — oo kpuruvecknit yposenb Tecta MAB log[t? (7™)] = log ﬁ—

1log [log< NG )} +0(1). Crarucruueckue coiictsa recra MAB, cBsa3an-

HBIE C OMMUOKOI BTOPOTO POJIa, ONPEIEIIIOTCsS MHOXKecTBOM B R*: IT%,, =

T,
.2 2 1
{x eR® 27 <20 {bgﬂ? —|—logﬁ — log(log fa>
Moxno nokasare, 4ro Hukakoit curnan us %, , NS He MoxeT ObITH

obHapyzkeH c¢ momomibio Tecra MAB. [leiicrBuresbHo, st Tecta MAB
BBITIOJTHEHO, ITO lim,, oo infgery= n NS By (S) > oo 57

Ilpu n — 00 KpHUTHYECKUii ypOBeHb 6aI/IeCOBCKOFO recra t2(7") =
to +H (w) 1 o o
\/>{b 4o ]Jro( \/m),rﬂe to YIOBIETBOPSAET PABEHCTBY P{C >

-1
k
tZ} =a,(°= |:<Zs—1 es) — ,}V} + 7, €s — He3aBUCUMBIEe, CTaH/IapTHbHIE

SKCIIOHEHITNAJILHO PacIpe/iesIeHHbIE CIIyYaliiHble BeJTnIuHbl, 7 = 0, 577215 ..

1/2
— mocTosiHHas ditnepa, b, = [2 log ——2— .
£/ mlog(n)

Kak u ¢ rectrom MAB cBsizkeMm ¢ 6aileCOBCKUM TECTOM CJIEILYIOIIMIA 11a-

pastenermmen; 112, = ¢z € R™ : xf < 202 log+ . Anasiornu-
7w/ log(n)

HO, JIJIsi OIIIMOKY BTOPOI'O Poja 0alileCOBKOIO TECTa BBIIIOJHEHO CJIELYIOIIEE

HEPABEHCTBO: lim,, o infgere, ns By (S) > 1770‘

FN

3. 3akJroueHue

B pabore BbIYUCIAIOTCS 715 TECTOBBIX CTATUCTHK TECTa MAKCHMAJILHON
aIl0CTEPUOPHON BEPOSITHOCTH U ONTUMAJIHLHOTO HAfeCOBCKOIO TeCTa HaXO-
JISTCsT MHOXKECTBA HE OOHAPYKUBAEMBbIX UMU CUTHAJIOB. 3aMETUM, 9TO IIPU
OOJIBIIIAX N PA3HUIA MEXKIY KBAJIPATAMH CTODOH IIapAJLIEJIENUIE OB He

obHapykuBaeMbIx curaanos II%. , u II2. He 3aBUCHT HE OT HOMepa CTO-
)

poHbI, HI OT n u pasHa 6(a) = 202 log i CraructTuaecKuii CMBIC ITON
BEJIMYMHBI IIPO3PAYEH U 03HAYAET, UTO OalileCOBCKUIl TECT 110 CPABHEHUIO C
tecroM MAB mo3Bojister 00HAPYKHUBATh CUTHAJIBI C SHEPIUAMU MEHBIIIH-
Mmu Ha Bequuauny §(«). Ormerum Takxke, 4yTo B orimuuu oT Tecta MAB,
HapaJuIesIelniie]] CHIHAJIOB, He OOHAPYKUBAEMBIX OafleCOBCKUM TECTOM, HE
3aBUCHUT OT BEPOATHOCTH JIOKHOM TPEBOTH (1.
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Bayesian Test for Multi-Channel Signal Detection
Problem
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We consider a problem of detection a signal with unknown energy in a multi-
channel system, containing a big number of channels. We assume that the signal
can appear in any of channels with a known small prior probability. Using
observations from all channels we would like to detect whether the signal is
presented in one of the channels or we observe pure noise. In our work we
describe and compare statistical properties of maximum posterior probability
test and optimal Bayesian test. In particular, for these tests we obtain limiting
distributions of test statistics and define sets of undetectable signals.

Keywords: Bayesian test, multi-channel signal detection, change-point de-
tection, Likelihood ratio test.



Casesiop M. II. 249

VIIK 519.234.33

IIpenenbHble pacupenesienusi craructuku Ilupcona
JJI HEOJHOPO/IHOM MOJIMHOMUAJIbHOW CXeMBbl

M. II. Casemos*!

* Mockoscruti 2ocydapecmeennviti yrnusepcumem um. M.B.Jlomonocosa,
Jlenunckue T'opw 1, Mocksea, Poccus, 119992
t Mockoscxuti dusuxo-mexrnuneckutd uncmumym (20cydapemeerinoil
ynusepcumem,), Unemumymexuti nep., 0.9, e. Joazonpydnwi, Mockosckas
obaracmyv, Poccus, 141701

Anvorauus. i1 HEOTHOPOIHON MOJMHOMUAJIBLHON CXeMbl HailJIEHBI YCJIOBUS,
IIpU KOTOPBIX PacIpejiesienne CTaTUCTUKN [IimpcoHa cxonuTes K pacIpeiesIeHuio
HEOTPUIIATEJIbHO OIIPENIEJIEHHON KBaJIPATHIHON (POPMBI OT HE3ABUCHUMBIX CJIy-
YJalHbIX BEJIMYUH CO CTAaH/IAPTHBIM HOPMAaJIbHBIM PacCIpe/IejIEHUEM.

KuaroueBsbie ciioBa: kpurepuil Xu-KBaapar, craTuctuka [Iupcona, npenesbHbie
pacmpeseeHus.

1. Bseneunune

Paccvorpum cxemy HesaBucuMBbIX uchbiTannit ¢ N ucxomamu. B coot-
BETCTBUHU C HYJIEBO# rumore3oit Hy Oyaem camTarh, 9TO BEPOATHOCTH j-T'O

UCXO0/Ia B t-M HCHBITAHUU DaBHA p§,j =1,....Nmat>1ul<j <N
BBeneM muamkaTopsl [;(t): I;(t) = 1, ecam mpu ¢-M HCIBITAHUN OCYIIE-
cremwics j-it mexon, u I;(t) = 0 B mpormsHOM ciayuae. Torma v;(n) =

n .
> i1 1;(t) — gacrora ncxoia j B HepBBIX N UcHbITaHUAX. IIycTh p1, ..., DN
- dukcupoBannbie mosoxkuTeabHble yncia. Craructuka K. [Tupcona

N
)= 3 = (vy(n) — npy)?
]:1npﬂ J J

UCIIOJIB3YETCsl, HAIPUMED, B KpuTepuu coriacug (cMm., Hanpumep, [1]; mo-
JPOOHBIH 0630p ecTh B [4]) ¢ rumoTes0ii, KOTOpasi B HAMAX 0GO3HATEHUAX
uMeeT BU: <<p§- =pj,1 <j < N,t > 1». MBl paccMOTpUM CUTYyaIuIo, KO-
rja crarucruka X (n) MCIoJIb3yercs i OCTPOCHUST KPUTEPHUs COLJIACHSI
¢ runiore3oit Hy B GoJtee 0b1iem cirydae.

2. OcHoBHAasg 4acTb

IIycTh BBIIOMHEHE! CJIEAYIOMIE YCIOBHS:
1 n
1. v/n (% - pi) — 0 mpu n — 00 I KazKIoro (bHKCHPOBAHHOIO
1 <7< N.
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. 1 n
2. CymectByer mpeaes lim, oo HE DD zp] H
eTcsl KaK IO3JIeMEeHTHBII IIpeiel MATPHIL.

i j—1° [/1€ IEJIeIl TOHIMA-

N
. >y pipt
ITonoxumMm 1o ompenenenno A = — lim =t=lt . Ye-
p ij OV 7 | P
pe3 Ay > Ap > --- > Ay 0003HAUMM COOCTBEHHBIC 3HAYEHUS MATPUILI A

(BemecTBeHHBIE B CUily cuMMeTpudHOCcTH A), PacIosioKeHHbIE B HODsijIKe
HeyObIBaHUSI. YCTaHOBJIEHA, CJIEIYIOMIAsT TEOPEMA.
Teopema. Ecau svinoanenwvt yeaosua 1 u 2, mo Ay =0 u

N-1

d

— E )\iﬁf, n — 00,
i=1

2de & ~ N(0,1) — nesasucumvie cmandapmube HOPMAALHHE GEAUHUHDL,
npuvem A < 1.

N-1
BamernM, 9TO BeJIMYUHA ). &2, urypupyiomas B yCJIOBHH TeO-

peMbl 1, croxacTudyecKu MeHblne (To4uHee, He GOJIbIIE) BEJIUIUHBI X%v—p
TaK Kak 1 > A1 > X > --- > Ay = 0.

IIpumep. Ilycts npu kaxnom 1 < j < N BeJIUIHHBI pz» MEHSIOTCS
¢ (t mod Ly)
IepUOANIECKUM 00pa3oM ¢ nepuogoM Lj, T.e. pj = p; , TOTJIA, KaK

p;+...+ij]> "
Lj
CJIeJIOBATEJIbHO, yTBepXKieHne Teopembl 1 BepHO. OTMETHM, 9TO HAJIIMIME
nepuosa L; 1g KayKJI0ro j PaBHOCHIIBHO HATHYIHIO «00Imeros mepuona L,
He 3aBUCHIIETO OT j.

HECJIOKHO BHJETb, yCJOBUA 1 M 2 BBIIOJHEHBI (U p; = ,

3. 3akJiroueHue

Teopema 1 o3HauaeT, 4To, TPYGO TOBODSI, «CAUIIKOM BOJBIIOE» 3HAYE-
Hue craTucTuky X (n), KOTOPOe MPEJIIICHIBAET OTBEPIHYTh MUIIOTE3Y BUIA
«p% = pj,1 < j < N», OIHOBPEMEHHO HPEJITICHIBACT OTBepFHyTb HeJIbIi
KJTACC THIIOTE3, KOTOPBIE OIHO3HATHO ONPE/Ie/IAIOTCS THCIAMM P, YIO0BITe-
TBOPSIONIUMH yCJIOBUAAM 1-2.

OTMeTnM, 9TO OYEHb MOXOXKHE YTBEPXKJICHHUS O IIOBEJICHUN CTATHCTH-
KM XHM-KBaJIpaT KPUTEPUs MOXKHO IOJIYyYUTh U B CUTYAIMH, KOTJA BMECTO
ycaoBmit 1-2 Tpebyercs cTporas CTalOHAPHOCTD IIOCIEI0BATEILHOCTH Ha-
Gorozennii (cum. [3]). Bouee Toro, cxoxue addekTs! (IpruueM BMECTO Hepa-
BEHCTBA B CMBICJIE CTOXAQCTHYECKOTO MOPSAJIKA BBIIOJHACTCS HEPABEHCTBO
MEXKJy JUCIIEPCUSIMUA) B APYTOi curyanuu ormededsl B [2] na crp.301 (me-
pen Teopemoii 1). Hakoner, B pa6ore [5] B 3asade, 61u3Koii kK paceMar-
puUBaeMoii, yCTaHOBJIEHO MOBeleHne cTaTucTuku Ilupcona B ciayuae, Korjia
YACTOTHI NEHTPUPYIOTCA UX MATEMATHICCKAMHE OXKHIAHUAMHE.
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Hcropusi co3ganus 1 IIyTH Pa3BUTHS
nHTepHeT-(popyma nmenn B.B. I'nenenko

A. B. Boukos*, M. A. Scrpebenenkmii’

* Henmp anaausa puckos, 000 «HUHza39%x0m0MUKA>,
ya. Cmapas Bacmarnnasn, 0.20, cmp. 8, Mockea, , 105066, Poccus
t Kagedpa cucmeminozo anaiusa u un@opmayuonto-aHa umudeckus
mexnonoeuti, HTY «Xapvrosckul noaumernuveckuls uHcmumyms,
ya. Kupnuuésa, 0.2, Xapvkos, 61002, Ykpauna

Awnsoranus. Onucana UCTOpUST CO3/IAHUST U PA3BUTHS HEPOPMAIBHOIO UHTED-
HET - CO0BIIeCcTBa, co3JanHoro npod. M. A. YIIakoBbIM B HaMsaTh CBOETO yIUTEIsI
— BbIJAIOINIErocs coBeTckoro mareMaruka B.B. I'memenko. @opym 'memenko 3a
10 sieT cBOEro CyImecTBOBAHUS CTaJ HACTOSAIIEH pabodeil MIOMAIKON JIst 06-
[IEHUsT CIEIUAJICTOB M SKCIIEPTOB, MPOJBUTAIOINICH HAayJHbIE 3HAHUS, IIyOIUKY-
folelt HaydHble CTaTb. Peryasapuble paccoliku Popyma MO3BOISIOT CIIEIINAIN-
cTaM B O0JIACTH IPHUKJIAIHON TEOPUN HAJEKHOCTU OBITh B KypCe IMOCTEIHUX Ha-
YYHBIX pa3pabOTOK M IPOBEJIEHHBIX UCC/IEI0BAHNM, KOH(MEpEeHIn, myOMKaImit
u .. Popy™m uznaér ceoii xypuas “Reliability: Theory & Applications”

Kuarouesbie ciioBa: B. B. 'nesienko, nHayanoe coobinecTBo, TeOpust HAIEKHO-
cti, HGOpyM, UHTEPHET.

O/ tHUM W3 TJIABHBIX YCJOBHIA TJIODAU3AIME CErO/[HsI MOXKHO HA3BATH
“BBICOKOCKOPOCTHOIT” 00OMEH 3HAHWSIME, HO BO M30exKaHue xaoca u JJjist 6o-
Jiee MPOJIyKTUBHOIO B3aUMOJIEHCTBUSI YIEHBIX U JIOJEH, HHTEPECYIONIXCs
HAyKOM, HEOOXOINMO CO3JaHNe KAIECTBEHHO OTJINIHBIX OT COIUAJILHBIX Ce-
Teil BUPTYaJbHBIX HAYJIHBIX COOOIIECTB. DTHU COODIECTBA MOTYT JIaTh HO-
BBIil MMITyJIbC K PA3BUTUIO HE TOJILKO HOBBIM HAYJHBIM HCCJIEIOBAHUSIM,
HO W HayKaM, UMEIOIINM [IABHIOI0 UCTOPUIO U HAKOIUBIIAM COJIMIHBIN Oa-
rak 3HaHWil. Be3yc/ioBHO, OIHON M3 TaKWX HAyK MOXKHO HA3BaTh TEOPUIO
nagéxkuoctu. OHa Beerja yessia OCHOBHOE BHUMAHUE aHAJN3Y CHCTEM:
MMOHSATHO, 9TO HA YPOBHE 3JIEMEHTOB TEOPETHUIECKNE METOIbI CBOIUIUCH B
OCHOBHOM K 3aJladaM ILJIAHUPOBAaHUSI WCIBITAHUN U 0OpPabOTKM KCIIEPH-
MEHTAJbHBIX JTaHHBIX. COBpEMEHHbIE CHCTEeMBI BCE OoJtee U GoJtee YCI0K-
HSIOTCsl — BO3HUKAIOT IJI0DAJIbHBIE TPAHCIIOPTHBIE CUCTEMBI, TEJIEKOMMY-
HUKAIMOHHBIE CETH... KECThb MHOTO MHTEPECHBIX, CJIOKHBIX U aKTYaJbHBIX
3aJ1a, HO OT CIIEIUAJIICTa 110 HAJEXKHOCTH yrKe TpebyeTcsi He HAIMCAHUE
00IIETEOPETHIECKUX PADOT, & PEIIeHIe STUX KOHKPETHBIX 3aJ1a4, YIaCThe B
‘KUBBIX IIpoeKTax’. 3a9acTyro 3a/a9i HACTOIBKO CIEIMMUIHBI, 9TO UX pe-
IIIeHUsT yKe He HOCAT MeXKIMCIMILIMHAPHOTO XapakTepa. Ho, 6e3yciioBHO,
pellieHre 3TUX 3aad OMUPAECTCH Ha OOIMEMETOIOJIOTMIECKYI0 U MaTeMa-
THYECKYI0 6a3y COBPEMEHHOI Teopun HaJIEXKHOCTU. XOTs CIAYXU O CMEPTH
TEOPUU HAJIEKHOCTU MPEICTABIISIOTCS [PEXKIEBPEMEHHBIMU, KAK MOBapH-
Bas1 Mapk TBen, mmopa eé paciiBeta, HECCOMHEHHO, OCTAJIaCh TO3a/IH. ..

E-mail: a.bochkov@gmail.com, ma.yastreb2013@Qgmail.com.
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Ho 6bu1 u mepuon pacmsera. B 1958 1. cocrosimace Ilepsast Beeco-
103HasT KOH(MEPEHIUsI 10 HAJIE?KHOCTH, Ha KOTOPOIl IIPEeJICe1aTeIbCTBOBAI
B.U. Cudopos. PopmupoBaanck HayIHbIe KO — B MockBe, Jlennrrpa-
ne, Kuese, Pure... BypHbIil TOTOK Ujeil B TeOpUN HAJEYKHOCTU XJIBIHYJ B
caMoOM HadaJje “XOJIOTHOW BOWHBI’, KOTJIA CTAJU TOSBJSITHCS BCE OoJsiee n
boJiee CJIOKHBIE CHCTEMBI BOOPYKEHUs, KOTOpbIEe “IipocTamBain’ OOJIBIIIE,
geM paborasin. U XoTs mepBbie marn B pa3BUTUU TOTO, 9TO MbI TEIIEPh Ha-
3bIBaEM TeOPHell HaJIEXKHOCTHU, ObLIN CJleJIaHbl B AMepuKe, OTedecTBEHHbIE
CIIEIUAJIACTHI OBICTPO BKJIIOYHUJINCH B STOT IIPOIECC, & BCKOPE HE TOJIb-
KO CpaBHSIJIUCh, HO BO MHOIOM OIEpeun ‘3akoHomareseir moabr’. Tak,
MHTEPECHBIIl METOJ OIIEHKH JIOBEPUTEJIbHBIX IPAHMUIL JIJI HAJIEXKHOCTU CH-
CTEMBI, OCHOBAHHBIX Ha PE3y/IbTATaX 0E30TKA3HDBIX HCIIBITAHUN BXOISIINX
B Heé 3jiemenToB, ObL1 mosrydern P. Mupubim u A. CosioBbéBbIM. 3arem
HEKOTOpBIe OoJiee obIme pe3yabraThl Obiu mojrydensl FO. Bessesbim, Ko-
TODBIA TPEJIOKIUII METO/I, OCHOBAHHBIN HA CTATUCTUIECKUX MCIIBITAHUSIX.
BoJibimioe 9ncio HOBBIX aHAJIMTUIECKUX PE3YJIBTATOB JIJIsI PA3JIMIHBIX CJIy-
1gaeB Obu10 Ttostydeno U. Iasnoseim, P. Cymakoseiv, O. Teckunbiv. MuOro
paboT OBLIO TTOCBSAIIEHO AHAJUIY CJOXKHBIX CHCTEM C Jlerpajarmeil Kade-
cTBa (PyHKIIMOHUPOBAHUS 38 CUET “YaCTHIHBIX 0TKa30B”. JlokasaTeabcTBO
JIByX HPEJIeJbHBIX TEOPEM B TEOPUH IIPOIECCOB BOCCTAHOBIICHUsI (DPEKyp-
PEHTHBIX TOYEYHBIX IIPOIECCOB) CBHIMPAJIO PEIIAIOILYI0 POJIb B PA3BUTHU
TEOpUN HAJIEKHOCTU BOCCTAHABJIMBaeMbIX cucreM. A. Penbu cdopmyru-
POBAJI U JOKA3aJ TEOPEMY ACHMITOTHYIECKOTrO “‘pasperkeHust’ TOUECIHOIO
noroka, u Torga ke I. OCcocKoB J10Ka3ay TeopeMy 006 aCHMITOTHIECKOM
MTOBEJIEHUH CyTIEPITO3UIIUN TOUeTHBIX TOTOKOB. [lo3xke FO. Bensies, B. ['pu-
resmonnc u U. Iloroxxes o0o0muan 3tu pe3yiabTaTbl. ITH aCUMITOTHYIE-
CKHUE TeOPEMbI IO3BOJIAIOT ITOCTPOUTH IIPAKTUIECKH YI00HbBIE HHXKEHEPHBIE
MEeTObI TPUOJIMKEHHOIO AHAJIN3a CJIO2KHBIX BBICOKOHAEXKHBIX CHCTEM C
BoccranoBjieHneM. b. I'HejtleHKO OBLIT MEPBBIM, KTO Hada pa3pabaTbIBAThH
ACHMIITOTUYIECKUE METOJIbI aHAJM3a CUCTEM C BOCCTAHOBJIEHHEM eIlé B Ha-
qasie 60-x romoB. OH paccMoTpes JTyOJUPOBAHHYIO CHCTEMY U MOKA3aJ,
YTO ACHMIITOTHUYECKOE PACIpejiesieHre BpeMeHn 0e30TKa3HOil paboThl Ta-
KHUX CHCTEM $IBJISIETCS SKCIIOHEHINAJIBHBIM U HE 3aBUCUT OT PACIIPEJIeIICHIS
BPEMEHU BOCCTAHOBJIEHUsI (€CJIU ITO BPEMsl B CPEJHEM MAJIO 110 CDABHEHHIO
¢ HapabOTKO! Ha OTKA3). DTH IepBble PabOTHI OTKPHLIA HOBOE HAIIPABJIE-
HU€ B TEOPUU HAJEKHOCTH, KOTOPOE 3aTeM YCIIEITHO PA3BUBAJIM, B IIEPBYIO
ouepenb, 1. Kosamenko u A. CosioBbén. MHTepecHble wjen arperupoBa-
HUsI COCTOSTHUI TIOJyMAapPKOBCKUX ITPOIECCOB C IIPUMEHEHUsIMUA K 33 adaM
HaaEéxKHOCTU ObLu npesjoxensl B. Koposokom n A. Typbunbim. WaTe-
PECHbIE PUJIOYKEHUs K HAJIEKHOCTHU CojiepKaTcs B paborax B. Auucumosa
u JI. CunbBecrpoBa. Takoe BaykHOe HallpaB/IeHUE B TEOPUU HAJIEXKHOCTU,
KaK YCKODEHHBIE HCIIBITAHWS, TAKKe BO3HUKJIO Ha CaMOW 3ape Pa3BUTHS
teopun HajéxkuocTu. Jlocrarourno BecmomuuTh padborsr H. Censkuna, X.
Kopmouckoro u U. T'epupaxa, A. Ileppore, I'. Kapramosa u K. IIseraena.
Moienn yCKOpEHHBIX UCIIBITAHUI C HArPY3KaMu, 3aBUCAIIAMA OT BPEMEH!,
paccmorpennu B. Barnanasnayc u M. Huxymua. U, pazymeercs, Helb3s He
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YIIOMSIHYThH O IIpeKpacHoit Kuure [1] moz obmeit penaknueit Bopuca Bia-
gauMupoBuda ['HEIEHKO, B KOTOPOH ITO/IBITOXKEHBI OTEYeCTBEHHBIE JIOCTHU-
2KeHUsl B 00JIACTU TeOpUM HAJIEXKHOCTH .

IIpencraBurenn ynomsnyTbix naydabix mkoia CCCP uz Mockssr, Jle-
nnarpaga, Kuesa, Purn, Upkyrcka, Tamkenra, ['oppkoro, Muncka, Toun-
sncu, Epesana, BiauBocToKa U IPyrux ropoJioB MOCTE TPATHIECKOTO Pac-
naga CCCP u BeileicTBUE CTPEMUTEIBLHOIO PA3BUTUS TEHIEHIWH ry106a-
Jsusaiu (B TOM 4ucsie U B cdepe HAyKu) OKA3a/UCh B CAMBIX DA3HBIX
yrosikax mupa. KoHedHo, MHOTHE BEIyIHe CIIEIUAUCTI TPOIOJIZKAY Ha-
Y4YHOE M JIMYHOEe OOIeHNe, HO 9TH JIMYHbIE CBS3M HOCUJIU SIU301UIECKUI
U HECHUCTEMHBIN XapaKTep.

B 2005 roxy mo muunmaruse Mrops YimakoBa BO3HUKJIA HeMDOPMAIIb-
Has MeKJLyHAPOHAs IPYIINa CHEIUANCTOB 110 Haéxuoctu (International
Group on Reliability), koropas opranusosasa B ceru Uurepuer caiir — Do-
pym DHenmenko [2], HasBaHbIA B 9€CTH BBIIAIONIErOCS COBETCKOTO MATEMa-
THKA, CIIEIIAAJIICTA 10 TEOPUHU BEPOSTHOCTEH, MATEeMATHIECKON CTATHCTH-
K€, BEPOSITHOCTHBIM M CTATUCTUYIECKUM METOaM, JYjIeHa-KOPPECIIOHIEHTA
(1945) u akagemuxa (1948) AH YCCP Bopuca Braguvuposnda I'negernko
(1912-1995). D10 GbLTa MaHb HaMsiTH VIropst YIakoBa CBOEMY yUUTENIO U
JIPYTy, MOIBITKA COOPATH CBOUX KOJLIET, PA30POCAHHBIX 110 BCEMY MUDY.

C moMmeHTa cBOEro ocHoBauus u 110 ceit gjeab @opywm ['nerenko — 1006po-
BOJIbHOE HeOpPMaJIbHOE 00'beINHEHIE, OCHOBHASI TI€JIb CO3/IAHUST KOTOPOI'O
— OpraHu3alus JIUCKYCCHOHHON ILIOIMIAJIKNA U YCTAHOBJIEHUE MPOQECCHO-
HAJIbHBIX U JITYHBIX KOHTAKTOB B MEXK/TyHAPOIHOM COODIIECTBE CIIEIAA -
CTOB II0 TEOPUU BEPOSATHOCTEH M MaTEMATUYECKON CTATHCTHKE, & TaKyKe
Pa3JIMYHBIM WX IPUJIOYKEHUAM KaK, HAIIPUMED, TEOPUs HAMIEKHOCTU, KOH-
TPOJIb KavdecTBa, TEOPHs MAaCCOBOI'O OOCIIYXKMBAHUS, TEOPHS YIIPABICHUS
zanacaMu, aHajn3 puckoB u 1p. OcHoBHas dopMma JesarenbrocT Popy-
Ma — obMeH mpodeccroHaIbHON MHMOpPMAarmeit depe3 Beb-caiit Popyma
U JINYHBIE KOHTAKTHI y9aCcTHUKOB. POpyM SIBJISIETCS HEKOMMEDPYECKO Op-
raHu3alye, YTo BHINOJHO OTJINYAET €r0 CPEJU CYIIECTBYIONINX BUPTYAJIb-
HBIX HAYIHBIX coobitecTB B cetn Mureprer. B @opyme MoKeT yIacTBOBATH
KaK [EPCOHAJLHO (B OCHOBHOM ) JIIODOI CIIEIUAIMCT B TEOPUU HAJIEKHOCTU
U aHAJIM3a DPUCKA, TAK ¥ KOJUIEKTUBHO (KOMIIAHUY, 3aHUMAIOIINECS IIPU-
KJIATHON Teopueil BEpOSITHOCTEH W CTATUCTUKHU ITPOEKTOB, COOTBETCTBYIO-
MIAX OTJEJIOB YHUBEPCUTETOB W T.J.). Her HuKakux ocobbIx TpeGoBaHmit
K WIEHCTBY, KPOMe MPO(eCCHOHATBHON IPUHAJIEXKHOCTH TPETEHIEHTa K
obutactu fesarenbHocTu Popyma. Ilpesunent Popyma uzbupaercs HaA pery-
JIIPHOI OCHOBE M MMeEET IIPABO PEIIAIOIIErO I'0JI0CA B IPOIECCE IPUHATHS
pemennii n obcyxkaennit Ha Popyme. Burie-mpe3uaeHT Tak:ke n30upaeTcs
U, COOTBETCTBEHHO, MMeeT KOHCY/IbTAIIMOHHBII rojioc. [lo npasuiam @opy-
Ma BUIE-IIPE3U/IEHT aBTOMATUYECKU CTAHOBUTCH IIPE3UJIEHTOM Ha BTOPOM
CPOKE CBOEH NedTeJIbHOCTH.

Hauunas ¢ guBapsa 2006 roga PopyM BBITYCKAET CBOH €2KEKBAPTAJIb-
HBII 971K TPOHHBIH »KypHaJ “Hamexmnocts: Teopus n mpakTUIeCKue MPUIo-
xenust” (“Reliability: Theory & Applications”). 2Kypuas 3aperucrpuposan
B Bubsimoreke Konrpecca CIITA (ISSN 1932-2321). 3a 10 ser, uporueziime
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C MOMEHTa W3/IaHWs EPBOTO HOMEPA, B 31 HOMepe »KypHaJia Oy InKOBa-
HO Gostee 450 crareii. CTaTbu MPOXOASAT OOS3ATEJLHBINA ITAIl PEIaKTHPO-
BaHWA W MyOJUKYIOTCS Ha caiite KypHaja. 2KypHasa myOJnKyeT CTaTbH,
0030pBI, pPeren3nn, BOCIOMUHAHNS, HH(MOPMAIMOHHBIE 1 Oubanorpadute-
CKHE MATEPHUAJIbl 110 TEOPETHUIECKUM M IIPUKJIAIHBIM ACIIEKTaM HaJIEXKHO-
CTH ¥ yIPAaBJIE€HUS KAa4eCTBOM, OE€30IMACHOCTH, XKUBYIECTH, TEXHIIECKOMY
00CIyKWBAHWUIO, METOJAM aHAJIN3a U yIpaBjeHus puckamu. IIpemmodre-
HH1E OTIaeTCsd MaTepuaJiaM, OTpazKalollUM IIPpaKTUIeCKOe IIPUMEHEHNE pac-
CMAaTPUBAEMBIX METOJIOB, B CTATHIX TEOPETHIECKOTO XAPAKTEPA, JTOJ2KHBI
HEIIPEMEHHO COJIEPYKATHCsT HOBBIE TIOCTAHOBKU 33184, YKAa3aHIe BO3MOXKHO-
CTH NIPAKTUYECKOIrO IPUMEHEHUs U He JOJI2KHO OBITh YPE3MEPHOI'0 UCIIOJIb-
30Banus (POPMAJILHBIX BBIKJIAJIOK.

B penaknunonHyo KOJIerno KypHaJsia BXOAAT YIeHbIe U CIEIUAJACThI,
SIBJIATONINECS TPU3HAHHBIMU SKCIIEPTAMH B CBOUX OOJIACTAX JIeATEIHHOCTH
U TIPEKPacHO pa3duparoIuecs B CyTH OOCYKIAEMBIX B YKyPHAJIE IPODJIEM.
IIy6mkarus B »KypHaJje MPUPaBHUBAETCS K ITyOJMKAIMY B MEXKTyHAPOI-
HOM HAy4YHO-TEXHUYECKOM JKypPHAJIe, OJHAKO 33 aBTOPAMU COXPAHSETCS
ITOJTHOE TIPABO MCIIOIB30BATH CBOM MATEPUAJIBI [TOCJIE MyOIUKAINN B XKy P-
HAJIe [0 CBOEMY YCMOTPEHUIO ([IOCBLIATH UX B JIPYTHE U3JAHUs, IIPEJICTAB-
JIATh Ha KoHepeHuy 1 T.I1.). B Hacrosinee BpeMsl CTaTby »KypPHAJA UH-
nekcupytorcs B 6aze PUIHIL, a konme 2017 roja rmiaHupyeTCsl BKIIOYEHIE
uzganus B 6a3y Scopus.

Perynsipao @opym mupOpMUpYyeT CBOMX yIACTHUKOB O ITPEIACTOSIINX
KOH(PEPEHIMsIX, CEMUHAPax, BbIXOJ€ HOBBIX MOHOrpaduii B 00J1acTH Teo-
pum HaJIEKHOCTU U aHAJIM3a pucKa. B mactosiee Bpemss PopyMm 06bean-
ustet 60s1ee 350 yuacTHUKOB 3 47 cTpaH MUpAa.

Tosopst 0 @opyme ['HeIeHKO HEBOBMOXKHO HE CKa3aTh O €ro CO3jaTere,
rereparope ujeit u 6eccmentom Ipesumente — Urope AsekceeBude Yima-
koBe. Pommiicst on 22.01.1935 r.. B 1952 okOHYMI MOCKOBCKYIO TIKOJTY Ne
150, a B 1958 — MockoBckuii aBuaronsslit wHCTUTYT. B 1963 romy emy
IIPUCBOEHA CTENleHb KaHAuIaTa, & B 1968 — cTelrleHb MTOKTOpa TEXHUIECKAX
nayk. OnmonenToM Ha 0benx 3ammrax Boicrynaa b. B. ['memenko, ¢ Koro-
PBIM y HEro YCTAHOBUJIUCH OJIM3KHE, [JOBEPUTEIbHbIE OTHOIIIEHU, HEPEKHO
coxpaHsieMble BCIO Kmu3Hb. bosee 40 jer oTmambl uM paboTe B HAyIHO-
npoMbinieHHOM n oboporHoM KoMmiutekce CCCP. Buectsme nanucanubIit
uM (B coasroperse ¢ B. A. KosnosbiM) B 1975 rojy cipaBovHUK 110 pacde-
Ty HAJEXKHOCTH JI0 CUX IIOD OCTAETCH HACTOJIBHON KHUIOU MHXKEHEPOB BO
Bcem mupe. B 1989 rozay on 6b11 npuriiamten B ¥ Huepcurer xxopmxka Ba-
muarrona (CIIA). ITepenec onepanuto u u3-3a IpobIeM ¢ CepIeM OCTall-
cst B Amepuke 10 Koura Ku3nu. OH ObLIT YJIEHOM PEJIAKIIMOHHOTO COBETA,
xkypuasia “Hamexxuocts 1 KoHTpOL KadecTBa” ¢ 1962 10 KOHIA KU3HMU,
UCIIOJIHUTEJIbHBIM ceKperapeM kypHasa Akajgemun Hayk CCCP “Texuu-
vyeckas KubepHeruka” ¢ 1968 no 1991 rox; Kybernetes (Besmko6puranust),
¢ 1970 no 2014 roxsr nu muOrmx-mHorux npyrux. Ilox ero pykoBojcTBOM
zamuruics 61 acmupant, 6osiee 10 U3 HUX BIIOC/IEICTBUU CTAJIA JTOKTOPA-
Mu HaykK. Ero HaydHoe Hacjemue HacumThiBaer 30 MoHorpadwuit u 6osee
300 mayunbix crareit. Ilociennue 11 jeT KU3HU, BOIPEKH OJ[0JIEBABIIAM
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€ro HeJyraMm, OTJAHBI UM CO3JAHUI0 U PA3BUTUIO HeDOPMAIBHON MEeXK Ty Ha~
POJIHOI I'PYIIIBI CIIENUAIUCTOB 10 HaaéxkHoCcTH — MHTepHeT-PopyMa UM.
B. B. T'uenenko. On yrren u3 xxuzan 27 despass 2015 roga na 81 romy B 1.
Can-uero (CITA). ®opym ['HeseHKO U €ro HAYYHBIH KYPHAI - JIydIiIast
[IaMsITh 9TOMY CBETJIOMY YEJIOBEKY.

ITo obpazuomy cpasuernio Hozepa CunrmypsaJibl HaydHble (DOPYMBI,
mos100ubIe Popymy ['HEZIEHKO MOTYT CTaTh CBOEOOPA3HBIMU “30HTUKAME,
10JT KOTOPBIM OObeIUHSATCs TPOMECCHOHABI U HAMUHAIONINE UCCJIeI0Ba~
resmn. JleficTBUTEIbHO, CYIIECTBYET MHOTO chep IeJIOBEIECKON TeATeTbHO-
CTH, B KOTOPBIX 3HAHUSI U METOJIOJIOTUs] TEOPUN HAJIEXKHOCTUA MOTYT OBITH
BoCTPeOOBaHbI U OTJIMIHO paboTaTh. Kak mpejicraBisercs, B MOUCKAX HO-
BBIX ‘JIOKOMOTHBOB Pa3BUTHs, ‘TOYEK POCTA’ MOTYT IIOMOYb IIPOMECCHO-
HAJIbHBIE BUPTYaJIbHBIE HAYIHBIE COODIIECTBA.
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The History of the Creation and Development of the
e-Forum Gnedenko

A. V. Bochkov*, M. A. Yastrebenetsky
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Described the history of creation and development of the Internet Internet
community created by prof. I.A. Ushakov in memory of his teacher - an out-
standing Soviet mathematician B.V. Gnedenko. Forum Gnedenko for 10 years of
its existence has become a real platform for communication of experts and scien-
tist. Regular mailing of the Forum in the field of the applied theory of reliability,
about the course of the latest scientific developments and conducted studies, con-
ferences, publications and etc. - are very important. Forum publishes electronic
journal “Reliability: Theory and Applications”.

Keywords: Gnedenko, scientific community, reliability theory forum, inter-
net.
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30J10TBIE IEPNOABI MOCKOBCKOW MaTeMaTHKU
(30-e u 60-e roxap)

B. M. Tuxomupos*

* Kagedpa obuyux npobaem ynpasaerus,
Mocxroscrutl 2ocydapecmeennoviti yrusepcumem um. M.B.Jlomonocosa,
Jlenunckue Topw 1, Mocksa, Poccusn, 119991

Awnnsorauusi. B Tpuanareie rogsl MOCKOBCKast MaTeMaTndeckast mkosaa — L. C.
Augekcangpos, H. K. Bapu, I. M. Tenndang, A. O. Tensdonn, JI. B. Kengpim,
A. H. Konmoropos, M. A. Jlaspentbes, JI. A. Jlocrepuuk, /1. E. Menbmos,
C. M. Huxkonnckuii, I1. C. Hosukos, JI C. Ilourpsrun, B. B. Crenanos, A. H.
Tuxonor, A. §1. Xunumn, JI. I IIlaupenbman (CHIMCOK MOXKHO IIPOJIOJIZKATH),
CTepKeHb KOTOPOM cocraBiisiin yaeHuku u «Buyku» H. H. Jlysuna n nepeexas-
mme B MockBy npecraBuresm apyrux mkos (nerepbyprekoit — C. JI. CoGomes,
onecckoit — B. ®@. Karan, kuesckoit — B. H. Ilesore u O. FO. HImuxr), 3ansa,
MOXKAJYH, BEJlyIee MOJI0KEHUE CPEIM MUPOBBIX MATEMATHIECKHX IIKOJI (HEMeI-
Kasi Oblja pasrpoMiieHa HAIU3MOM, (DPaHIly3CKasl IepeKnBaja HEePHOJ, CMEHbI
[TOKOJIEHNH, aMEPUKAHCKasl MaTeMaTUKa HAXOAWIACh B CTQIUN CO3HUIAHUS, & 3a-
MedaTe/IbHbIE €BPOIENCKIE TIKOJbI — AHIVIMICKAsI, BEHIE€PCKAsl, NTAJIbIHCKASI,
MTOJIbCKAsI, MIIBEJICKAS U IPYyTHe, He PACIOJIATaIu CTOJb MOIIHOM IPYIIIOi TePBO-
KJIACCHBIX MATEMATHUKOB).

B miectunecaTsie roipl MOCKOBCKasi MaTeMaTHYECKasI IIIKOJIa ITEPEXKUBAJIA €IIIE
OJIMH 30JI0TO IIEPHOJL, CBOErO Pa3BUTHs. B 9TOT 11€puo/| BbIIAIOIINXCS PE3YIIbTa-
toB pobuauck B. M. Anekcees, JI. B. Anocos, B. . Apnospa, @. A. Bepesun,
A.T. Burymxkun, C. K. Toxynos, A. A. Tonuap, P. JI. JTo6pymmun, B. /1. Epoxun,
1O. 1. XKypasnés, M. . 3eaukun, A. A. Kupusnos, M. JI. Jlugos, O. B. JIyna-
wos, F0. 1. Manun, C. I1. Hosukos, O. A. Oneiinuk, 1. U. Ilarenxwuii-I1Tanupo,
4. T. Cunaii, C. B. ®omun, . P. [llacdapesuy, I". E. Ilunos, u 31ech cuucok
MOKHO ITPOJIOJIZKATD U IPOJIOIZKATD.

B mokiajzie 6ymer paccka3aHo 0 TeX BpeMeHaX U 00 9THX JABYX 3aMevYaTe/IbHbIX
[Ieproax B PA3BUTHUM HAIllell HAyKH.

KuroueBbie ciioBa: MOCKOBCKOE MaTeMaTHYeCKOe OOIECTBO, MEXaHUKO-MaTe-
Marwdeckuit dakynprer, naCcTUTYT CTeKioBa, ImKoaa Koamoroposa, cemuHAp
Tenpdanma.
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4. JHemudos C.C., Tuxomupos B.M., Toxapesa T.A. MockoBckoe mareMa-
THYeCKoe OOIIECTBO U pa3puThe MaremaTuku B Poccun (k 150-seTuio

cozpanus) // Tpympr MoCKOBCKOro MaTeMaTH4ecKoro oomecrsa. —
2016. — T. 77, Bemm. 2. — C. 1-29.
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Golden periods of Moscow mathematics
(30th and 60th years)

V. M. Tikhomirov*

* Department of General Problems of Control,
Moscow State University,
Leninskie Gory 1, Moscow, 119991, Russia

In the thirties, the Moscow mathematical school — P.S. Alexandrov, N.K. Bari,
I.M. Gelfand, A.O. Gelfond, L.V. Keldysh, A.Ya. Khinchin, A.N. Kolmogorov,
M.A. Lavrentiev, L.A. Lyusternik, A.I. Maltsev, D.E. Menshov, S.M. Nikolskii,
P.S. Novikov, L.S. Pontryagin, L.G. Shnirelman, V.V. Stepanov, A.N. Tikhonov
(the list can be continued), the core of which was Luzin’s pupils, his “grandchil-
dren” and the representatives of other schools (Petersburg — S.L. Sobolev, Odessa
— V.F. Kagan, Kiev — B.N. Delone, O.Yu. Shmidt), who moved to Moscow, took
perhaps the leading position among the world’s mathematical schools (German
experienced a period of defeat by Nazism, the French experienced a period of
change of generations, American mathematics was in the stage of creation, and
wonderful European schools — English, Hungarian, Italian, Polish, Swedish and
others — did not have such a powerful group of first-class mathematicians).

In the sixties the Moscow mathematical school experienced another golden
period of its development. In this period outstanding results were achieved
by V.M. Alekseev, D.V. Anosov, V.I. Arnold, F.A. Berezin, S.V. Fomin, S.K.
Godunov, A.A. Gonchar, R.L. Dobrushin, V.D. Erokhin, A.A. Kirilov, M.L.
Lidov, O.B. Lupanov, Yu.l. Manin, S.P. Novikov, O.A. Oleynik, I.I. Pyatetskii-
Shapiro, I.R. Shafarevich, G.E. Shilov, Ya.G. Sinai, A.G. Vitushkin, M.I. Zelikin,
Yu.l. Zhuravliov and the list can be continued.

We want to tell about these two remarkable periods in the development of our
science.

Keywords: Moscow mathematical society, Faculty of mathematics and me-
chanics, Steklov institute, Kolmogorov school, seminar of Gelfand.
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MaTEMaTI/I‘{eCKaﬂ MOCKBa B IIOTOKE COBETCKOI
ncropum

C. C. Hemunos*’, C. C. ITerposa*

* Kabunem ucmoput U MEmMOo00N02UY MATMEMAMUKY U METAHUKU,
Mocxroscrutl 2ocydapecmeennoviti yrusepcumem um. M.B.Jlomonocosa,
Jlenunckue Topw 1, Mocksa, Poccusn, 119234

T Hnemumym ucmoput ecmecmeosHama, U mesHuky
um. C.HU. Basunaosa PAH,
ya. Baamutickan, 0. 14, Mocksa, Poccus, 125315

AnHOoTanus. PaccmarpuBaercst pa3sBuTHe MaTeMaTHIECKUX UCCIEIOBAHUI 1 Ma-
TEMATUIECKUX UHCTUTYTOB B MOCKBe B KOHTEKCTE CTaHOBJIeHUsI 1 passutus Co-
BETCKOII MaTemarudeckoil mkoJjbl B 30-e — 60-e roapr XX Beka.

Kurouessle ciioBa: CoBerckasi MaTeMaTHdecKas ImKoJia, Maremarnaeckuit nH-
cruryt uMm. B. A. CreksoBa, Mmexannko-maremarudeckuii pakyasrer MI'Y, Moc-
KOBCKO€ MaTeMaTHIeCKOe ODIIeCTBO.

1. K magany Bemukoit OreuecTBennoit BoitHbI B MOCKBE CJIOXKMIICS OMH
U3 KPYITHEHITNX MUPOBBIX MaTEMATHIECKIX IIEHTPOB. Kiro ocHoBaHuem cra-
JIM: BBIPOCIIIAs HA HOYBE JiereHapHoil JIysuranun HOBas MaTeMaTHIECKAsT
mkosia (cam H. H. JIysun, a takxke A. . Xunuun, II. C. Anekcanupos,
JI. A. Jliocrepuuk, M. A. Jlaspenrnes, I1. C. Hosukos, . E. MenbImos,
A. H. Koamoropog, JI. T'. IITaupensman, A. O. Tensdonmn, A. H. Tuxonos,
JI. C. Iourpsrun, M. B. Kenupim, 1. M. Tenbdann u ap.) u nepeexan-
mwit B 1934 rony u3 Jlenmnrpasa Martemarudecknit nactutyT uM. B. A.
Creksioa AH CCCP (C. H. Bepumrreiin, 5. H. Tesnone, . M. Bunorpa-
noB, H. E. Kounn, C. JI. Co6oses u ap.). Eciin umers npu 5TOM B BUJLy,
9TO KPOME HOBOI MATEMATHKH, BLIPOCIIEH M3 HCCJIEIOBAHUN 110 TEOPUH
MHOXKECTB U Teopuu (yHKIUL, B MOCKBe TPaJIUIIMOHHO YCIIEITHO BEJINCH
HCCIIeIOBaHus 110 MpuKJIagaHoil Maremaruke (mkosna H. E. ZKykosckoro:
C. A. Hawipirus u ap.), quddepeHnuaabHOl FeOMETPUN U MeOMeTpHUYe-
ckoit Teopun M PepeHITNATBHBIX YPABHEHNU C YACTHBIMH IIPOU3BOIHBIMHU
(B. K. Muoggeesckuii, 1. @. Eropos, C. II. ®unukos, U. I'. I[Terposckuit u
ZIp.), & TaKKe [PUHATH BO BHUMAaHUE TBOPYECKYIO SHEPIUIO PsJla MaTeMa-
TUKOB, [IEPEEXaBIINX B CTOJIMILY U3 JAPYrUX yHUBepcuTeToB crpanbl (A. I1.
Korempaukosa, E. E. Ciaynkoro u O. FO. Imuara u3 Kuesa, B. @. Karana
u3 Ojiecchbl u JIp.), TO CTAHOBUTCSI TIOHSITHBIM, HACKOJIBKO MOIIHBIA MaTe-
MaTudecKuil moreHnuan ciaoxkmicst B Mockse K Kouity 30-b1x royioB. U eit-
HBIIl CHHTE3 IPeXKJe BOEBABIINX MEXKIy c000il mKosx — JleHumHrpaackoii—
ITerepOyprckoit 1 MOCKOBCKOM, TPUBEST K MTOPA3UTEILHOMY PE3Y/IbTATY: K
POKJICHUIO OJTHON M3 BEJYININX MATEMATHIECKHUX IIKOJ BTOPOM OJIOBUHBI
XX Beka — CoBeTckoif MaTeMaTH4IecKoi mKoybl. Hamo cka3zarsh, 9T0 3TO

E-mail: serd42@mail.ru.
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He cpa3y ObLIO OIEHEHO Ha 3alajie, XOTsd HEKOTOPbIe U3 MATeMAaTUKOB (Ha-
upumep, 2K. Anamap Bo @pannun, C. Jledmern 8 CIIIA) ocoznasu 3To 10-
CTATOYHO PAHO. DTOMY HEIOHUMAHUIO CIIOCOOCTBOBAJIO W TO, 9TO AKTUBHO
pas3BuBasgIuecsd B 20-e — nepBoit nosioBuHe 30-bIX T'OIOB MEXKyHAPOHBIE
CBSI3U COBETCKUX MATEMATUKOB K KOHILY JIECATUJIETHS CTAJHM 3aTyXaTh, & C
HAYAJIOM BOUHBI MTOYTH UTO 3aMEPJIU.

2. Hauasmmasicst BoitHa 3aTOPMO3M/Ia pa3BUTHE ITOTO IeHTpa. [1pubim-
KaBIIUiCcss (DPOHT CTAJI MPUYMHON SBaKyalluu Ha BOCTOK crpaHbl [Ipesu-
nuyma Axanemun Hayk CCCP u akajeMudecKux MHCTUTYTOB (B UX UHCIIe
Maremarudeckoro uacruryta uM. B. A. Creksiosa), yuusepcurera (a, cie-
JIoBaTeIbHO, MOCKOBCKOrO MaTeMaTudeckKoro o0IecTBa), a TakzKe MHOIO-
YUCJIEHHBIX MOCKOBCKUX BBICIIINX YYeOHBIX 3aBEJIEHUN C UX MaTeMaTHIe-
ckumu Kadenpamu. B aBakyannn MaTeMaTUKH IIPOJIOJIZKAJIN HHTEHCUBHY IO
HCCIIe0BATEbCKYIO JAeATeIbHOCTh, HEMAJIOe MECTO B KOTODO# crasa 3a-
HUMAaTbh ODOpPOHHAsI TeMaTwKa. IIpu 3TOM OHM ycleBaJin BECTH aKTHUBHYIO
[IPETo/IaBATENbCKY IO JIedTeIbHOCTh Ha MecTax — B lloBosmKbe, Ha Ypa-
ste, B Cubupu, pecybsimkax Cpejneit Asun n 3akaBkasbs. HeBO3MOXKHO
OIIEHUTH, CKOJIBKO TIOTEHINAJIBHO OJAPEHHBIX MOJIOJIBIX JIFOJEH, CIIOCOOHBIX
K MaTeMaTHYeCKOMY TBOPYECTBY, morubyu Ha (ponTax Bemukoit Oreue-
cTBeHHON BoiHBI. K c9acThio, KepTBBI CPEJM YCIEBIINX MPOSIBUTH CeDst
MOJIOJIBIX YUEHBIX ObLIN MUHUMAJBbHBI — JI€HICTBOBA/IN 3aKOHBI, OCBOOOXK-
JIABIIIAE OT IPU3bIBA TAJAHTIIUBYIO HAYIHYIO MOJIOJEKD.

3. ITocie T06€eIOHOCHOTO 3aBEPIEHNST BOWHBI HayIHAs *KIU3Hb B MoCKBe
crajia OBICTPO BOCCTAHABINBATLCs. VIHTEHCHBHOE Da3BUTHE MATEMATHKH
B 1945 — B mauase 50-bIX I'T. CTAJO BO3MOXKHBIM, BO-TIEPBBIX, OJaroma-
pst MomHOMY moTeHnmaay COBETCKOM INKOJIbI, KOTOPBIN Y/aJI0Ch COXpa-
HUTb B CTPAIIHOE BOGHHOE JinxoJieThe. OHO CTaj0 BOBMOXKHBIM TakzKe (3T0
y2Ke BO-BTOPBIX) OJIaroiapsi NAPUBIIEH B CTpaHe YAUBUTEILHOM aTMocde-
pe, mpoHu3aHHOH ormynerreM [1o6e/bl. DTUM OIYIIEHIEM JIBIIIAT JTOKJIa-
apl FO6uneitnoi ceccun AH CCCP, nocsaménnoit eé¢ 220-j1eTuio u 1mpo-
memeit gjerom 1945 roga. C oKIa1aMI O JOCTUKEHUAAX OTEYECTBEHHBIX
MaTeMaTukoB Ha ceccuu Boictynuin b. H. Jlemone, I1. C. Anekcanmpos,
Beprmreitra, Bunorpamnos, ['oxy6es, [lerpockuit. B 1947 . MockoBckmii
yauBepcuTeT 1 MOCKOBCKOE MaTeMaTUIeCKOe OOIIECTBO OPTaHU30BAJH PsT,
JIOKJIAIOB, TIOCBAMIEHHBIX IOCTUKEHUSAM B OOJIACTH MATEMATHKH, MEXAHU-
K1 1 acrpoHomuu 3a 30 JieT COBETCKO# BJIACTH. DTUM JOCTHKEHUSIM OBLI
nocesiéH ¢pyHmpamerTaibabil TPy «Maremaruka B CCCP 3a 30 jers,
yBuesiuii cer B 1948 romy [1]. lnreHcuBHBI POCT MATEMATHIECKUX HC-
cinepopanuii B CCCP B 1mocjieBoeHHbBIE MOJbI COIIPOBOXKIAJICS U YCUIEHUEM
BHUMAHUSI K UCCJIEIOBAHUSIM B 00JIACTH UCTOPUHU MATEMATUKN, B OCOOEHHO-
CTH, UCTOPUHU OTEUECTBEHHON MAaTEMAaTUKH, OOYCJIOBIEHHOTO POCTOM CAMO-
CO3HAHUS COBETCKOI'O0 MAaTEMaTHIeCKOro coodinecTsa. Tak, B 1946 BbImum
B cBeT 3aMevaresnbHble «OuepKu 1o ucropun maremaruku B Poccuns B. B.
I'menenko, a B 1948 I. ®@. Poibkunbim u A. II. FOmkesuyem 6bL10 Haga-
1O m3zanne <«VICTOpUKO-MaTeMAaTHIECKUX WMCCJIEIOBAHUNY, 3HAYUTEILHOE
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MECTO B KOTOPBLIX COCTaBHJIA Hy6J'[I/IK8J_LI/II/I7 HOCBHH_[éHHbIG OTEYEeCTBEHHOI
MaTeMaTUuKe.

4. 50-e ToaBI — BpeMsl THTEHCHBHOTO PA3BUTHUS MATEMATUKHU B CTPAHE.
He 6ynem 3abbiBaTh, YTO BTOpas IIOJIOBUHA 3TOTO JIECATUJIETHS ITaaeT
Ha 310Xy OTTEIEsIH!, IPOIOJIKUBINYIOCs B 60-e — BpeMsi Ha/eXK1 u obIe-
ro KyJbTypHOro mombéma. LleHTpoM pa3BuTHsa MaTeMAaTUKN OCTaBaJach
Mocksa. 3mech B 50-e ToJbI MPOIIEN PsiJi BCECOIO3HBIX KOH(MEPeHInit 110
Pa3/IMIHBIM BOIPOCAM MaTeMaTuku, a JieroMm 1956 roga — 3-it Beecoros-
HBIIl MaTeMaTHIeCKUil cbe3 I, coOpaBIuii boJiee ABYX C IMIOJOBUHON THICSY
Y4YaCTHUKOB, IIPOJIEMOHCTPUPOBABIINY HEOBIBAJIBI PACIIBET MaTeMaTude-
CKUX UCCJIEJIOBAHUI B CaMbIX Pa3in4HbIX HanpasieHusx. (tor srum uc-
CJIEJIOBAHUSIM TIOJIBOIIII Y Ke ABYXTOMHBIA Tpya «Maremaruka B CCCP
3a 40 sers», yBujesmmii ceer B 1959 roxy [2].) B pabore cbhesna npuHsimn
yuactue 70 3apyOe>KHBIX TOCTell KaK U3 CTPAH COIMAIUCTAYECKOI'O JIareps,
TaK U U3 KAIMUTAJUCTHIECKUX CTpaH, B YacTHocTH, u3 @panmun u CIITA,
a Takxke Uramuu, Begukoopuranuu, OPT u gp. B 1958 r. A. H. Kosmoro-
POB OTIPABUIICS B JJINTEIbHYI0 KOMaHIUPOBKY B Ilapmk, rioe B Incturyre
Awnpu [lyankape BBICTYIIHII ¢ cepHeil JIEKIHi, TIOCBSIIMEHHBIX CODCTBEHHBIM
pe3yJIbTaTaM U JIOCTUXKEHUAM CBOMX YYEHUKOB (10 TEOPUU JTUHAMUYECKUX
CUCTEM, TEOPHH BEPOATHOCTE}, Cynepno3uiiny GyHKINN U TEOPUH TPUOIIH-
JKEeHUH, TeOpUU BEPOATHOCTE), nojtydeHHbiM 3a nociaeanue 10 jer. Tax
HaYaJI TOTHUMATHCS TIPECJIOBYTHIN «KEJI€3HBbIN 3aHaBEC», HA TTPOTIKECHUN
mouru 20 JIleT OTHENSBIIAN COBETCKYI0O MATEMATHKY OT MAaTEMATHKU 3a-
maga. CoBeTckas MaTeMaTHKa HAYAJa OTKPBIBATHCS MUPY BO BCEM CBOEM
6recke. Eé nocTmrkenus yxke Hesb3s 65110 He 3aMeTHTS [3, 4]. B To ke Bpe-
M# BBISICHHJIOCH, 9TO 3a T'OJbI BBIHYKJIEHHON M30JISINK B psijie 00JacTei
— B aJIrebpanvecKoil TEOPUU 9nCesI, B OTIAETbHBIX HAIIPABJICHUSX MaTeMa-
THYECKOW JIOTMKH, NOMOJIOTHYECKO ajredpe, ajredpandeckoil reoMeTpun
U aJredpanvdecKoil TOIOJIOTUN — HAMETHJIOCH CYIIECTBEHHOE OTCTABAHIE
coBeTcKoit MmaTemaruku. OTHAKO aMOUIINM COBETCKUX MATEMaTHKOB OBLIN
y2K€ TaKOBbI, YTO MUPUTBHCI C 3TUM OTCTaBaHUWEM OHHU He XoTeau. B a-
reOpamvIecKoil TEOPUU GUCEI, AJIreOPANIECKON TeOMETPUN U CBA3aHHBIX C
aumMu obsactamu yeuwausavu . P. [Madapesuua u ero yuenukos (E. C.
Tonona, 0. 1. Manuna, 1. 1. ITarenkoro-Ilanupo u ap.) yxe B 50-e ro-
JIbl COBETCKHE MaTEeMAaTHUKN HAYAIN BBIXOIUTH HA II€PEeOBble mo3uimu. B
obstacTu asredpamdIecKoil TOMOJIOMUN IPKO 3acusiia 3Be31a yaenuka M. M.
ITocraukora C. I1. HoBukosa. CoBerckasi MaTeMaTHKa CTAHOBUJIACH MUPO-
BbIM OpenjioM. C 3TOr0 BpeMeH! Ha JIOJTHe JIECSITUIETHS CTAJI0 OOBITHOMN
IIPAKTUKOM, YTO KaXKJBIH MOJIOJOI YUEHBIH, IPUCTYHABIINI K CAMOCTOS-
TEJbHBIM MATEMATHIECKUM UCCJIEIOBAHUSAM, JOJI2KEH ObLIT yUIUTH PYCCKUit
A3BIK.

5. Bricrmet Toukoit mporiecca MpuU3HAHMS COBETCKON MAaTEMaTUKHU B Ka-
9ecTBe OJHON U3 BEIyIUX MUPOBBLIX INMKOJ cTaj MexXTyHapoaHblil KOH-
rpecc MaTeMaTukoB, cobpasmuiicss B Mockse B 1966 romy. 9ToT KOHIpecc
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OKa3aJICsd CaMBbIM MHOTOJIIOHBIM M3 BCEX, KOTJA-IudO 0 TOro cobmpas-
muxca — 4280 yvactaukos. 113 89 mieHapHBIX JOKJAJIOB, MPOYUTAHHBIX
Ha Kourpecce, 30 ObUIN CIETAHBI COBETCKAMU yIEHBIMU. BOIBITMHCTBO U3
HUX COCTABUJIM MOCKOBCKHE MaTeMaTuKu [5]. D1o Gblain Kak MacTUThIE yué-
uble, Takue Kak V. M. Bunorpasios, A. H. Tuxonos, H. B. Edumos, Tak u
coBceMm moJiozple Toraa . B. Anocos, A. A. Kupwuios, B. 1. Apuosb,
0. 1. Manun, C. II. HoBukos. I B 1967 romy yKe ¢ HOJHBIM IIPABOM
COBETCKHE MaTeMaTHKHU MO 3asiBUTh [6, ¢. 3]: «CoBeTckast MmaTemMaTnka
3aHUMAET MIEPEIOBOE MECTO B MUPOBOI MaTeMaTHIecKoit Hayke. Harmu yaé-
Hble UMEIOT OJIeCTAIne JTOCTUXKEHN BO BCEX OCHOBHBLIX OOJIACTHAX COBpE-
MEHHO} MaTeMaTHK!, & BO MHOIUX U3 HUX PE3Y/IbTATHI HAIINX MATEMATHU-
KOB UI'DAIOT OIPEJIEISIONIYIO POJIb... [0 mmpoTe oxBaTa psi/IoM ¢ COBETCKOIA
MaTeMaTUKON MOXKHO mocTaBUTh Juib MaTematuky CIIIA». Cpemoroanem
coBeTCcKOlil MaremaTuku Oblia MOCKBa ¢ MEXaHUKO-MATEMATHIECKAM (a-
kysbTeToM Mockosckoro l'ocynapcrsennoro Yuusepcurera um. M. B. Jlo-
MOHOCOBa, ¢ Jierenapuoit CrekioBkoit — Maremarnaeckum VHCTHTYTOM
uMm. B. A. Crekiosa AH CCCP, a tak:ke MOCKOBCKUM MaTeMaTHIECKUM
0DIIECTBOM, 329ACTyIO0 OPABIINM Ha ce0sT POJIb OOIIECTBA BCECOIO3HOTO.

Astekcanap Jmurpueuu CosioBbEB, 10 ciydaro 90-jeTust KOTOPOro
YCTPOEHa HACTOSAIAsS KOH(EPEH s, ObLI AKTUBHBIM yIACTHUKOM ITUX CO-
OBITUI — BHAYAJIE KAK CTYJEHT U acnupaHT MOCKOBCKOIO rocyiapcTBeHHO-
ro yuusepcurera uM. M. B. JlomoHocoBa, yueHuk rpociasjiennoro A. O.
lenbdonna, HakoHern, Kak Mpodeccop ITOr0 YHUBEPCUTETA, BBIIAIONIUNACS
aHAJINTHUK, OJINH U3 CO3/aTeseil MaTeMaTuIeCKOl TeOpUn HaJIEXKHOCTH.
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O cBoiicTBax cucTeMbl YPaBHEHU ra30BOil JUHAMUKH
B JIarpaHKeBbIX KOOpPAWHATAX C YUYE€TOM CHJIbI
Kopwnosmuca
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Mocxkoscxuti 20cydapemeennvili yrusepcumem um. M.B.Jlomorocosa,
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Awnnoranusa. [lomyuensl nepBble WHTETPaJbl CUCTEMBI YPABHEHU IBYMEDPHOM
MOJIEJIN JIBU2KEHUS ra3a ¢ y4eToM cuiabl Kopuosmca /s IBUKEHHUI ¢ OHOPO/I-
Hoit nmedopmarmeir. HaiiieHbl cOOTBETCTBUSI MEXKJLy TOJIOKEHUSIMUA PABHOBECHST
CHCTEMBI B 3HJIEPOBBIX H JIATPAHKEBBIX KoopamHaTax. llokazano, uTo 3amada
MOXKeT OBbITH CBeZleHa auddepeHnnaJIbHOMY YPaBHEHUIO IIEPBOIO IOPSIKA.

Kirouesble cJjoBa: rasobasl JUHAMUKA, JAIPAHXKEBbLI KOOPJAUHATLI, BUXPEBOE
9 9
JBHU2KEHNE, yCTOVI‘—IHBOCTb IIOJIO?2KEHU S pPaBHOBECHUL.

1. Bgsenenune

Mps1 paccMaTpuBaeM JIBYMEPHYIO MO/IEIb PACIINPEHUS Ta30BOro obraka
B BaKyyM B JIAIDAHYKEBBIX KOOpAUHATAX (T.e. B CHCTEME KOODJIUHAT, CBs-
3AHHOIN € YACTUIIAMU CPEJbl) B IIPUCYTCTBUM cuiibl Kopuosuca jyis cre-
[MAJIBHOTO KJIacca JBUXKEHUIl ¢ OMHOPOIHOM medopmarueii. B crarbe [2]
pelraeTcs aHaJOrM4Had 3a/ia9a IIPU OTCYTCTBUHU BpAIEHUA KOODJIWHAT-
HOiT cucreMbl. B [2] 6bLI0 1OKAa3aHO, 9TO T4 MOJEIb MOXKET ObITH ONU-
CaHa CUCTEeMOI OOBIKHOBEHHBIX IU(M@EpPEHIUAIBHBIX YPABHEHUNH BTOPOIO
MIOPSAIKA, JIJIsI 9JIEMEHTOB MATPHUIILI 2 X 2 OblIa Hall/leHA CHCTEMa IEPBBIX
WHTErpaJjoB. B HEKOTOPBIX CIydasix PEIIeHre ITOW CHCTEMbl MOXKET OBIThH
Hafiyieno ssBHO. MBI perraeM Ty 2Ke 3aJ1ay, IPUHUMAs BO BHUMaHUE CUJIbI
Kopwuoiuca.

2. OcHoBHas 4acTb

MpbI paccMaTpuBaeM CHCTEMY ypaBHEHUiT razoroit quaamuku (2), 3a1a-
IOIIYIO JBHKEHHE IIOJUTPOIHOrO HBIOTOHOBCKOrO Tra3a B 3HIePOBBIX KOOP-
JIMHATAX, Ha IUIOTHOCTH O(t, &), ckopocthb u(t, ) u nasienue P(t, ) rasza:

o(Ou+ (u-V)u+ Lu)+ VP =0,
0o +div(pu) =0, P+ (u-VP)+~Pdivu=0. (1)

Baece L =1L, L =(Lij)ij=1.2= -1 , v € (1, 2] — mokazaresn

1
aguabatol, [ > 0 — mapamerp Kopuosuca; V u div — rpajuenTt u jguBep-
TEHITUS 110 MPOCTPAHCTBEHHBIM 1epeMentniM, P = Cp?, rne C' = const.
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Beenem m = P , Co = ﬁC% U TIOJTY YUM:

ou+ (u-Viu+ Lu+c¢Vr =0,

O+ (Vr-u)+ (y—1)wdivu= 0. (2)

B nmanbreitiieMm MBI pacCMOTPUM CHEIUAIBLHBIN KJIACC PEITEHUH CHCTe-
MbI (2), COOTBETCTBYIONIMM JBUXKEHUIO C OXHOPOIHON jedopmarmeii. A
UMEHHO, 6yjlel\/1 HUCKaThb pelnieHud B BUJIE:

—ox O— [ a® o) ).
u(t,x) = @x; = )
ex-0s o= (10 M0 )

m(t,x) = A(t)z? + B(t)z122 + C(t)23 + K(t).

Torma oHu yIOBIETBOPSIOT CJIEAYIONIEN crCTeMe HAa MAaTPUIbl ) 1

P ( A 5B() ) |
3B(t)  C(),
R+ RQ+ QTR+ (y— 1)trQR = 0,

Q+Q*+1LQ +2c0R =0, K +2(y — 1)trQK = 0. )

CI/ICTel\ly (2) MOZKHO IlepenucaThb B JIarPaH?KEBbIX KOOpAWHATaX, IMOJIy-

YUM:
// aFZk Z Ez]ija (4)

rne F' = (Fj;)ij=1.2 - MaTpUIa II€pexoia OT JIarPAHKeBbIX KOOPIUHAT
JACTHIBI Ia3a &; K JIEPOBBIM w;, T.e. &; = » ., Fipwy, U — BHyTpeHH:S
SHEpPrus YaCTHUIL ra3a, 3aBUCAINAsS TOJBLKO OT OIpeaeauTe s MaTpunbl F,
re. U = U(det F'), mpousBojblie 6epyTcs Mo BpeMeHu. B crarse [2] moka-
3BIBAETCs, 9TO B ciydae | = 0 myist cucreMbl (2) CymecTBYIOT TPU [EPBbIX
unTerpasa (2)—(2):

- Z 24U =F; F\Fy, + F1oFyy — Fo F}, — FpoFly =J;  (5)

Fi1Fly + Fy Fy — FioFl, — FoFly = K. (6)

Kpowme Toro, ecim 1os10xuTh, uto U = Ug(det F)~! (310 cooTBeTcTBy-
eT Caydan y = 2), TO MOXKHO TPEIbsIBUTE €I OJWH MEPBBIii WHTErpast
G cucremst (2): G =Y., F3 = 2Ft? + At + B. C ucnosibs3osaHuemM 9THX
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TOXKJIECTB cHCTeMY (2) MOKHO Da3PEIUTh U BHIPA3UTH OTBET Y€PE3 SJIIUIT-
THUYECKHE MHTErPAJIBI.

B cratwee [1] mokaseiBaercs, uro cuerema (2) B 3HIEPOBBIX KOODIH-
HATAX UMEET €IMHCTBEHHYIO 0co0yio Touky a = d = 0, b = —c = b*,

A=C = A" = %, B = 0. HaiteM cOOTBETCTBUE MEXKIY TIOJIOXKE-

HHEM PABHOBECHUs B 3MJIEPOBBIX W JIATDAHXKEBBIX KOODUHATAX. SAIHIIEM
COOTHOIIIEHUE CBA3M MEKJY SUJIE€POBBIMU U JIArPAHXKEBBIMU KOOD/IMHATA-

v W = F~1% snaunt, G = x' = F'Ww = F/F~1X = QX (ycioBue na nam

. F—1 0 b
KJlacc pemnenuit), rue F/F~1 = B IIOJIOYXKEHUW DABHOBECHS U,
—-b* 0
Ci Cq cosb*t  sinb*t
gHaunt, F = B JIAUDAH2KEBBIX KOODIMHA~
Cs3 Cy —sinb*t  cosb*t

Tax.

B panbmreiimem Beromy npeanosiaraem, 9ro [ > 0.

yTBep}K,I[eHI/Ie 1. Cucrema (2) O6J’I&IL&€T TpeMsi TIEPBBIMU HUHTErpa-
JIAMHA QZM( )2+ U =E=const; J+LG=A=const; K —ldet F =

B = const. B npennonoxennn U = U (det F)~1 (310 coorBercTByeT Ciry-
9am 7y = 2) CyIIecTByeT ele oiuH mnepsbiil unrerpan G = Cjcoslt +
Cysin It + 4E+21A.

ILOKaBaTenLCTBo yTBepKaeHud 1 no cytu csonurcd K juddepen-
[UPOBAHUIO TIEPBBIX UHTETPAJIOB U JAJbHEHIEMY HCIIOJIb30BAHUIO CHCTE-
MbI (2). YT06bI TO/IyYUTh HHTErPAJ SHEPIUH, JOCTATOYHO YMHOXKHUTD TI€P-
Boe ypaBHenue cucrembl Ha F|;, Bropoe ua F|,, Tperbe Ha Fj, derBep-
Toe Ha Fj, W TPOM3BECTH TOWIEHHOE CJIOXKeHWe ypasHeHui. UTobbr mo-
JIYIUTH BTOPOE COOTHOIIEHHUE, I0CTATOYHO npomuddepennuposars J u
BOCIIOJIB30BaThCst TeM dakToM, 910 B cruy U = U(det F') BoipazkeHue
—Fll% — FH% + Fgl% + Fgg% paBuo 0. VI3 aHAJIOTUYIHBIX CO-
0oOparkeHUil MOJIyIaeTCsT U TPEThe U3 YKA3aHHBIX COOTHOIIEHUI.
715t 1IoJTy eHnsT IeTBEPTOr0 COOTHOIIEHHS JJOCTATOYHO JIBAYKIBI IPOIMd-
depernupoBars G 1 BOCHOIB30BaThCs st U yKa3aHHOTO BUJA TEOPEMOIt
Ditepa 06 0HOPOIHBIX (hyHKIUsIX. B pesyibrare MpUxoauM K ypaBHe-
mmo: G + [?G = 4F + 2l A, pemenust KOTOPOrO 3aIlMCHLIBAIOTCS B BHUJIE
G(t) = Cy coslt + Cysinlt + 4E+2l‘4.

MbI BBISICHUJTH TAKUM o6pa30M, YTO JIJISE UCCJIEIOBAHUS CUCTEMBI (2) 110-
CTATOYHO PACCMOTPETh cucreMy (2), COCTaBIeHHYIO U3 4 HANJIEHHBIX TIep-
BBIX MHTErPAJIOB, YKA3aHHBIX B YTBEPXKIeHUN 1:

1 4F +21A
§Z(Fz’k) m—EZ k—Clcoslt—i—Cgsmlt-&-T;
ik

F11F1/2+F21F2/2—F12F1/1 —FQQFQ/I —ldethB, (7)
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FiiFyy + FioFoy — For Fiy — Foo s + Z ik =

VrBepxkaeHue 2. 3aMeHa BUIA P P = CF)SU TRmUY
Fo1 Fao sinv  coswv

scosu 0 cosw —sinw
OpuBOIHUT cucreMy (2) K ¥cciie10Ba-
0 ssinu sinw  cosw

HUIO OFHOTO AudHEePEHNNAaTLHOTO YPABHEHHUS IEPBOTO MOPAIKA Ha (DYHK-
IO U.
Joka3areabcTBo yTBep2kAeHust 2. Heci0:kHO TpoBepuTh, 4TO 1O~
cJle yKazaHHOI 3aMeHb! (cM. [3]) MbI npuxoauM K cucreme (2):
2 12
S . s 20U
(@) + )+ 2sin(2upfu + w)?) + O 200

a > e
I A l B
v+ 3+ sin(2u)w’ = X sin(2u)(v" + 5) +w' = 52 (8)

4E +2[A

12 '
Kak u ci1e10Baio OKUJIATh, 52 SBHO HAXOIUTCA U3 IIOCIEIHEr0 COOTHO-
menusi. Paspeinas mapy ypaBHEHUN HA TTPOU3BOJHBIE U U W, MOXKHO BbI-
pasuth v’ u w' wepes u u s(t). logcraisis yKasaHHBIE COOTHOIIECHUS B
IepBoOe ypaBHeHue, mojaydaeM Tpedbyemoe muddepeHnajipbHoe ypaBHeHIe

2E — (82 + Al 12
nepgoro nopsanka v’ (t) = ++/f(u,t), toe f(u,t) = 2B ()P + AL

s? = C’l coslt + C’Q sinlt +

2
4Uy A? + B?2 + 2ABsin 2u ’ !
stsin2u st cos? 2u
VYrBepxpaenue 3. B nonoxennn pasHopecnst 4(t) = § arcsin m%g?(t),
e §2(t) = Cf cos lt + AEHIA o Cr = 4;2?;5;)3? + 4U”%l_22b*).

OTMeTrM OCHOBHBIE MOMEHTHI JOKA3aTeJIbCTBA yTBEPXKIeHus 3.
B camom gmene, cumras onpenenuress F' B IIOJOXKEHUN PABHOBECHUS W IO

onpeﬂeﬂeHmo (uepes 3ameny, cM. yTBepxKueHue 2), nomyunmm: det F =

lg 5 sin 2u = C1Cy—C5C3 = C. Tem caMbIM IOKA3aHO, 9TO U = % arcsin QC.

Boipasum komcranty Cy wepes mavambibie yesiosus Fij(0) m Fi’j(O),
noiyanm Cy = 2 2> y F;;(0 )F’ (0). ToxcTapisist Teneps CBA3b MEXK/Y Ha-
JaJIbHBIMA yCJIOBI/IHMI/I B mosiokeHun pasHoBecusi Fi,(0) = b*Fy(0),
F3,(0) = b* F2(0), F35,(0) = —=b*F11(0), F35(0) = —b*F12(0) B BRIpAKeHNE
TS C~'2, [IOJIY UM C‘; =0.

AHanornuHo, NOJCTAHOBKOM HAYAJBHBIX YCJIOBHUIH B IEPBBI MHTErpPA

B, nposepsiercs, aro B = (2b* — 1)C, oTKyza mosydaeM BBIDAYKEHUE IS
KOHCTaHTHI C, OTMEYEeHHOe B YTBEP:KICHNN.
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3. 3akJroueHue

IIpenbsiBiiena cucremMa MEPBBIX WHTEIPAJIOB JJIsi MOJEHU, 3aJAI0MIei
JIBUYKEHIE Ta3a B JIAIDAHXKEBBIX KOODIWHATAX, B CJIydae JeHCTBUS CHUJIBI
Kopuosmca. Dta cucrema WHTErpajioB MO3BOJISIET 3HAYUTE/IBHO YIIPOCTUTH
pelenne CUCTEMBI, CHCTEMa MOXKET OBITH CBeJIeHa K OMHOMY TuddHepeHiim-
aJIbHOMY YPABHEHUIO IIEPBOI'O MOPSIIKA.
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We obtain first integrals of the system of equations of two-dimensional model
of the gas motion taking into account the Coriolis force for motion with uni-
form deformation. We find correspondence between equilibria in Eulerian and
Lagrangian coordinates. It is shown that the problem can be reduced to one
differential equation of first order.
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Kpurepun tuna KoamoropoBa — CMupHOBa IpOBEPKU
rurniore3 Kokca — JlemaHa B cjiydae NporpeccuBHO
IIeH3Y PUPOBAHHBIX BBIOOPOK — O BO3MO>KHOCTHU
ncriosib3oBaHus oneHok Kamana — Meiiepa B
CTaTUCTUKAX KPUTEPUEB

B. 1. Tumonun?, H. /1. Taaaukosa’
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Mockosckuti 2ocydapcmeennvili mexhuieckull yHusepcumem
umenu H.D. Baymana,
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Amnnoranusi. B pabore nmokaszana BO3MOXKHOCTb IIPUMEHEHHUsT OIeHOK Karurana
— Meiiepa pu IpOBEpKe THIIOTE3 OJHOPOAHOCTH (B 00LIEM Cilydae — IHIOTE3
Kokca — Jlemana) crarucrukamu tuna Kosmmoroposa — CMUpPHOBa, €cyin BEIGOP-
KU SBJISIOTCS TPOIPECCUBHO IEH3Y PUPOBAHHBIMU. J[0Ka3aHO, 9TO pacipeiesieHue
CTATUCTUK IPHU CIIPABEJIMBOCTH IIPOBEPSIEMbBIX I'MIIOTE3 HE 3aBUCUT OT PacCIIpe-
JIeJIEHUsT 3JIEMEHTOB BBIOOPOK. Pa3paboran MeTo | BHIYUCIEHNSI TOYHBIX PaCIIpe-
JIeJIEHUI CTATUCTHUK IPU CIPABEJINBOCTHU [IPOBEPsieMbIX ruriores. jist yacTHoro
ciydast nosyden kpurepuii Tuna Kommoroposa — CMupHOBa IIPOBEPKHU I'MIIOTE3
Kokca — Jlemana o pacrpeesieHnn HapabOTOK 3JIEMEHTOB CJIOXKHBIX cucTteM. OH
OCHOBaH Ha cpaBHeHHUH oreHOK Kammana — Meitepa GpyHKIMY HAJIEKHOCTH dJT€-
MEHTOB CHCTEM MO Pe3y/IbTaTaM WCIBITAHWIA B HECKOJBKUX PEXKUMAX IOCJIEI0-
BaTEIbHBIX (MM NApaJlIeIbHbIX) CHCTEM PAa3IudHOil KparHocTH. [lokazaHo, 4TO
[IpEIeJIbHOE PACIIPEIEIEHNE €0 CTATUCTUKH B CJIy4Yae ABYX BBIOOPOK SIBJISIETCSI
KJIaCCHYeCKUM pacupenenerneM Koamoroposa — CMUPHOBa, B C/Iydae HECKOJIb-
KHX BBIOOPOK — MOKeT ObITh HpuOJIMKeHo pacrpenenienuneM Kudepa — ['mx-
mana. [IpoBesieHo cpaBHEHUE TOYHBIX U ACUMIITOTHYECKUX KBAHTUJIEH pacipe-
JesieHuii crarucTuk. [JokazaHo, 9TO aCHMITOTHMYECKUM PACIPE/IeJIeHIEM MOYXKHO
[10JIb30BaThCsI, HAYNHAs C 00'beMOB BBIOOPOK mopsizika 70 — 80 emunmiL.

KuroueBble cjioBa: MPOrpecCUBHOE IEH3ypUpPOBaHue, Kpurepuii Tumna Koimo-
ropoBa — CmupnoBa, runore3bl Kokca — Jlemana, onenka Kammana — Meiiepa.

1. Bgsenenune

B pabore ncronp3yercss TEpMUHOJIOTUST TEOPUH HAJIEYKHOCTH, KOTOPast
HanboJiee ya00HA I U3JI0KEHUST PE3YIbTATOB CTATHH.

IIycte B HEKOTOpOM pekuMme uchbITbiBaeTcs N wm3pesmii. MexaHuzm
POrPECCUBHOTO TEH3Y PUPOBAHNUST ONIICHIBAETCS CIIELyOIUM obpasoum [1,2].
Ipu ouepentom i-m orkaze & (&1 < &;,1 = 1,8) ¢ UCOBITAHUI CHUMAIOTCS
(LeH3ypUpYIOTCs) T; CIOydYaiiHbIM 00pa30M OTOOPAHHBIX H3JEIHUA. YTOU-
HUM, 9TO TApaMETPHI T';, S U3BECTHBI 3apaHee U He SBJISIOTCS CJIyJailHbI-
MU Be€JINYNHAMU. B 9TOM CJIy4dae HellapaMeTpUYeCKasl OIEHKa KaIIﬂaHa -
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Meitepa dyukmun nanexuoctu Pe(t) = P({ > t) mapaboTok 10 OTKa3a
u3ennit uveer Buj (3]

i—1
~ 1 _
PKM(t)Z |I (1—)7Ri:N— E (Tj+1),i:2,8—17R1:N;

R,
&<t t j=1

R,=1uput> fS;ﬁKM(t) =1uput<&.

R; Ha3zbpIBaeTcsi 00beMOM MHOXKECTBA PUCKA IIEPET OTKA30M &;.

YacTHBIM CJTyIaeM PACCMOTPEHHON CXEMBI SIBJISTFOTCST UCIIBITAHUS 71 T10-
CJIeJIOBATEJIBHBIX CHCTEM, COCTABJIEHHBIX M3 OJIHOTO M TOTO YK€ KOJIUIEeCTBa,
M OIMHAKOBLIX dJIEMEHTOB, 1; = 7 = m — 1, N = nm . Yucoo m Gyzmem
HAa3bIBATH KPATHOCTBIO CUCTEMBI.

2. OcHoBHas 4acTb

O6osuauum \;(t),i = 1, ¢ — UHTEHCUBHOCTb OTKA30B 3JIEMEHTA B PEXKU-
Me sKcIutyaraiun (ucibiranuii) ;. Tpebyercsa nposepurs runoresy Kokca

H& . ]4)1/\1(75) = k‘g)\g(f) = .. = kq/\q(t), (1)

rae k; > 1,1 = 1,q — u3BecTHble (DUKCUPOBAHHBIE YUCTIA, BUJ A;(t) IOJTHO-
CTBIO Hen3BecTeH. be3 orpanutenus: OOMHOCTH OyIeM CINTATh, ITO k1 = 1,
k1 < kg < ... < ky. B nanpHeitmeM 1719 yMEHBIIEHAS 00beMa M3JI0KEHH
olmchIBaeTCs cirydaii ¢ = 2. B arom ciydae runoresa (2) uMeer Bu

Hy : M (t) = kXo(t) & Pi(t) = (Po(t)" . (2)

O6mwmit caryvaii 1an ccbuikaMu Ha paboTel aBTopos [4,5]. Tunoresa (2)
MIPOBEPSETCS TI0 JIBYM IIPOTPECCUBHO TEH3YPUPOBAHHBIM BBIOOPKAM M3 Ha-
paboTOK JI0 OTKa3a 3JIEMEHTOB B IOCJIE/I0BATEILHBIX CHCTEMAX.

WcnpiThiBatoTess nq CUCTEM KPATHOCTUA M7 B PEXKUME €1 U Mo CUCTEM
KPaTHOCTH Mo B PeXXUMe £o. [Ipm oTKa3e OHOTO W3 JIEMEHTOB CHCTEMBI,
ocrasumecs (m; — 1),7 = 1,2 napaBoTKu 40O OTKa3a JIEMEHTOB CHCTEMBI

nensypupyoorcs. Torma umerorcs jBe BbIOOpKH ©1 = (9}, ...,9’1“) ,0, =
| e A . o i .

(92, ey 05 ) rae 0f = min{}, &3, ..., &, 1,0 = 1,n1,05 = min{&{, &3, ..., &), 1,

j = 1,ny — MuHEMYMBI HAPADOTOK JI0 OTKA3a JIEMEHTOB CHCTeM, paboTa-

IONIUX B PE2KUMaX €] U €9 COOTBETCTBEHHO.
g upoBepku runoressl (2) mpejiaraercs CTATUCTUKA BUJIA

mg 4

<k2(1*ﬁ1)”"+1+k1(1—132)%> F

T:Cmtax - —
ks kg(lfﬁl)mwl(lfﬁ?)@) "tk (3)

~

By, (t) — (1392 (t))k
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mima/pnz =~ ~
#, Py, (t), Py, (t) — onenkn Karmnana — Meiie-
Vk2pm?2 +m3
pa GYHKIII HAIEKHOCTH 3JEMEHTOB CHCTEM IE€PBOI M BTOPOI BHIOOPOK;
Fl(t)=1— (P (t))™ ,F2(t) = 1 — (Py(t))™* — byuxmun pacupeieenus
HapaboTOK 10 0TKa3a cucteM, F'1(t), F%(t) — sMmmpudeckue byHKIIE pac-
2

n m
npeJiesieHnst BBIOOpoK ©1, 04, p = —1, ko = 2 ki =1—ks.

ng pm2k? +m3’
Crarucruka (2) npu m; = mg = k = 1 coBHajiaeT ¢ KJIacCHIeCcKoii cra-
trcTukoil CMUPHOBA MPOBEPKU OJHOPOJHOCTH JIBYX HENEH3yPHUPOBAHHBIX
BBIOOPOK.
Teopema 1. Tounnie sepostroctn P{T < h} pasubl Bequuune 7/ L
KOTOPYIO MOXKHO TIOJLyYUThH MOBTOPHBIM [IPUMEHEHUEM COOTHOIICHUSI

3aecy C =

l,ecrm 1 =10,7 =0;
ma(n2 —j +1) o
kml(nl —i)+m2(n2 —j—‘rl) hi—1
kml(nl -1+ 1) h
7T7,'j = kml(nl — 17+ ].) —+ mQ(TLQ — ]) i—1,j
kml(nl —’i-‘,—l) h

X?Jaz:07]: ]-777’2;

X:LWZ: 1an1aj:O'

- —T,;" 1 i+ .
kml(n1—2+1)+m2(n2—j) i=Lj = i=1,nq,
malo = 17 e

kmyi(ny —i) + ma(ng —j+1) *7
X?j _ 1t < h :
0,ti; > h
o ey
- ")

tij = C- AT

L LS T —ma
k2<k2(1—;1)’"1+k1(1—752)"‘2> +

% J )
Aij = H1<1_ml(mlsl+1)>_<H <1_mz(n2152+1))>

S1= 52:1

Teopema 2. Acummnrornyeckoe pacrpenesaeHne 1 IpHU CIpaBeIInBO-
cru (2) aBasiercs pacupeesnenneM Kosmoroposa — CmupHoBa ¢ pyHKIHe
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pacupeneseHus
“+ o0

K(@)= Y (~1)Fe 2,
k=—o0
B Ta6uune 1 upuseiennl paccuntannbie ToUHble Bepogrnoctu P{T <

h} u ux npejesbHbIC 3HAYEHUS [[JI1 HEKOTOPBIX 3HAYEHUIA 11, No, k U my =
meo = 2 u kBarTwiIei h = 1,22;1,36;1,63.

Tabmuma 1
Tounsle u npejensuble epositHocTr P{T < h} upu mi = 2,mg = 2

P{T < h}
ny =ngy h=1,22 h=1,36 h=1,63
k=1,5| k=3 | k=1,5| k=3 | k=1,5| k=3
100 0,9108 | 0,8916 | 0,9572 | 0,9442 | 0,9913 | 0,9864
700 0,9041 | 0,9028 | 0,9536 | 0,9530 | 0,9908 | 0,9906
1100 0,9029 | 0,9021 | 0,9530 | 0,9528 | 0,9907 | 0,9906
1500 0,9020 | 0,9020 | 0,9527 | 0,9525 | 0,9906 | 0,9906
00 0,8981 | 0,8981 | 0,9505 | 0,9505 | 0,9901 | 0,9901

B pa6ore [5] /st aHAJIOTUIHOTO BUJIA UCIBITAHUNA CUCTEM B ¢ PEXKUMAX
upezyioxken kpurepuit tuna Kudepa — M'uxmana nposepku (2). Ipeaenn-
HOE pacIpeieieHue ero CTATUCTUKNA MOYKET OBITh MPUOJINKEHO PaCIIpeie-
senneM craructukun Kudepa mjis TpoBEPKU OJHOPOIHOCTH ¢ ITOJHBIX BbI-
GOPOK, TOYHBIE PACIIPEJIEJIEHUST BHIUUCIAIOTCS COIVIACHO HECJIOKHOMY 0000-
MIEHUIO TPUBEJ/IEHHOTO B paboTe aJropuUTMA.

3. 3akJroueHue

ITo pesynbraTaM UCHBITAHUI B PA3THIHBIX PEXKUMAaX HECKOJIBKUX BBIOO-
POK TIOCJIEI0BATEIbHBIX CUCTEM PA3JIUIHON KPATHOCTH, COCTABIIEHHBIX U3
OJTHOTHUITHBIX 3JIEMEHTOB, PeIleHa 33Ja9a MPOBEPKU HelapaMeTpPUIECKUX
runores (Kokca — Jlemana) o pacupe/iesieHusix HapabOTOK 371eMeHTOB. JLjist
sToro paspaboranbl kpurepun tuia Kommoroposa — Cvupuosa n Kudepa
— lN'uxmana. [Ipeayoxken obmumii MeTO BBIYUCIEHUS] TOYHBIX U aCHMIITOTH-
YECKUX PACIPEJIeJIEHUl CTATHCTUK.
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The Kolmogorov — Smirnov type tests for the
Lehmann — Cox hypotheses in the case of

progressively censored samples — about the
possibility to use the Kaplan — Meier estimates in test
statistics

V. I. Timonin?, N. D. Tyannikova?

2 Department of Higher Mathematics,
Bauman Moscow State Technical University,
ul. Baumanskaya 2-ya, 5, Moscow, 105005, Russia

The paper shows the possibility of using the Kaplan — Meier estimates to test
homogeneity hypotheses (in general case — the Lehmann — Cox hypotheses)
by the Kolmogorov — Smirnov statistics, when the samples are progressive cen-
sored. It is proved that under justice of hypotheses the statistics distribution
does not depend on the sample elements distribution. A method for calculat-
ing the exact statistics distribution is developed. For the particular case the
Kolmogorov — Smirnov type test for the Cox — Lehmann hypotheses about the
complex systems elements distribution is presented. It is based on a compari-
son of the Kaplan — Meier estimates of the system elements reliability function
according to the results of the experimental testing of different multiplicity se-
rial (or parallel) systems in several modes. It is shown that when there are two
samples the asymptotic distribution of its statistic is a classical Kolmogorov —
Smirnov distribution, in the case of multiple samples, its distribution can be
approximated by the distribution of the Kiefer — Gihman. The exact and as-
ymptotic quintiles of the statistics distributions were compared. It is shown that
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the asymptotic distribution can be used since the sample sizes of the order of 70
— 80 units.
Keywords: progressive censoring, the Kolmogorov — Smirnov type test, the
Cox — Lehmann hypotheses, the Kaplan — Meier estimates.
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Steady state for the critical branching random walk
with the general number of offsprings
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Abstract. We prove the existence of steady state for branching random walk
with arbitrary number of offsprings.

Keywords: branching random walk, steady state, Carleman’s conditions.

1. Introduction

This paper is natural continuation of the publication [1], where was
proposed the new approach to the problem of the steady state for the
critical contact process. The very fact of the existence of such state was
not new (starting from the works of the German group [2], [3], based
on the ideas by R. Dobrushin, see also papers [4] by Yu. Kondratiev with
collaborators). Usually the proof of the convergence to the steady state was
based on the forward Kolmogorov equation for the correlation functions,
but in [?] the analysis was based on the backward equations.

To simplify the calculations all papers mentioned above included as-
sumption on binary birth process: each particle either dies at the time
interval (¢,t + dt) with probability udt + o(dt) or splits into two parti-
cles (or, one can say, the parental particle produces one offspring) with
probability S dt+ o(dt). The criticality corresponds to the equality p = 3.

The offsprings either can start its evolution from the position of the
parental particle or can make the random jump with some distribution.
The situation when there is no migration of the particles but only the ran-
dom jumps of offsprings (seeds) corresponds to the ’forest’” model. Note
that in this situation the assumption on the binary splitting looks espe-
cially artificially.

We’ll consider the general model of the branching random walk on
Z% d > 1, where the evolution of the particles include the migration,
death with some mortality rate p, the splitting with arbitrary member
of offsprings (seeds) and their distribution around parental particle with
some law.
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2. Description of the model. Main results

We use N(t,y) to designate particle field, that is, global population,
t >0,y € Z% n(t,y;z) designate a subpopulation generated by a single
initial particle at € Z% at ¢t = 0. The subpopulations are independent

and
N(t,y) = Z n(t,y;x), N(0,y) = 1.

TEZL

The evolution of each subpopulation includes random walk of each
particle with generator:

FLat) = 1S a(0) (@ +v) — (o),
v#0

where a(v) = a(—v) (symmetry) and }°, cza ,0a(v) =1 (normalization).
It also includes the reaction of annihilation or death with rate p and split-
ting of the particle into [ particles with rates §; where [ > 2. In such
splitting, one offspring (it can be considered as parent particle) remains at
the same point and others [ — 1 particles jump independently from z to
x + v with distribution b(v) where b(v) = b(—v) and ;a4 b(v) = 1.

Let’s introduce the generation function of individual subpopulation
u,(t,z;y) = Ez™:%%) Note the reversal of the start  and destination
y in this notation, because we look at this function as the function of ¢
and z variable. For every fixed y € Z% u,(t,z;y) satisfies the backward
Kolmogorov equations:

auz — — -1
5 :nﬁauz—(u—#Zﬁl)uz—ku—kuZZﬁl(uz*b) (1)

1=2 =2

with initial condition: wu,(0,2z;y) = z if z = y and u,(0,z;y) = 1 else.
Here we designate

werb= 3" (b + v )b(v).

vezd

From this we can lead the equation for factorial moments

o*u
mi(t,ziy) =Eln(n—1)---(n—k+ 1)) = Z5=|  (La3y),

z=1

where n = n(t,y;2), k=1,2,....
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For the first moment we have:

8;;4 = <I€£a + Z(l — 1)6l£b> mi + (Z(l — l)ﬂl — /L) mq

=2 =2
m1(0,z;y) = 6(z — y).

In the case pp = >, (Il —1)3 (which is critical) this equation has a simple
form:

=2
m1(0,z;y) = 6(z — y)

agzl - (Ma +3 - 1)@5,,) mi

with fundamental solution m; (¢, z;y) = p(t, z,y), where p(¢, z,y) is a con-
ditional probability the particle started from = € Z¢ during time ¢t > 0
go to y € Z? when random walk defines symmetric isotropic generator
kLo + > 1o (l—1)BiLs.

As is very well known a critical Galton-Watson process,

velt) = 3 it y:a)

A

for each z € R%, degenerates almost sure with rate 1 — m and
=2 L
with the expected number of particles at ¢ > 0:

Ev,(t) = Z En(t,y;x) = Z p(t,z,y) = 1.

yezZd yezd

More accurate (see [5]) the limit law for nondegenerated population has a
form: 20, (1)
. Uy (t _
lim P —————>a|v,(t) >0y =€ .
i P{ s iy > o1 0> )
That is if a population does not vanish then a total number of particles is
large.

Our goal is to prove the existence of a stationary limiting distribution in
the critical case. For these we will show that the moments meet Carleman
conditions, thus, that the moments are sufficient to establish a unique
limiting distribution.

In the case = >_;°,(l — 1)5; the equation for generation function (2)
has a form:

3@“; = KLaus + Y (1 - 1)f — <Z l@) ws sy B (us )
=2 =2

=2
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For all k£ > 2 we can lead the equations for the k-th factorial moments:

8mk - (KL(L + Z(l - 1)Bl£b> mr+

ot —
o0 k—1 m k!
IO IE D S B R
= S P, VAR
s>
> k!
DG D oy (i) (g )
=2y, Jieee g
0<js<k—1

where it is assumed that mg (¢, 2; y) = 1 and the initial condition m (0, z;y) =

0 for k > 2.
Next without detraction from generality it is assumed that y = 0. We

will investigate the limiting distribution of the process N (t,0).
Lemma 1. If for all1 > 2 3, < B8 for some 8 > 0, 6 € (0,1), then
my(t, ;0) < k!B*¥1Dyp(t,2,0) for all k > 1 where

B = max l,ﬂ/p(s,0,0)ds
0

and the sequence Dy, is recurrently defined as: D1 =1, for k > 2

0o k—1 -1
D 1 B (i D SRR ST N
=2 =1 i=1 Si_qds=k—n,
Js=>1
0o -1 -1
ZyZ(,) > Dj-..-Dj.
=2 =2 t 22:1 js=k,

Js=1

Lemma 2. The sequence Dy increases not faster than geometrically.

Corollary. Let’s for all | > 2 it holds the upper bound 3; < (8' for
some B> 0, 8 € (0,1). Then my(t,x;0) < cFklp(t,z,0) for all k > 1

To make sure that Carleman’s condition is hold we note that due to
independence of subpopulations the cumulants ky, of all population N (¢, y)
is the sum of cumulants of n(t,z,y) (remind that k—th cumulant of the
discrete random value X defines as

_ dF InEz¥X

o (X) dzk ’
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i.e. Taylor expansion of the log-generation function in the neighborhood
of z =1 can be expressed as

InEzX = i o(X) (z—1)k).

!
= K

Moreover we can evaluate the cumulants from factorial moments and mo-
ments from cumulants.
The main result is

N(t,)) "% N(oo,), t— oo,

i.e. the probability distribution of the population converges to a limiting
or stationary distribution.

3. Conclusions

It is considered branching random walk in Z%, d > 1, satisfying some
conditions which mean zero drift of random migration process of particles
and symmetric spreading of offsprings about parental particle. We state
that if the initial population consists in the single particle at each point of
74, the rate of mortality coincides with average numbers of new particles
per time (critical case) and the tail of distribution of numbers of offsprings
decreases at least geometrically then the probability distribution of the
population converges to a limiting or stationary distribution.
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Abstract. The note contains several results on the existence of limits for the
first two moments of the popular model in the population dynamics: branching
random walk on multidimensional lattices with immigration and infinite number
of initial particles. Additional result concerns the Lyapunov stability of the
moments with respect to small perturbations of the parameteres of the model
such as mortality rate, the rate of the birth of (k — 1) offsprings and, finally, the
immigration rate.

Keywords: random walks on multidimensional lattices, branching processes
with continious time, contact model, immigration, correlation functions.

1. Introduction

The models we will study below give good description of the demo-
graphic situations in such European countries as Germany, Sweden, Den-
mark etc. However we will use the neutral terminology: particle, reactions,
transformations.

2. Main section

The subject of our study is the particle field n(t,z), t > 0, z € Z4.
We assume that n(0,z) are independent identically distributed random
variables with the finite exponential moment (say, Poissonian distribution
with the parameter A > 0). The evolution of the field n(¢, z), ¢ > 0 includes
several independent ingredients.

Migration (random walk). Each particle at the moment ¢ > 0 in
the point 2 € Z? spends in this point the random time 7 up to the first
transformation, at the moment (¢t + 7 + 0) there are several options:

1. First it can be the jump & — z + z with probability a(z). We assume
that a(z) = a(—z) and the intencity of the jumps (diffusivity) equals
k > 0. The generator of the corresponding (underlying) random walk
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has the form

(Ly)(@) = kY Ile+2) = d@)alz), a(z)=a(=2), Y alz)=1

2

3.

z#0 27#0

. Secondly, each particle can die, the mortality rate we denote p > 0

(i.e during time (¢, t+dt) particle annihilate with the probability pdt).
Each particle (independent on others) can produce n new particles
(i.e, if you wish, the parental particle produces n— 1 new particles and
still stays in the point x € Z%). Let £,, n > 0 is the intencity of the
transformation for the single parental particle into n particles. Let’s
introduce the corresponding infinitesimal generating function

F2)=p—(n+Y Bzt D Bnd"
n>2 n>2

We will assume that F(z) is an analytic function in the circle
|z| < 1449, > 0 (i.e the intencities G, as the functions of n are
exponentially decreasing).

We assume that new particles (offsprings) start their evolution from

the same birth place independenlty on others (like in classical Kol-
mogorov-Petrovski-Piskunov paper [1])
The new moment in our model is the immigration. For any z € Z¢
and time interval (¢,¢ + dt) the new particle (independently on the
n(t,z), x € Z%) can appear in the site = with probability kdt (k is the
rate of immigration).

In the usual case of branching random walk (the contact model in the

terminology of [2]) there is no immigration (k = 0) and 3 = p (critical
case). Then under condition of transience of the random walk with genera-

tor

L (see [4]) there is the limiting state (steady state) n(oco,x) for t — oo.

The study of this state can be based on the direct Kolmogorov equations
like in [2] or on the backward equations (which are much simpler), see

14].

But in the presence of the immigration we have to use forward Kol-

mogorov equations. Their derivation is based on the representations:

n(t +dt,z) = n(t,x) + &(dt, x)
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where £(dt, x) is the random variable

n — 1, with probability 8,n(t,z)dt, n > 3

1, with probability Son(t,z)dt + kdt + K3 4 a(—2)%
xn(t, x + z)dt

£(dt,x) = § -1, with probability pn(t,z)dt + kn(t, x)dt

0, with probability 1 — 3, 5 Bun(t, x)dt—
— (B2 + p+ K)n(t, x)dt — kdt—
=2 .z0a(—=2)n(t,x + z)dt

Applying the method of the conditional expectations we can derive now
the equations for the first two moments mq (¢, z) = En(t,z), ma(t, z,y) =

En(t, x)n(t,y).
Equation for m (¢, z) has the form

3m1
ot
Here =3, <5(n —1)3,. Exactly the same equations cover the case

when § = f(x), p = p(x), k = k(x) are the bounded functions on the

lattice Z<.
In the case of constant coefficients 8, u, k the equation for the first
moment can be solved:

=Lmi+ (B—p)mi+k, m1(0,2) =En(0,z) =a >0

k
ml(t,:)j) = m(e(ﬁ—lt)t _ 1) + C(B_H)ta,

Thus mq (¢, 2) — oo, t = oo for B > p, k> 0. And for p > 8

mq(t, ) — t— o0

k
p—p’
independently on the initial conditions.

The next result presents the Lyapunov stability of the first moment.
Theorem 1 Let coefficients 3, (z), n > 2, u(x), k(z), v € Z¢ are bounded
and p(x) — B(z) > 61 > 0, k(x) > d2 > 0. Then for the bounded initial
condition there exists

mq (oo, x) = tliglo mq(t,x)

Let’s stress that in the co-called contact model (see [1], [4]) the limiting
state exists only in the critical case u(x) = () and this state is unstable
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with respect of any sufficiently small in L>°-norm perturbations (including
random perturbations) of the parameteres of the model.
The equation for the second correlation function

ma(t,x,y) = En(t, z)n(t,y)

is more complex:

% = kLyma+KLyma+2(8—p)ma+2ka(x—y)P(m1)+6(x—y)¥(m)
The functions ®(z) and ¥(z) depend linearly on the first moment, i.e
can be considered as known ones.
The equation for ma(t,z,y) and the initial data (due to translation
invariance of the problem) can be simplified since msy(t, z,y) = f(t,2 —y)
and for z =z —y

7]

O —2r.f 4205~ w) +5(1,2)
s(t,z) is the known function (related to the first moment mq(t,z2)). If
@ > and k > 0 the second moment has a limit if ¢ — oo and

floo,2) = (Mfﬁ) e

and the limiting correlation function f(z) is exponentially decreasing.

In the case of the binary branching 8 = s (i.e 8, = 0, n > 3) equations
for the second moment studied in [3].

We already have expression for the limit of the third correlation func-
tion m3(t, 1, 2, x3) = En(t, z1)n(t, z2)n(t, x3) and can prove the conver-
gence together with asymptotic formulas for

mg (00, 1, X2, x3) = M(T1, 22, 23).

3. Conclusions

The proof of all results, formulated above and their developments (in-
cluding the study of the higher correlation functions and the existence
uniqueness theorem for the steady state) will be published in one of the
applied probability journals.
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Abstract. In this work, we consider the task of estimating an unknown pa-
rameter in a special nonlinear regression problem. Said problem is a standard
example of a nonlinear regression where finding classical ordinary least squares
estimators meets considerable computational difficulties. We construct the ex-
plicit second-stage estimator of the unknown parameter and also give some ex-
amples of the explicit first-stage estimators. Finally, we prove both first-stage
and second-stage estimators to be asymptotically normal under wide assump-
tions and show that under some natural assumptions these estimators have the
same precision as the OLS estimator.

Keywords: unknown parameter, explicit asymptotically normal estimator, non-
linear regression.

1. Introduction

Assume we observe random variables {Y;} which can be represented in
the following form:

Yi=+1+ax;+¢e, 1=1,2, .., (1)

where {z; > 0} is a known numerical sequence and {e;} are some un-
observed random errors, which we assume to be identically distributed,
and

Ee; =0, Eef <oo, o?=De >0. (2)

Our aim is to estimate an unknown positive parameter a.

The traditional way of solving this problem is to use the least squares
method, according to which we find an estimator for a as such &, that
minimizes the sum of the squares of the residuals, i.e.

Gy, = argmin Hy, (o), where H,(«a)= Z(Yz —V1+ax)® (3)

i<n

However, as noted in the monograph by E.Z. Demidenko [1], the task
of finding the minimum point &, in (1) presents serious computational
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difficulties (due to the fact that the number of local minima in the right-
hand side of (1) can tend to infinity).

Equation (1) is the third in series of nonlinear regression equations, for
which A.I. Sakhanenko and his students have found explicit asymptotically
normal estimators of the unknown parameters (see [2]- [5]).

2. Main section

In [2] we introduced a whole class of simple explicit estimators of the
parameter « (see the details in Example 1 below). In particular, we can
take the following sample statistic as our estimator:

0= - w )V [ S - ), where zi=0 3@ (4)

However, all the estimators in [2] have one common drawback: they
are less precise than the OLS estimator (1). To solve this problem it seems
natural to use Ronald Fisher’s idea [6] for improving these estimators.

Suppose we have already obtained a preliminary estimator «,. To find
the second-stage estimator Newton’s method is typically used:

e _ o Hplag)
n H//( ) (5)

where
Y{E' ” Y(E2
H! = i — ———), H - el N
M= Bl ) M =X

But it turns out that the following estimator (2) is better in comparison
with the estimator (2):

a:*a:;(m%)/(i&w o 42 JW>'
: ©

Now we can present our main statement.
Theorem. Let the following conditions hold:

max;<n xf/(l + ax;)

Yicn i/ (1+ axi)
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Then statistic o is a consistent and asymptotically normal estimator of
the parameter a, i.e.

I 7% L N(0,1), where d —2/ Zi (9)
d. ,1), where d, =20 1+ az;

i<n

We emphasize that in (2), (2), (2) and further all limits are taken when
n — 00.
Remark. It can be shown that if the OLS estimator &, is asymptot-
ically normal, then
(G — ) /dy = N(0,1)

with d,, defined in (2).
Example 1. When n > ny = min{i : z; # x1} we can always find
constants ¢y 1, ..., Cp,n Such that

Z cns =0 and Z Cn,iTi # 0.
i<n i<n
It poses no difficulties to prove that in this case statistic
al = Zchf/ chlmz (10)
i<n i<n

appears to be an unbiased estimator of an unknown parameter .. More-
over, if (1) holds then

Ea) =, Dal = ZcilDYf/(Z Cni®i)2.

i<n i<n
It is easy to make sure that in this case the following simple condition

1/3
2

* xi
Do Z [— -0

i<n

is sufficient for the validity of assumption (2) in the Theorem.

Example 2. Let us consider the simplest situation when ¢, ; = z; —Z,,.
In this case the estimator (2) turns into the estimator (2).

Now assume in addition that

supz, < oo, n /3 Z:(o:7 — Zn)? = 0. (11)

i<n
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One can make sure that when (2) holds, the estimator o (see (2)) meets
all the conditions in the Theorem.

We shall emphasize that for (2) to be true the validity of the following
natural assumptions is enough:

supx, < oo, lim infn~! g (x; — )% > 0.
i<n

3. Conclusions

We have constructed a new explicit asymptotically normal estimator
of an unknown parameter in one power regression problem. Moreover we
have shown its precision to be as good as that of OLS estimator.
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Abstract. The paper presents a method for vertical handover (VHO) switching
time estimation. This method shows a high accuracy of estimation for the session
setup procedure and can be applied for vertical handover procedure. Unlike
the estimation methods for open queueing network we consider not only the
main foreground traffic but the background traffic too. Moreover, the estimation
can be obtained for any service time distribution function. The paper shows
the switching vertical handover procedure fro LTE to Wireless Regional Area
Network (WRAN) including authorization and authentication. The sojourn time
for customer premise equipment (CPE) at the IEEE 802.22 WRAN is a key
performance index for a making decision about from a current wireless access
network as 3GPP LTE to the 802.22 WRAN.

Keywords: sojourn time, cognitive radio, customer premise equipment, method,
IEEE 802.22, white space, TVWS.

1. Introduction

We introduce an analytical method for vertical handover switching time
esimation. In this paper we present a vertical handover procedure from
3GPP Long Term Evolution (LTE) to WRAN. The IEEE 802.22 WRAN is
the first wireless officially approved standard [1,2] based on the technology
and principles of noninterfering cognitive radio (CR) networks. This stan-
dard is the most appropriable radio access technology for a rural or another
territory with a low population density, for a vehicular cognitive access at
the intelligent transport system. A VHO analytical model can be used as
a metric of CPE effectiveness for the VHO in the context of seamless or
non-seamless physical connection and [P—session establishment.

2. Vertical handover procedure from 3GPP LTE to IEEE
802.22 WRAN

For this day, there is no analytical method of IEEE 802.22 signaling
procedure with focus on the CPE sojourn time on VHO 3GPP LTE —
IEEE 802.22. With a proposed analytical method there is a way to make
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an objective estimation of CPE’s time period for identification and sojourn
time at the IEEE 802.22 WRAN during VHO from the 3GPP LTE.
During VHO CPE (User Equipment) requests Access Network Discov-
ery Service Function (ANDSF) about capabilities of IEEE 802.22 base
stations (BS). There is a principal signaling message exchange between
CPE (UE) and dedicated servers with support of AAA for IEEE 802.22.
We will discuss unicast service time CPE model with a step-by-step ini-
tialization procedure. Unlike [3] this procedure will include phase of CPE
IP-registration. Discussed procedure can be introduced as show in Fig. 1.

CPE(UE) ANDSF

(1)Client Hello message

(2)Server KeyExchange message
(3)Access Network Info Request
(4)Access Network Info Response

IEEE 802.22 BS

(5) RNG-REQ [MAC address]
(6) RNG-CMD [EIRP]
(7) CBC-REQ [Basic capabilities]

AAA for IEEE 802.22

(8) CBC-RSP [Acceptable capabilities]
(10) SCM-REQ
(9) SCM-REQ [SCM EAP Start] [SCM EAP Transfer]
(11)SCM-RSP
(12) SCM-RSP[EAP Success] [SCM EAP Transfer]
I* 3GPP
3GPP MME 3GPP S-GW 3GPP P-GW hPCRF
(13) UE Detach Request (14) Delete (15) Delete

Session Request

Session Request

(16) Delete | (17) Indication of
Session Responce| IP-CAN Session

Terminaton
(18)Acknowledge
IP-CAN Session
Terminaton
|EEE 802.22 BS
(19) DHCP request DHCE serier
(20) DHCP responce

(21) IP address registration
IP session establishment
(22) DSA-REQ
(23) DSA-RSP

| Dynamic service flow creation

Figure 1. Service flow creation for VHO LTE - IEEE 802.22 WRAN

Let us describe the switching procedure. The CPE (UE) sends a mes-
sage (1) and has response (2) with a security key. The message (3) is a
request to retrieve network discovery. The message (4) is a respond with
an information about IEEE 802.22 BS. The messages (5) Ranging Request
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is a request Equivalent Isotropically Radiated Power (EIRP) value. Mes-
sage (6) Ranging Command shall be transmitted by the BS in response to
(5). The CPE transmits Basic Capability Requests message (7) with an
information elements concerning communication parameters. Message (8)
CPE Basic Capability Request is a response to (7). The Security Control
Management (SCM) message (9) is an Extensible Authentication Protocol
(EAP) request. The message (10) is a message that shall be retransmitted
to the AAA server. Message SCM-RSP (11) is an AAA server response.
Message (12) is a finish message for the CPE (UE) authentication.

With message (13) a process of detachment is beginning. With mes-
sage (14) a 3GPP Mobility Management Entity (MME) will deactivate
bearers. The Service Gateway (S-GW) is sending request (15) for a bearer
release. Message (16) is response to the message (15). The message (17)
is an indication at the hPCRF about IP session termination. The hPCRF
removes the data concerning terminated IP-Connectivity Access Network
(IP-CAN) session and sends acknowledgement (18). From this moment
there is no IP-session throw 3GPP EPS for the CPE (UE). With message
(19) the CPE (UE) shall invoke DHCP mechanism. The CPE (UE) re-
ceived the IP address with a message (20). With a message (21) the CPE
starts the process of IP address registration. A Dynamic Service Addition
Message Request message (22) contains a service flow parameters. The BS
responds with a Dynamic Service Addition Response (23) indicating ac-
ceptance of parameters which associated with upstream/downstream and
QoS rules. There is dynamic service flow creation completed.

3. The method of vertical handover time estimation

We propose the approximate method for sojourn vertical handover
switching time estimation in multistage queueing system with background
traffic. The accuracy of this method was shown in [6]. Unlike the estima-
tion method for open queueing network [7] we divide incoming flow at
each node into foreground and background traffic (see Fig. 2). Signaling
messages (1)-(23) construct foreground traffic. Another tasks form at each
node background traffic. For our preliminary analysis we use the incoming
Poisson flow [§].

The routing chain consists of K'=24 steps, from the processing of Clien-
tHelloMessage in the 1-node CPE (UE) till the processing of DSA-RSP
message in the same node. We denote the arrival rate and the average
service time of the foreground customers at k-step as Ag and by, and the
arrival rate and the average service time of the background customers as
A and d.

The sojourn time A of a vertical handover switching time can be find
by formula (3).
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Figure 2. Multistage queueing system with background traffic

K
A = Z wk + bk (1)
k=1

where wy, is the average waiting time in the node at k-step, obtained
from the Pollaczek-Khinchin’s formula (3):

pr(1+C3)
20— o) + A" @

and pr=Aobr+Ardy is the offered load on the node at k-step. The
squared CV of service time at k-step is shown by the formula (3):

(Xo + M) Xy + Aidr)
(Aobr + A dy)?

An analytical method allows to estimate the sojourn swithing time of
proposed vertical handover procedure. For a numerical experiment, we
used input data from the IEEE 802.22 standard. The amount of transac-
tions per second depends on the network situation and configuration and
many random parameters. We assume that a maximum of 10% of 512
subscribers at a regular IEEE 802.22 cell are in service after VHO from
the 3GPP LTE. The procedure generates at least 23 signaling messages
that have been described above.

W ~

Ci =

-~ (3)

4. Conclusions

We propose a method for vertical handover sojourn time estimation
in multistage queueing system with background traffic. Vertical handover
procedure procedure switches user equipment from 3GPP LTE network
to cognitive wireless regional area network. This procedure includes at
least 23 signaling messages including authorization and resource allocation.
This method has following advantages: possibility of sojourn time cumula-
tive distribution function estimation, accuracy of estimation as compared
with the simulation model.
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Abstract. Anderson-Darling statistic modifies the classical empirical process in
the interval [0, 1] by multiplying it by a weighting function v (t) = (£(1—t))~/2.
The weighting function redistributes the test sensitivity to deviations of the alter-
native distribution function from the hypothetical one between different subsets
of [0,1]. In practice, the tests can be of interest with other weighting functions.
There a new formulas was proposed for eigenfunctions of the Anderson-Darling
statistics. Also, it was analyzed a statistic “inverse” to the Anderson-Darling
statistic with the weighting function 9 (t) = (¢(1 — t))'/2. The theory is based
on the use of various special functions book [1]. In practice, could be useful
the Cramér-von-Mises tests with the weighting functions, belonging to family
P(t) =t*(1 =), a > —1, B > —1. The paper contains a table of distribution
for statistics with different values of the degrees > —1 and 8 > —1. The table
was calculated without using the statistical simulation.

Keywords: Cramér-von-Mises test, Anderson-Darling statistic, goodness-of-fit
test, weighting function, eigenvalues, eigenfunctions, statistical tables.
1. Introduction: Weighted Cramér-von Mises test

One-dimensional weighted Cramér-von Mises statistic is

w2 = n/o D2 (t)(F,(t) — t)2dt,

where F,,(t) is the empirical distribution function based on the observa-
tions X1, Xo, ..., X, of the uniformly distributed on [0, 1] random variable,
and ¥(t) is a weighting function. The statistic (1) designed to test the
hypothesis

Hy: F(t)=t, against the alternative Hy: F(t) #t, t€]0,1],

where F(z) is continuous distribution function.
If the condition

/1¢2(t)t(1—t)dt<oo
0

is fulfilled then the statistic w? converges in probability to

1
2: 2 d
w /Of(t)t,
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where £(t), ¢t € [0,1], is the Gaussian process with zero mean and the
covariance function

Ky(t,7) = ¢(t)¥(7)(min(t, 7) — t7).

The Gaussian process £(t) can be developed in the Karhunen-Loéve

series
B ZOO Tk (t)
g(t) - P m 9

where zp, kK =1,2,..., are the independent standard normal random vari-
ables, and A\; and g (t), i = 1,2, ..., are the eigenvalues and eigenfunctions
of the linear operator with the kernel K (¢, 7), i.e. solutions of the Fredholm
integral equation

(1) = A / B(t)y(r) (min(t, 7) — tr)p(r)dr.

Under the contigual alternatives Hy : F,(t) = t + 6(t)/v/n, n = 1,2,...,
the distribution of w? is the distribution of noncentral quadratic form

Q= f: M7 where & = /1 0(t)pr(t)dt.
N 0

i=1 )\k
By twice differentiation (2) respect to ¢ , we obtain differential equation
R (t) + A2 (t)h(t) = 0

with the conditions h(0) = h(1) = 0. Here, h(t) = p(t)/¢(t).

Deheuvels and Martynov in article [3] described for ¢ (t) = t° the
follows result. Let {B(t) : 0 < t < 1} be the Brownian bridge. Then,
for each B = &= —1 > —1, the Karhunen-Loeve expansions of {{(t) =
t?B(t) : 0 < t < 1} is given by

tw =3, (zm ti)
—F— » € k t) = 9
b1 AkB 5 () Vv (2u,)
Here, {wy : k > 1} arei.i.d. N(0,1) random variables, and, for k =1,2,...,
the eigenvalues are Ay = (2,1/2v)%, 2,5, k = 1,2,..., are zeros of the

Bessel functions J,(z).
It is considered also the Cramér-von Mises statistic of the form

0<t<1.

e

W2 (a,b) = n/ol 29(1— 2By (t) — t)2dt
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with the weighting function ¢ (¢) = t*(1 — ¢)®,a > —1, b > —1. The well
known case is the Anderson-Darling statistic

F,(t) —t)?

1
2 2/ _ _ (
A2 = 02 (—0.5,—0.5) n/o 1D dt

with @ = —0.5 and b = —0.5. For the statistic A2 equation (3) is trans-
formed to

#H(1 — )R (t) + Mh(t) = 0, h(0) = h(1) = 0.

Anderson and Darling in article [2] found that their statistic has A\, = k(k+

1) and hi(t) = \/t(1 —t)P(2t — 1), k =1,2,..., where Py(t), k =1,2, ...,
are the Legendre polynomials. The information related to the subject of
this work can also be found in book [4,5,5,6].

2. New formulas for eigenfunctions for the the
Anderson-Darling statistic

At first, we will propose a direct method for deriving expressions for
considering eigenfunctions. We will find the possible solutions of the dif-
ferential equation (4) in the form

hi(t) = t(1—t)(14-a1, gt+ag, pt>+..dap_1 1 t* 1) = t(1-)Vi(t), k=1,2,...

Here, hq(t) and hs(t) are understood to be hy(t) = t(1 —t) and ha(t) =
t(1 —t)(14 a1, ot). This solution satisfy to the conditions h(0) = h(1) = 0.

Theorem 1 The solutions of the equation (4) can be represented for each
A= =k(k+1),k=1,2,..., as

Vi(t) = 1+ Bagt + BrxBort?® + BraBorBsit® + oo 4 BB it™

or

Vi(t) = (((Be—1,kt + 1) Br—2, kit + ... +1)B3 1t + 1)B2, xt + 1)B1 ikt + 1,

where Bs p=1— A /As =1— IZE’;IB, s=1,2,..,k—1.

The following theorem solution can be represents another solution with
using of the hypergeometric functions.

Theorem 2 The solutions of the equation (4) can be represented for each
A= e =k(k+1),k=1,2,..., as

h}g(t) =t- 2F1(—k‘, k+1; 2; t), k=1,2,...
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This result can be derived from the fact that the equation (4) is particular
case of the equation for hypergeometric function o F.

Theorem 3 The following identity is valid:

(1 =t)Vi(t) = 21 (—k, k+1; 25 ).

Theorem 4 The normalized eigenfunctions of the covariance operator
corresponding to the Anderson-Darling statistic can be written as:

or(t) = 2/R(b T 1)k + DV = DV (1)
= 2/k(k+ 1) 2k + 1), /(1%) oFi(—k, k41 2 1) =

[ 241 RN e 0

E(k+1)
k=1,2.., tel0,1].

3. Statistic with ¢(t) = /t(1 —¢t)

Here, we will consider the statistic Cramér-von Mises with ¢ (t) =
Vt(1 —1t). Tt is “inverse” for Anderson-Darling statistic The equation (3)
have the form h”(t) + At(1 — t)h(t) = 0 with the conditions h(0) = 0 and
h(1) = 0. Its solution is

a a\— SC2
) =1 (§ = Yo L Y expl vt - 0)2)

3 3 —1 +22)?

LCy iy (2o YO 3 VAEIR TN o eep(Vaz(l — 2)/2).
4 16 " 2 4

Here, 1 F1(a;b; 2) is the Kummer confluent hypergeometric function. With

applying the conditions h(0) = k(1) = 0, the following equations can be

derived

h(O)zCl-lFl(l va 1 ﬁ)-cg-lFl(g va 3 ﬁ):o,

1716021 1716021
_ I Va1l ya 3 Va3 Vay_
MUQ‘E(L_mU’4>+@‘E(L_mU’4 =0
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Hence, the equation for eigenvalues is the determinant of the previous
equation

1 Va1l va 3 Va3 yva
B (- ) R (-5 ) =0
4 16 "2° 4 4 16 "2° 4

This equation can be resolved by numerical methods. First zeros of the
left multiplier are:

45.24420524 514.3565172 1495.598597 2988.879509 4994.177419

7511.484585 10540.79747 14082.11420 18135.43367 22700.75517

First zeros of the right multiplier are:

215.7714658 940.9700448 2178.236123 3927.526974 6188.830121

8962.140456 12247.45544 16044.77364 20354.09420 25175.41653

4. Another weighted statistics

The equation (3) with ¢(t) = (t(1 —t))?>/? has the solution with Heun
triconfluent function. The same equation with ?(#) = 1 — cos(t) has the
solution with Mathieu function.

5. Table of the distribution for statistics with () = (¢t(1 —¢))®

In the Table 1 we present the quantiles of the w?(a, 3 distribution with
a = 3. More detailed tables can be found in article [7].

Table 1
Quantiles of w?(a, @)/S

p/a - 0.70 - 0.50 - 0.25

0.90 4.3776 1.9330 0.7945

0.95 5.4914 2.4924 1.0437

0.99 8.2378 3.8781 1.6606

0.995 9.4680 4.4982 1.9362
S 1 1 1
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0 0.5 1 2
3.4731 0.7213 1.5834 0.8245
4.6136 0.9709 2.1479 1.1284
7.4346 1.5872 3.5397 1.8769
8.6939 1.8620 4.1603 2.2105

10 10 100 1000
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Abstract. A class of priority queueing systems with non-zero switchover times
is considered. Some performance characteristics such as distributions of busy
periods, conditions of stationarity, traffic coefficients, etc. are presented. Nu-
merical algorithms for their modelling are developed.

Keywords: priority queueing systems, semi-Markov orientation, busy period,
traffic coefficient, numerical algorithm.

1. Introduction

Mathematical models of queueing theory play an important role in
the solution of a wide range of topical applied problems, arising from the
rational organization of industries, polyclinics and hospitals, resource man-
agement, information flows, transport, information sorting and processing,
and other branches of human activity. Especially bright and impressive is
the application of this theory in the analysis and design of various mod-
ern networks and their components that are rapidly developing in recent
decades (see, for example, monographs [1-4]). An important class of queue-
ing models is Priority models, models in which requests are endowed with
some advantage in service. In this paper we will present some results re-
garding the analysis of priority models with non-zero switchover time at
the service process from one class of priority to another. This time Cj;
we will call it orientation and we will consider it a random variable with
arbitrary distribution function (d.f.) Cj;(x) = P{C;; < z}. Taking into
account the orientation time brings about the appearance of new priority
laws, more flexible and more advanced compared to classical ones.We’ll
denote by two indexes IJ the priority laws. The first index will show the
future state of interrupted switching, the second - the future state of in-
terrupted service [5]. In this context, we will present some results that can
be viewed as multidimensional analogue (in the sense of priority classes)
of Kendall functional equation, virtual analogue of Pollaczek-Khintchin
equation, etc.
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2. System’s busy period M, |G, |1|co

Denote by B;(z)-d.f. of service of the requests of the i-th priority
class, Cj(z)-d.f. of orientation for service of the requests of the j class,
Ai-parameter of the Poisson flow of priority ¢, II(z)-d.f.of the busy pe-
I‘iOd; Z).] = 17"'7T; { 7& .j7 O = >\1 ++)\ka g = Oy, ﬂi(s) =
Io° e **dB;(), ¢;(s), m(s)-the Laplace-Stieltjes transform of d.f. B;(z),
C(), T(z).

Statement 1. (Priority policy P12: "resume", "repeat again")
The Laplace-Stieltjes transform 7(s) = m,.(s) of the d.f. of the busy period
is determined (at k = r) from the system of recurrent functional equations:

orTk(8) = op—17—1(8 + Ai) + op—1{mr—1(s + X[l — Tr(s)])—

—Tr—1(5 + M) (s + A [1 = Tr(8)]) + Aemrr(s), (1)

Tk (8) = vi(s + Ap[1 = 7 (s)) 7T (s), (2)

Tr(s) = ha(s + Me[1 — Tr(s)]), (3)

where vi(s) = ck(s + -1l — me—1(s)]), (4)
_— —1

) = Guls o) {1 = = fuls o lms (st}

(5)

Statement 2. (Priority policy P11: "resume", "resume")
The Laplace-Stieltjes transform m(s) = m,.(s) of the d.f. of the busy period
is determined (at k = r) from the system of recurrent functional equations:

ork(8) = 0 1Th—1(8 + Ag) + 0p—1{mr—-1(s + Ag[1 — Tr(9)])—

—m—1(5 + M) Jua(s + A1 = Tr(s)]) + M (),
Tk (8) = V(s + A [l — Tr(8)])Tr(s),
Tr(8) = hi(s + Ak [1 — Tk (5)]),

where
vk (s) = k(s + op—1[l — m—1(5)]),

hi(8) = Br(s + Ap—1[1 — mp—1(8)vk(s)])-

Remark 1. Gnedenko system’s busy period.
IfC;, =0,7=1,....,r, r > 1 from relations (1)-(5) follow the result
published by Gnedenko et al in "Priority Queueing Systems" (1973)

oxmk(8) = op—1mr—1(5 + A (1 — i (s))) + MeTrr(s),
Tk (8) = hi(s + A (1 — T (s))),
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—1

hi(s) = Be(s + on1) {1 — L (s + akfl)mfl(s)}

S+ 0k—1

Remark 2. Kendall - Takacs equation.
If C; =0, r =1 the system (1)-(5) represents a single equation

7T11(S) = hl(S + )\1(1 — 7T11(S))).

But if » = 1 result that hy(s) = Bi1(s) and 711(s) = 7w(s). Considering
A1 = X and 51 = S the following equation holds: (known as Kendall -
Takacs (1953) functional equation for the busy period for M|G|1 )

w(s) = B(s+ A — An(s))
Thus, system (1)-(5) can be considered as n-dimensional analog (n is the
number of priority classes) of Kendall - Takacs equation.

3. Steady state condition and traffic coefficients

Let us denote by Bg1, €1, Tki,---,Vk1 the first moment of the d.f.
Bk(I)a Ck($),Hk($), R ;Nk(‘r)'
Statement 3. (Priority policy P12: "resume", "repeat again")

k
Let comnsider py = > \;b;,

=1
where P11+ en
b= —71—.
14+ Aicis
b P d 1 L 11 (1+ )
i = Qi |~ — 0;—-1Ci1),
' Yot | Bi(oior) H
(I)l = 1,(1)1‘ = 1+(Ui_0i—177i—1(>\i))cila 222,,16
If
pr <1 (6)
then By Dy + pr_1 B b
OpTg) = ——————, Tkl = 3 (7>
1—pg 1—ps
e br Dy Dy
Kl= 1T, Vgl = ————Ck1-
1—pr_ I —pr—

Statement 4. (Priority policy P11: "resume", "resume")

k
Let Pk = Z )\zb“

=1
where by — P11+ cn
LD VP
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by =P1... Pp_1Bk1 (1 + 0i10i1)
‘1)1 = 1,(I)i = 1+(Ui_ai—17‘-i—l(Ai))cily 122,,16

If
pr <1
then Oy Dy + pr_1 B b
UMTM:W’ ﬂkl:l—pk’
L br By Dy
1=, Vgl = ———Ck1.
1—pr_1 1—pr

4. Algorithms

Algorithm P11 (preemptive priority policy: "resume", "resume’)
Input: 7, s*, € >0, {A\e}h_y, {Br(s)} iy, {ex(s)}roy. Output: my(s*)
Description: IF (k == 0) THEN mo(s*) := O;RETURN k :=1; q := 1;
Ao := 0; Repeat inc(q); Ag := Ag—1 + Ag; Until g ==r;

Repeat
vp(8) = cr(s™ + Ap—1[1 — m—1(s™)));

hi (%) == Br(s* + Ap_1[1 — mp_1(s" ) (s™)]));
71';533( ¥) == 0; n =1 Repeat 71'( )( ) = hp(s* 4+ A\ — )\kﬂ;giil)(s*));
inc(n); Until. |3 (s )—W;(ck () <e

Ak—lﬂ—k—l(s* +)\k) Ak—l

m(s") = Ax * A (Tr—1(8" + Ak — Aempr(s™)) —

—T—1 (8" + M) )W (8" + A [1—=7rr (s7)]) + %V(S + Ak = ATk (87)) Trore (87);

inc(k); Until k == r;
End of Algorithm P11.

Algorithm P12 (preemptive priority policy: "resume”, "repeat again”)
Input: 7, s*, € > 0, {A\e}h_q, {Br(s)}ioqs {ck(s)}i_y. Output: mg(s*)
Description:/F (k==0) THEN mo(s*) := 0; RETURN k := 1; q := 1;
Ao := 0; Repeat inc(q);Aq := Ag—1 + Ag; Until g == r;

Repeat vi(s) := cr(s™ + Ag—1[1 — m—1(s™)]); hi(s ) = 6k(s +
Ap_1 * *

A ){1= 75 (1= B (8™ +Ak—1)me—1 (s )i (s )} Ly (57) =

0; n:= 1; Repeat ﬂ,(cz)( ) = hi(s* + A\ —)\mr ( *)); inc(n);

Until |7rl(€7;)(s*) - 77,(;,2 (s*)] < ¢
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_ Meame (8T + )\k)_’_Ak:fl
Ay Ay

’/Tk(s*) : (7Tk71(S*-‘r-)\k—)\k’]'l'kk(s*))—’frk,l(8*+

* * )\ * * *
X)) (8 4 ARl = T (s™)]) + A—’;u(s Mk — AT (5™) T (s7);
inc(k); Until k == r;
End of Algorithm P12.

5. Conclusions

The stationarity conditions how and traffic coefficients can be applied
in the management of real systems to avoid the system’s overload. But
their application requires solving the systems of functional equations for
busy period. The elaborated algorithms solve this problem.
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HEKOTOPbIX YACTUYHO WUJIA aCUMIITOTUYECKU
OJTHOPOJAHBIX MAPKOBCKUX IIeTei
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Annporanus. Temaruka TOYHON aCUMITOTHKM BEPOSITHOCTEH OOJIBININX YKJIOHE-
HUN MapKOBCKUX Oury»kianuii usydasnach A.A. Boposkosbim B 1962—63 rr. npo-
[IIJIOTO CTOJIETUS U AKTUBHO pa3pabaThIBajiach B IIOCIEAYIONEM UM CAMUM U €r0
mKkoJioil. B mokitaze Mpl KOCHEMCS HEKOTOPBIX YACTHUYHO HJIM ACHMITOTHYECKH
OTHOPOJIHBIX B TEPMUHAX BOpPOBKOBa MapKOBCKUX Ilelleil Ha MIPSIMOi B KpaMePOB-
ckoM ciyqae. B pabore A.A. Boposkosa, I.A. Kopmynosa (2000) a1 9acTuano
OJTHOPO/IHOM SPrOIMIECKOH MAPKOBCKOM IIEIX ¢ TPABOCTOPOHHNM ycaoBueM Kpa-
Mepa Ha Imar OJyKJaHUs BbIBEJeHa TOYHAsT aCHMIITOTHKA BEPOSTHOCTEN 0OJIb-
mux ykJjgoHeHuit. Hekoropble /0mOIHEHNST K 9TOMY HCCJIEIOBAHUIO COIEPKATCS
B pabore [M.B. Koznos, TBII, . 58, 8.1, 2013]. B cepuu paGor M. B. Kosio-
Ba, A.B. [llkiseBa n3ydanach aCHMITOTUKA BEPOSITHOCTEH GOJIBINX yKIOHEHUH
JJIsI BETBSAIIUXCA IIPOIECCOB B CiIydaiiHO# cpene. B mokmane OynyT npejioxke-
HBbI HEKOTOPbIE BO3MOXKHbIE HAIIPABJIEHUsI JajbHEIIell paboThl 110 yKa3aHHbIM
HAIIPABJICHUSIM.

KuroueBsnie ciioBa: cirydaiiHoe O6/1y2KJaHUe, IPOIECC OXKUJaHus, ycaoBue Kpa-
Mepa, OOJIbINEe YKIOHEHNST MAKCUMYMa, YCJIOBHbBIE MPEIEIbHbIE TEOPEMBIL.

PacemorpuM gacTuaHO 0HOPOAHBIE B TepMmuHogorun A.A.Boposkosa
MapPKOBCKHUE IIEIH HA MPAMOii, TO €CThb TAKUE, YTO UX MEPEXOIHBIE BEPOSIT-
HOCTH B TIPEJEIAX MOJOKATETHHON MOyOCH TAKHE YKe, KAK Y CJIydaiiHOro
0Ly K TaHUS.

ITycre X - obmiee obosHauenne s mara 6y aanus S(n). Ipexnona-
raercs, 4ro npeobpasosanue Jlamnaca R(h) = exp(hX) KoHEYHO B HEKO-
TOPOIl IPaBOil MOJIyOKPECTHOCTH TOYKU h = 0, a 4YTO MaTeMaTHIECKOe
oxunanne E X orpuraresnsro. Beiogy paccmarpuBaercst Tak HA3bIBAEMBIIA
KPaMEepOBCKUI ciiydaii, Korja cymecrsyer Takoe H, aro R(h) = 1.

Hoa makcumyma M corydaitnoro 6sy2Knanus S(n) B TaKOM CJIydae uMe-
et mecto onenka Kpamepa-JIyun6epra P(M > z) ~ exp(—Hz). O6o3na-
qum 4epe3 m(h) norapudmuueckyio npoussomuyio or R(h) u uepes h(t)
obpaTHyIO K Helt (DYHKITHIO.

Beezem ciyuaiinbiii MomenT T'(x) mepBoro nepecedenus OJ1yzKIaHueM
S(n) BBICOKOTO YypoBHS 2. S.Asmussen [1] nokasadt, 9To caydaliHas BeIuan-
Ha T(x) acumMnrornueckn HOpMaJbHa co cpeaanM x/m(h) u aucnepcueii,
IPOTIOPIMOHANIBLHOM . VIM e ycTaHOBJIeHA (DYHKITMOHAIBHAS TIPEJIe/IbHAST
TeopeMa ¢ GPOYHOBCKAM MOCTOM B KQ9E€CTBE IPEJIEA.
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Hapsiy ¢ 6oabninMu yKIOHEHUSIMA MaKCHMYMa, KPAMEPOBCKOTO OJTy 2K-
JI@HUST PACCMATPUBAJIACH 3a/1a1a GOJIBIIOr0 YKIOHEHUs! KOHIA S(n) Ha Be-
smanny tn aisg t > EX ( opu mobom 3nake E X). OkoHuaresnbHbIH pe-
syabTaT 37ech npuHamexxkut B.B. Ierposy [2].

A.A. Bopoekos, I.A. KopiiyHos [3] ncciienoBain aCUMITOTHKY BEPO-
ATHOCTEN OONMBINMMX YKIOHEHUH JI/TsT IACTUIHO OTHOPOIHON MAPKOBCKOIL Tie-
I B 9PrOAMYIECKOM cJIyvae. B 9TOT Kjace momaiaer, B 9aCTHOCTH, IIPOIECC
oxuyianust. Vcnonb3yst mojgxozpl 9To# paboTel, aBrop B Iybsmkarmu [3]
HCCJIE0BAJ ACUMIITOTHKY BEPOSATHOCTEH OOJIBINNX YKJIOHEHNT MAKCHMYMa
M (n) orpeska Iporecca OXKUIAHUS U IIPEJEILHOE PACIPEIEICHIE MOMEHTA,
T'(tn) mepBoro mepeceyeHusl MPOIECCOM OXKUIaHus ypoBHs tn. Wcmnonab3y-
€Mble TIOXO/IbI IIPUJIOKUMBI U K HEIPIOJUIECKUM JACTUIHO OJHOPOIHBIM
MapkoBckuM 1ensm (¢ orpunarenbibiM E X). Ilpu orcyrcrBun orpaxu-
JeHnil Ha BpeMsa OJIyKIAHUS ONTHMAJILHBIA CITOCOO BBHINTH Ha YpPOBEHD
tn COCTOUT B IBUKEHUW BJOJIb NPAMOI ¢ yrioBbiM HakgoHom m(H). Ta-
KIM o6pasom, ecsn t/m(H) < 1, To BJIOJIb 9TOr0 HAIIPABJICHUS (BKIIIOYAsT
dbayxryanuu B Brse 6POYHOBCKOTO MOCTA) U CJIEJYET JOCTUTATH YPOBHSI
tn. B IpOTHBHOM CJIyvuae YaCTHIHO OJTHOPO/IHAST MAPKOBCKAs IEIb IIPOBO-
AT B T€YEHIE BPEMEHH, [IPOIIOPIIUOHAIBLHOM 7, B HEKOTOPOU OKPECTHOCTH
touku 0. TeMm caMbIM, HAYNHAET UTPATH POJIb YACTH TPACKTOPHUH, HAXOIs-
IIIeCsT HAa OTPUINATENIHHON 1MoIyocu. MBI TpOMJTIOCTPUPYEM B COOOIIEHNT
TAKYIO CUTYAIMIO HA [pHMepe ocuusumpyomero( a Jiydiie cKa3aTh ajlb-
TEPHUPYIOIIErO CJIYYaiHOrO OJIy K TaHUsI.

B pabore [3] uccnenopana sorapudmudeckas aCUMITOTUKA BEPOSITHO-
creit OOIBINX YKJIOHEHUN IJIs TaK HA3BIBAEMBIX ACHMITOTHIECKH OIIHO-
POJTHBIX MapKOBCKHX IIEIeil, TO eCTh, KOTJla 110 Mepe y/IaJjIeHus OT HadaJa
KOOD/IMHAT B IIOJIOKUATEJIbHYIO CTOPOHY II€PEXO/IHBbIE BEPOATHOCTH CJ1abo
CXOJIATCS K TAKOBBIM JIJIst OOBITHOTO cjiydaiinoro osyxnanus. [lomyderus
TOYHOM aCUMIITOTUKHU B ODIEM CJIy9Iae AaCUMIITOTHIECKH OJTHOPOIHBIX Map-
KOBCKWUX IIeIleil ITOKa YTO BBI3bIBAET 3aTPyAHeHNs. B 9T0il cBA31 HHTEPECHBI
JaCTHBIE MOJEJIH, IJIs KOTOPBIX €e MOYKHO BhIBecTH. K HIM OTHOCATCS BET-
BAIMEC IIPOLIECCHL B CIy4YaiiHOi He3aBUCUMOI cpeJie ( IOCJIe TIepexojia OT
uporecca K ero Jjiorapudumy ). Ha aror cder 3a 1mocseqaue rofpl HOABUIOCH
psin pabor aBropa u A.B. IllkjsieBa. B coobuieHnn Mbl OCTaHOBUMCS Ha
HEKOTOPBIX PE3YJIbTATAX JIJIs STUX IIPOIECCOB.
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The problem of fine asymptotics for the large probability deviations of Markov
random walks were studied in the papers of A.A.Borovkov on the years of 1962-63
and has been afterwards intensively elaborated by himself and his disciples. My
report is concerned with partly or asymptotically homogeneous Markov chains
(in terms of Borovkov) in Cramer case. In the paper of A. A. Borovkov, D.
A. Korshunov (2000) the fine asymptotics of large deviation probabilities for
partly homogeneous ergodic Markov chain under the Cramer condition has been
derived. Some further results can be found in the paper [ Kozlov M.V., TVP,
Vol. 58, no. 1, 2013). In a series of works of M.V. Kozlov and A.V. Shklyaev
the asymptotics of large deviation probabilities for some Brunching Processes in
Random Environment has been developed. In my report some further possible
generalisations and results on the topic are to be demonstrated.

Keywords: random walk, process of the expectation, the condition of
the Cramer large deviations of the maximum, conditional limit theorem.
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tuna xu-kBaapart Ilupcona

M. B. Boaguu*, M. H. Ilerpuen*

* Kagedpa meopuu seposmmocmet,
Mocxosckutl 2ocydapcmeennvili yrusepcumem um. M. B.J/lomonocosa,
Jlenuncrue Topw 1, Mocksa, Poccus, 119992

Awnnporanusi. B pabore paccMaTpuBaercst cuTyalysi, KOrjia HaOJIOIeHNs 33, aB-
TOperpeccueil mepBoro MopsiKa COIEPKAT rpydble omubKy (BHIGPOCH UK 3aC0-
peHuUsl), IPUYEM paclpejieleHnue 3aCOPEHUil HeM3BECTHO U NPOU3BOJIBHO. B Ka-
JecTBe aJIbTEPHATUBBL OICHKE HAMMEHBIINX KBa/PATOB HEU3BECTHOI'O ITapaMeT-
pa, KoTopasi He IPUMEHNMa B JAHHOI CUTyaluu, npejjaraercs oboomEnnas M-
OIleHKA. YCTAHOBJIEHA €€ aCHMITOTUYIECKas KadeCTBEHHAasI POOACTHOCTD B TEPMU-
HaX PABHOCTEIIEHHOW HEIPEPBIBHOCTU CEMENCTBA PEIETbHBIX (DYHKIINN pacipe-
nenennsi. Ha ocHOBaHUM 9TO# OIEHKHU CTPOUTCH TecT Tuna xu-kBagpar [lupcona
JIJIsI IPOBEPKU TUIIOTE3BI O BUJIE PACIPEIETICHNs] MHHOBAIINI U TIOKA3bIBAETCs, ITO
ACHMIITOTHYECKHI YPOBEHb 3HAYUMOCTH TAKOI'O TeCTa OYIET YCTONYINUB K BBIOPO-
cam.

KumrouesBsble cioBa: aBroperpeccus, ipoBepka runores, GM-onenku, acuMnro-
THYEeCKas KadeCTBeHHAas POOACTHOCTH, TECTHI Xu-KBaapar [lupcona.

1. Bsenenue

PaCCMOTpI/IM aBTOPErpecCuIo IepBoro nopgdiKa
Ut = ﬁut—l + €4, te Za

rie {¢;} He3aBUCHMBIE OJIMHAKOBO PACIIPe/IeJIeHHBIE CJTyIaliHble BEJTNTNHbI
(H.0.p ciI. B.) ¢ Hem3BecTHOH dyHKimeil pacupeenenns (b.p.) G(z) u se-
6erosoit mwiorHOCTHIO g(xX), Ee; = 0, Ee? < o0; |B] < 1, B - HeussecTHbIIT
napameTp. MBI IpemoaaraeM, 9To HabIIOAeHIS aBTOPErPECCHE MOTYT CO-
JIepKATH IPyObIe OMMMOKY (BHIOPOCHI MM 3ACOPEHNs ), TaK 9TO BMECTO {us }
HabJII0AIOTCA BeJIMIUHDL:

ye=ur +z"&, t=0,1,... n. (1)

B (1) {z/"} — m.0.p.caB., mmeromume pacupenenenane Bepuymm Br(vyy,),
~Yn = min(1, %), v > 0, v — HEW3BECTHBIA yPOBEHDb 3acopenust; {&;} mo-
CJIeJIOBATENILHOCTD H.0.P. CJI.B. C HEM3BECTHBIM U IIPOM3BOJILHBIM DACIIpe-
nenenmeM fi. Hocaenosaremsaoctu {uy}, {2 }, {&:} npeamonararorcs nesa-
BUCUMBIMHA MeXKLy COBOii.

Cxema 3acopenuii (1) siBjisieTcs JIOKAJIBHBIM BADHAHTOM U3BECTHOI CXe-
MBI 3aCOPEHMsI JJAHHBIX BO BPEMEHHBIX psijiax u3 [4].
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Iesbio gaHHOI PAbOTHI ABJISETC PEIIeHKEe IBYX B3aNMOCBI3aHHBIX 3a-
nad. Ilepsast u3 HuX - mocrTpoeHue pobacTHO o6obmenHol M-omenku (
GM-ouenku) napamerpa 3 no uabaogenusam {y;}. PobactaocTs onenku
Oy/IeT XapaKTePU30BATHCA PABHOCTEIIEHHON HENPEPLIBHOCTHIO CEeMeHCTBa
IpeJeabHBIX pacupeiesennii oneHku B Touke v = (. IlogobHble omeHKH
yKe UCCIEOBAINCH PaHee, CM., Hanpumep, [3|, HO Jmmb npu He OYeHb
€CTEeCTBEeHHBIX MOMEHTHBLIX OrPpaHUYeHUX Ha 3acopenns. IloguepkueM ere
pa3 — y HaC HET HUKAKUX ONPaAHUYEHUN JJIs L.

C momorpio mocrpoentoit GM-OIeHKY MBI peraeM BTOPYIO 3a1ady —
IIOCTPOEHHUS TECTA TUIA XU-KBAJAPaT M5 IIPOBEPKU MUIIOTE3bI O BUJIE HEU3-
BectHOH (.p. G(z). Tlonobuast 3a1a1a B aBTOperpeccun 6e3 3acopeHuii pe-
masiack B [1] ¢ momompio Tecta Kosmoroposa. Mbl mokazkeMm, 9To Haii
XU-KBaJpaT TECT TEIepPb yXKe B CXEME C 3aCOPEHUSIMU SBJISETCS ACUMIITO-
TUYECKN KAa4eCTBEHHO POOACTHBIM IIPU I'HIIOTE3E.

2. Tloctpoenue pobactHoit GM-oieHKU mmapamerpa
aBTOperpeccuu

Iycrs ¢(z) 1 Y (z) - HeKoTOPBIE & Priori BHIOPAHHBIE BEIECTBEHHO3HAY-
ubie dyarmn. OmpemesnM mporece

In(0) :=n~"/? Z@(yt—l)ﬂ/(yt —0yi-1).
t=1

O6oménnast M-onenka ompenensercss Kak n'/2

YPaBHEHUS
In(0) = 0. (2)

CdopmynupyeM HEOOXOAMMBIE B JAJTLHEHIIIEM YCIOBHUSI:
(i) E(e1) = 0.
(i1) Oyukuus ¢ () aaxapl uddepennupyema, npuaéM cama ¥ u obe ee
[IPOUBBO/HBIE OIPAHUIEHDI.
(#42) sup |o(x)] < co.
(i) Euop(uo) | g(x)dis #0.
R
Ina usydenus nosenerns GM-oneHKr HaMm TOTpeOyeTcss acCUMIIMTOTHYE-

ckoe pazstozkenue tporecca b, (0) B n~/2-0KpecTHOCTH UCTHIHIOrO 3Haxe-
HUsI TapaMeTpa 3. DTO pa3JIoKeHne HaM JaéT CJIe Iy Iomast

Jlemma 1. ITycmo swinoanenve yeaosus (i)—(iv). Toeda dan aobvix
0<O0 <0, 0<I'<00,d>0

sup P( sup |I,,(8 + n*1/29) - l~n(6) +0A1 —yAs| > §) = 0, n — o0,
¥<T  ]9|<©

2de Ay = Eugp(ug) [ g(z)dy, Ay = Ep(ug)Ed(er + &) + Ep(ug +
R

€0)¥(e1 — BE), a ln(B) =020 plus—1)(er).

-COCTOATEJIbHOE DPEIICHUEe
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Jlemma 1 u cranmapraag Texuuka (cM., Harpumep, [1], r1. 6) coBmecTHO

C ACUMIITOTHYECKON TaycCOBOCTBIO [y, () BJIEKYT CIIEIyOILYI0 TeOpeMy.

Teopema 1. ITycmov swnoanenv ycaosus (i)—(iv). Tozda ¢ eeposm-
HOCTBI0, CMPeMAWetca K eOUHUYe NPU N — 00, CYWECTNBYEM NoCAeJ06a-
meavnocm B.ayr pasnomepro no v < T nl/? - cocmoamenvro xopred
ypasrenua (2). Ipu smom

A z —vATIA
sup [P(n"/2(Bp.cnr — B) < z) — B(E—12L =2

Al)‘ — 0, n — o0,
z,y<T g

2de ®(x) - Pynwyua Jlanaaca, a o2 = E?(e1)Ep?(uo).

Ouesnno, npejenboe pacnpeserene GM-onenku B cxeme Ge3 3aco-
pennit ¢ 7 = 0 — mopmassroe N(0,02/A%) ¢ b.p. FY (2,0,p) = F(r) =
(ID(””TAl). Beeném obosnauenue:

Tr — ’}/Al_lAQ

FY(x,’y,u) = nli_{I;OP(nl/Q(ﬁA{GM—ﬁ) §m)=¢)( > Al).

N3 Teopemov, 1 mpsiMo ciiellyer aCUMIITOTHYECKAsI KadeCTBeHHasl pobacT-
HOCTB ODOIIEHHBIX M-OIIEHOK.

Teopema 2. ITycmo swnoanenv, ycaosus (i)—(iv). Tozda Bn.am -
ACUMNMOMUMECKY KAYECTNEEHHO POBACTHA, MO ECTDL

sup |FY(Z‘7’77/’(') - F(l‘)‘—) 077 — 0.

T, 0

3. Tectbl Tuna xu-kBazapatr Ilupcouna

B sTOM pasnene Mbl HOCTPOMM TECT THIA Xu-KBagpar [Impcona jyis
nposepku runoresbl Hy : G(z) = Go(z), Go(x) - usBectHast DyHKIWMsE
pacupegesenus. Tect Gyjer OCHOBaH Ha HAOJIOAEHUSX Yo, - .., Yn U3 (1).
[ycrs 3, - mobast oleHKa, ABJISOMAsCS paBHOMepHO 1o v < T' nl/?
cocrosTenbHol onenkoit 5. Hampumep, ronures onenka 3, g U3

Teopemwi 1. Ilycts €4 =y — ,@yt_l, t=1,...,n - ocraTku, a

Gn(x) :=n""! Z[(ét <z),zeR.
t=1

Gr(x) - momobue sMIupuIecKoit hyHKIMU PACIPeIeIeH s

Gn(z)=n""Y I(e; < x),
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KOTODast MOXKET ObITH IIOCTPOEHA JIUIIb runorernydecku. [JocKosbKy octat-

ku {&;} 3aBuCHMBL Mexk 1y coboii, cBolicTBa Gy, (X) HyKAAIOTCS B U3y YCHUH.

Teopema 3. ITycmo sup |¢'(x)] < co. Hyemov Az, p) = EG(x + &) +
EG(z — &) — 2G(x). Tozda npu mobvir e >0 v 0 <T' < 00

sup P(|G(x) — G (2) — Az, p)y| > €) = 0, n — oo.
y<T

HokazarenbcTBo Teopemvr 3 BecbMa KPOIOTJIMBO U OCHOBAHO HA MJIESAX

[2].
Pa306b6M YHCIOBYIO OCh Ha 11 HElepeceKaIoUXCcsl TOJTyNHTEPBAIOB
A, A, Aj = (251, 25], 29 = —00, Ty, = 00, U mycTh mpu Hy

pg = P(El S Aj) = Go(l'j) - Go(fbjfl) > 0.

IIycts U; ecthb uncio orcratkos {€,}, nomasmux B A;. OdeBngHo,

ﬁj :n[Gn(xj) —Gn(.’tjfl)],j = L...,m. (3)

I/IHTepeCyIOHLaH HaC CTaTUCTUKa XU-KBa/JIpaT UMeEeT BUJ

mo 0)2
L2 Z (0 — npj)
n - 0 .
np:
j=1 D;
IIpesesbioe pactpejienenue X2 npu Hy Mo:KHO HafiTh ¢ nomoripio Teo-
pemovi 3, cooTHOmEeHN (3) U CTAHIAPHOIO J0KA3aTeJbCTBa TeopeMbl [lup-
cona. A mvenno, myctsb Fj,(x, A\?) Gymner dyHKIMS pacipeie/leHus HeleH-
TPaJIbHOTO PACIpeJIesIeHUsT XU-KBAJIpaT ¢ k CTeleHssMu CBOOOJBI U Mapa-
MEeTPOM HeIleHTPAJIbHOCTH A2
Teopema 4. ITyemo go(z) = Gi(z) uwsup |gh(z)| < co. Toada npu Hy

sup |P(X2 < 2) — Fro1(z, A2 (7, )| = 0, n — o0,
<D’

ede N2 (v, 1) = 2270, 07 (1) /1Y, @ 6(p) = Alwj, p) — Alwja, ).
O6o3naunM X () KBAHTHIb YPOBHS (v PACIPEIEJEHUs XU-KBaJIpaT C

.2
k cremensimu cBobomel. Byaem oreeprare Hy, eciam Yo > Xm-1(1 — «).
Acummrornaecknil ypoBeHb 3HATMMOCTH TAKOTO TECTa PABEH

a(v,p) =1 = F(xm-1(1 = a), \*(v, ).

Pasymeercs, B cxeme 6e3 3acopenuii ¢ v = 0 mmeeem &(0, 1) = a. Cieny-
IOIIAsI TEOPEMA YTBEPXKIACT, YTO ACUMITOTUYECKUN yPOBEHD 3HAYMMOCTH
G(7, ) KA9eCTBEHHO ACMMITOTUYECKH YCTOIIHNB K BBIOPOCAM.

Teopema 5. sup, [a(y,p) —af = 0,7 — 0.

Jlerko y6eiuThCs1, ITO HAII TECT XU-KBaJIpAT COCTOSATEICH ITPOTUB CTAH-
JaprHOit (T.e. ij #* p} XOTb IIPU OZHOM j) (PUKCHPOBAHHOI aJbTePHATHUBEL.
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4. 3akJioueHUue

UccaneioBanie aBTOPErpeCCHOHHBIX CXeM C BbIOpocaMu (3aCOpeHUsIMU )
B HAOJIIONEHUAX — aKTyasbHAs JJIs IPUJIOXKEHUN 3a/a9a, OHA COBEPIIEH-
HO HETPUBUAJIBHA JIJIs TEOPETUIECKOIO UCCienoBanus. [IpuBeieHHbIE BbI-
e Pe3yJIbTaThl — [IPUMEDP €€ PEIIeHNUs, JOMYCKAIONNIl MHOTOUNCICHHBIE
obobraenns. B yacTHOCTH, Ha MHOTOIApAMETPUIECKIE JIMHEHHBIE U HEJIU-
HelHbIe aBTOPErpecCUOHHBIE CXeMbl. MBI CliejlaeéM 3TO B OTJEJIbHBIX IIyO-
JINKAITASX.
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Robust GM-estimators in the autoregression and
Pearson’s chi-square tests
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This paper considers the situation where observations of the first-order autore-
gression contain gross errors (outliers or contaminations), and the distribution
of the outliers is unknown and arbitrary. As an alternative to the least-squares
estimator, which is not applicable in this situation, the generalized M-estimator
for unknown parameter is proposed. The asymptotic qualitative robustness of
this estimator in terms of limiting distribution functions equicontinuity is es-
tablished. On the basis of GM-estimator the Pearson’s chi-squared test for hy-
potheses about the distribution of the innovations is constructed and qualitative
robustness of the asymptotic significance level is obtained.

Keywords: autoregression, hypotheses testing, GM-estimators, asymptotic
qualitative robustness, Pearson’s chi-squared tests.
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WccaenoBanme HeoJHOPOAHOIM JABYX(]a3HOil cucTeMbI
00CJIy>KMBaHUSI C HEOTPAHUYEHHBIM YHMCJIOM ITPUOOPOB,
KJIacC 3asiBOK B KOTOPOii onpeae/isieTcsi COCTOSSHUEM
Bxoagamiero M AP-nmoroka

A. H. Moucees*, M. A. IITknennuk*

* Hnemumym npukaadnott Mamemamuky U KOMNbIOmMepHolT HaYK,
Tomcexuti 2ocydapemeertbill yrusepcumen,
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Awnnporauus. B pa6ore npescrasieno uccienoBanue AByxda3Hoil CHCTEMbI Mac-
COBOT'O OOCJIy?KUBAHUS C HEOTDAHUYEHHBIM YHCJIOM IpUOOpPOB Ha (da3ax U BXO-
gsmmuM MAP-norokoMm. TIpomomkurenbHOCTS 06C/TyKUBaHUSI Ha TEPBOIl daze
1 BEPOSITHOCTH II€PEX0JIa Ha BTOPYIO a3y 3aBUCAT OT TUIA 3asBKU, KOTOPBII
onpenensercs cocrosianeM MAP-mioroka B MOMEHT ee MOCTYILJIEHHSI B CHCTEMY.
HWccnenoBanne npoBoAUTCA B ACHMITOTHYECKHAX YCIOBUAX BBICOKOM MHTEHCUBHO-
CTH BXOJISIIETO TTOTOKA. [loKa3aHo, 94TO JByMEpHOE COBMECTHOE paCIpeseeHue
BEPOSTHOCTEN 4MC/Ia 3adABOK Ha (aszax pPacCMaTPUBAEMON CHCTEMBI B yKa3aH-
HBIX ACUMIITOTUYECKUX YCJIOBUSX SBJISIETCS TayCCOBCKUM. B pabore mosydeHbI
IapaMeTphbl ITOTO TAYCCOBCKOTO PACIIPE/IEJIEHUS.

KuaroueBbie cioBa: muHOorodasnas cucrema OOCIyKUBAHUS, PA3HOTUIHBIE 3a-
SIBKU, HEOJHOPOJIHOE OOCIyKUBAHNE, ACUMIITOTUIECKUN aHATINS.

1. Bseneune

B pabore uccienyercs cucrema maccoBoro obciayzkupanus (CMO) ¢
JByMsi dbazamu, Ha BXog KoTopoii nocrynaer MAP-niorok 3assok [1]. Io-
CTYTAIOIINE 3asiBKI TUITU3UPYIOTCS B COOTBETCTBUU C COCTOSTHUEM, B KOTO-
POM HAXOJUTCsI yrpaBJsionas 1enb MAP B MOMEHT mOCTyILIeHIS 3asIBKU.
Kaxnast dasa cucreMbl mMeeT HEOI'DAHUYIEHHOE JHCJIO OOC/TYKUBAIOIIMX
IpuOOPOB, JIUTEILHOCTE OOC/TYKMBAHUS Ha IEPBOil (da3e U BEPOSITHOCTH
nepexojia 3asgBKH Ha BTOPYIO (pa3y 3aBHCIT OT THIIA 3asiBKH. Perraercs
3aJ1a4a TOJIy9YeHNsT COBMECTHOIO CTAI[MOHAPHOIO PACIPEEsIeHIs BepOsiT-
HOCTEll 9ncia 3asBOK Ha (ha3ax CHCTEMBI B CTAIMOHAPHOM peKuMe QyHK-
[MOHUPOBAHUSA. 3812498 PEIIEHA B YCIOBUAX BBHICOKON MHTEHCUBHOCTH BXO-
JAIIEro IIOTOKA AHAJOTMYIHO HOaXony [2].

WccneroBanue, BBIIOJHEHHOE B paboTe, 110 CMBICTY OJIN3KO K MOJIEJISIM
00CTyKUBaHusl ¢ pasHOTUIIHBbIME 3asgBKaMu [3]. Oxnako B HacTosmeil pa-
60Te IPUMEHSIETCS HEMHOT'O JIPYTOii MIOIX0/ K IIPEJICTABJIEHUIO U UCCJIEI0-
BaHUIO MOJIEJIell ¢ PA3HOTUITHBIME 3aBKAME, KOTOPBIi 60JIbIIe HAITOMUHA-
eT MojleJIMpoBaHue cucreM, (GyHKIMOHUPYIONX B cilydaiinoil cpeje [4]. B
oT/jimyue oT pa60T 110 ‘ZLaHHOfI TeMaTUuKe, IIpeJCTaB/JIEHHbIX B Haquoﬁ JIN-
Teparype, B HACTOAIIEH CTaThbe pACCMATPUBAIOTCS MHOTOMA3HBIE CHCTEMbI
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obcmyxuBanns. Kpome TOTO, BXOISIIHIT TOTOK SBJISETCS HE TPOCTEHIITNM,
MHTEHCUBHOCTH KOTOPOT'O MEHSIeTCsI B CJIyJailHOM cpeie, a IIpeICcTaBJIsier
co0oit bostee CIOKHYIO MOJETD.

2. Maremarundyeckasi MOJ€JIb

PacecmarpuBaercst nByxdasznas CMO c¢ sxomsmuv MAP-morokom n
HEOTPAHWYEHHBIM YHCJIOM ITPUOOPOB Ha KaxKIoi ¢aze. 3aKOH, OIpeIeis-
IOIUI TTPOIOJIKUTEIBHOCTD OOC/TYKUBAHKS Ha TIepBOii (pase, a TakkKe Be-
POSTHOCTD IEPeXoia Ha BTOPYIO a3y oupenensiorcs cocrosuueM MAP-
[IOTOKA B MOMEHT HoCTyIuieHus 3asBku. MAP 3anaercss mnpeicrasiieHu-
em [1] (Do, D1), rme Dy u D; — xBajparHble MaTpuipl pasmepa L X L.
O6o3znaunm uepes I(t) € {1,..., L} cocrosiuue ynpapistomeit nemun MAP,
a depe3  — BEKTOP-CTPOKY €e CTAIMOHAPHOI'O PACIIPEJIeJICHIsT BEPOsITHO-
cTeil.

Bpems obcityzkuBanus Ha epBoii daze ecTh ciydaiinas BeJIUIUHA, KO-
Topast OIpeIesseTcs 0HOi 13 dyHkuumii pacupegenenus A (z), ..., A (z).
Bei6op dyuknun pacnpejenerns A;(x) mpou3BoJUTCs 110 3HAYEHUIO PO~
necca [(t) = | B MOMEHT HOCTYILJICHUs 3asBKU U HE MEHSETCs J0 KOHIIA
obcirykuBanus. [1o okoHYaHUN 00C/TYKUBAHUS 3asBKa, IEPEXOIUT HA BTO-
pyio ¢a3y ¢ BEpOSITHOCTBIO Ty, JTUOO MOKHUIAET CUCTEMY C BEPOSITHOCTHIO
1 —r;. ObcirykuBaHue 3asiBOK Ha BTOPOit (haze OCyIIeCTBISIETCA B T€ICHUE
cayuaiinoro spemenn ¢ dynknpedi pacnpesenenns B(x). Ilo okoHuaHnu
9TOr0 OOCITYKUBAHUS 3asBKa MOKUIAET CHCTEMY. DyJieM IpeJnoiararh,
qro dyakuun Aq(z),..., Ar(z) n B(r) HeNpEpBIBHBI, U CYIIECTBYIOT KO-
HEYHBIE IIEPBbIE MOMEHTHI COOTBETCTBYIONIUX PACIIPEICICHNNA.

CraBuTcs 3ajia9a MOJIy9YeHUs] COBMECTHOTO PACIIPE/IEIEHUs] BEPOSITHO-
cTell 94mcia 3asBOK Ha (ha3ax CUCTEMBI B CTAIIMOHAPHOM peXKuMe (DyHKIHU-
OHUPOBAHUS.

3. Ypasuenus Kosmoroposa

O6ozuaunM i1 (f) u iz(t) — ducI0 3as8BOK Ha LEPBOl U BTOPOH dazax
cucrembl B MOMeHT Bpemenn t. [Ipomnece {41 (t), i2(t),1(t)} He stBIsIeTCsT Map-
KOBCKHUM U €r0 TPsiMasi MAPKOBU3AIIUSI HE JIACT TIOJIE3HBIX PE3YJIBTATOB JIJTst
perrenus 3agaun. [losToMy BOCIIOIB3yeMCst METOJIOM MHOTOMEPHOTO JIMHA-
MUYECKOTO MPOCENBaHUs |5|, KOTOPBI It JaHHO# 3a1auu MOXKHO ¢op-
MyJIIPOBATh cjepyiomum obpaszoMm. [locTponm 1Ba Tak Ha3BIBAEMBIX MIPO-
CesTHHBIX MTOTOKA COOBITHIA 11O/ HOMepaMu | U 2, KOTOpbIe OyJyT COOTBET-
crBoBarh (pasam uccieayemoit CMO. BadukcupyeM HEKOTOPBI MOMEHT
BpeMenu T’ B OyaymieM. ByjieM remepupoBaTh B MEPBOM MTOTOKE COOBITHS,
COOTBETCTBYIOIIME MOMEHTAM BPEMEHH ITOCTYILJICHUS 3asIBOK M3 BXOJIAIIE-
o MOTOKA, KOTOPbIe B MOMEHT 1 OyIyT HAXOAUTHCS HA OOCIY KUBAHUT
Ha TepBoil ¢dase cucTeMbl. AHAJIOTUYIHO YCTAHOBUM COOTBETCTBHE BTOPOTO
IIPOCESTHHOTO IIOTOKa €O BTOPOii (pazoii cucreMbl. O603HAYNM BEPOSITHOCTH
POCEMBAHUS 3asiBOK B IIEPBBIil U BTOPOIi IOTOKHM COOTBETCTBEHHO Kak S (1)
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u Vj(t), rme t — MOMeHT mocrynieHns 3asaBKy, | — cocrositue MAP B sToT
MOMeHT BpeMeHH. Bepostroctu Si(t) u Vi(t), odeBuHO, 3aBUCAT TaKkKe
OT BBIOPAHHOIO MOMeHTa 1', HO JijIsi IPOCTOTHI HE OyaeM 0003HAYATH 9TO B
stBHOM Bujie. B paGote [6] mosyuens! Beipazkenust st Sy (t) u Vi(t) B cay-
4ae, Korga Bee 1; = 1. s paccMaTpuBaeMoil 2Ke 3aa491 9TU BbIPAXKEHU
IPUMYT BHJI:

Sl(t) =1 —Al(T—t)7 ‘/l(t) =7 [AZ(T—t) — (Al *B) (T—t)},

rue (A; x B) (x) — cBeprra dbyuknuit A;(x) u B(x).

O6ozHaunM 1epes nq(t) u no(t) dmucmo coOBITHI, HACTYIUBIINX COOT-
BETCTBEHHO B [IEPBOM M BTOPOM IPOCESIHHBIX MOTOKaX 0 MoMeHTa t < T.
Torma, eciin B HEKOTOPBINT HAYAJbHBI MOMEHT BpeMmenu tg < T’ cucrema
OblIa MycTa, IMEIOT MecTa paBeHCTBa [5]:

P {iy(T) = my,ia(T) = ma} = P {ni(T) = mq,na(T) = ma}

Juist Beex my, mg € 0,1,2,... Cuywaitusiit nponecc {I(t),n1(t),n2(t)} as-
JiseTcst MapKoBCKuM. JIjist ero pacupeesnenus BepostaocTel Py(ny, ng, t) =
P{l(t) = 1,n1(t) = n1,n2(t) = n2}, nepexous K XapaKTePUCTUICCKUM (DYHK-

o0 o0 . )
sy Hy(up,ug,t) = Y. Y elvimtiunz pi(ng ny t) (3mech j = v/—1),

ni =0 no =0
MOYKHO 3aITUCATh B BEKTOPHOM BHJIE CJAEIYIONIYIO0 cucTeMy mauddepeHiim-
AJIbHBIX ypaBHeHI/Iﬁ C HAYaJIbHBIM YCJIOBUEM:

W =H(u,ug,t) {D + Dy - [(ejul —1)S(t) + (eju2 o I)V(tﬂ } ’
(1)
H(uy, 1z, to) = 0. 2)

Baecs D = Do+ Dy, S(t) u V(t) — auaroHasbHble MATPHUIIBL C SIEMEHTAME
S;(t) u Vi(t) coorsercrBenno, H(u1, uz,t) — BEKTOP-CTPOKa U3 JIEMEHTOB
Hi(u1,us9,t). Tak Kak ssemenTsl MaTpull S(¢) u V() HenpepbIBHBI Ha WH-
tepsaie [to,T] B Bugy cpoiicts dyuxmmit Ai(x),..., Ar(x) u B(z), To HA
sToM nuTepBasie 3aada Kommu (3)-(3) uMeer euHCTBEHHOE pEIlIEHNE.

4. AcuMnorornyeckKuili aHaJIN3

ITockonbky mpsiMoe pernenue 3a1a49u (3)—(3) He IpeJCTABIIAETCH BO3-
MOKHBIM, Oy/IEM €r0 UCKATh B ACUMIITOTUIECKOM yCJIOBUU BBICOKOW MHTEH-
CHBHOCTH BXOJISIIIEro noroka [2]. st mocruskennst aroro pesysibrara MAP
saganum npejcrasiaenueMm (NDg, NDy), riae uucnosoit napamerp N > 0
OyJeT OIpee/siTh BBICOKYI0 MHTEHCUBHOCTD BXOJSIIErO HOTOKA. ACHMII-
TOTUYIECKUN aHaJIn3 OyeM MPOBOAUTH B ycaoBuu N — oo.

B pesysnbrare mponeaypbl aCUMITOTHYECKONO aHAJN3a, [MOCTPOCHHOMN
AHAJIOTWIHO [2], MOJIydaeM CJIeyIolee PelleHre IIOCTABJIEHHON 3a/1aun:
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XapaKTEePUCTUIECKAsS (PYHKIUST ACUMIITOTHIECKOTO B YCJIOBUSIX BBICOKOIA
WHTEHCUBHOCTH BXOJIAIIETO ITOTOKA CTAIIMOHAPHOI'O COBMECTHOI'O pacIipe-
JleJIEHUsI BEPOSITHOCTEl 4YmciIa 3asdBOK Ha dasax paccmarpusaemoii CMO
AMeeT BUJ,

- 2 - 2
(Ju21) Ns+ (JU22) Not

Nvy + jugjus [Nwiz + Nwai ) },

h(uy,us) = exp {jule + jusNv +

(jur)? (juz)?
2 2

3)
Nso +

e

s =60DAe, v = bfDRe,
T T
so==20D1- [ S(1)QS(7)d7-e, wvy=-20D;- [ V(1)QV(r)dr -e,

wyy = —6Dy - f S(T)QV(r)dr -e, w2 =—6D; - f V(7)QS(7)dr - e.

(oo}

Bneck e — eauamanebLi Bekrop-croaten, R = diag{r;}, b= [ (1 — B(t)) dt,
0

oo

Q = GGDD,, A = diag{a;}, tne a; = [ (1 — A(t)) dt, a marpuna G
0

SIBJISIETCsI PeEIllleHneM JInHeiiHoro marpudHoro ypapHenus GD = ef — 1.
MozkHO 1I0Ka3aTh, YTO 3HAYEHUs] NHTErPAJIOB B MPABBIX YACTIX BbIPaXKe-
HUN IJIA So, V2, W12 U W1 HE 3aBUCAT OT 3HAYCHUA T.

Takum 00pa3oM MCKOMOE PaCIpe/ie/ieHUe sIBJASIETCS aCUMIITOTUIECKH
TayCCOBCKHUM C COOTBETCTBYIOIINMHU BEKTOPOM CPEIHUX M MATPUIEN KOBa-
pHAIUK, KOTOPBIE MOI'YT OBITh [OJIy9YeHbl U3 BhipazkeHust (4).

5. 3akJirouyeHnue

B pabore mokazano, 9To cTanuoHapHoe COBMECTHOE pacIpee/ieHne Be-
posiTHOCTEl 4Ynciia 3asBOK B aByxdasuoit CMO ¢ HeorpaHWYeHHBIM YHC-
JioM IpubopoB Ha pazax u Bxogsammum MAP-morokoMm, B KoTOpoii mpoao-
KUTEJILHOCTD OOC/TY>KMBAHUs 3asIBKU HA TEPBOil (pa3e U BEPOATHOCTH ee
mepexoia Ha BTOPYIO a3y 3aBHUCAT OT THUIA 3asiBKU, OMPEIEISIEMOro CO-
crosianeM MAP-110TOKa B MOMEHT €€ IMOCTYILIEHUsI, B YCJIOBUSIX BBICOKOIA
MHTEHCUBHOCTHU BXOSIIETO MOTOKA MMEET BUJ JBYMEPHOTO T'ayCCOBCKOTO
pacmpeenienus. B pabore moJrydeHbl mapaMeTpbl TOTO PacIIpeIe/IeHuUs.

Buaaronapaoctn

Pa6ora Beiosnnena npu dunancosoii noguepkke MOH PO (Coruamie-
uue Ne 02.203.21.0008).
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Heterogeneous infinite-server queueing tandem with
customers’ type defined by state of Markovian arrival
process
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t Institute of Applied Mathematics and Communications Technology,
Peoples’ Friendship University of Russia (RUDN University),
Miklukho-Maklaya str. 6, Moscow, 117198, Russia

This paper presents an investigation of an infinite-server queueing tandem
with the Markovian arrival process. The service time at the first stage and
the probability of customers transition to the second stage are determined by
the type of the customer that corresponds to the state of the arrival process
at the time when the customer arrived. A study of the system was performed
under an asymptotic condition of high rate of arrivals. It is shown that under
the condition, the joint stationary probability distribution of the number of
customers at the stages of the tandem is two-dimensional Gaussian. Parameters
of the Gaussian distribution are also obtained.

Keywords: queueing tandem, multi-type customers, heterogeneous service,
asymptotic analysis.
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Quantum-semiclassical approach for treating
excitation and ionization of hydrogen-like atoms and
ions in collisions with heavy particles
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Abstract. We have developed a quantum-semiclassical approach for treating
dynamics of few-dimensional quantum systems. In this approach the problem is
reduced to Schrodinger-like equations for some degrees of freedom which inte-
grated symphoniously with the classical equations describing the remaining part.
This approach was successfully applied for treating self-ionization of hydrogen-
like ions in magnetic fields, break-up of some halo nuclei and for excitation and
ionization of helium ions by protons. Here we present the method application
to calculation of ionization and excitation/deexcitation of helium ions by slow
antiprotons. The calculated cross sections are important for experimental inves-
tigations in antiproton physics and provide a strong challenge to theory. The
method can be applied for other actual problems in few body physics.

Keywords: computational methods, transition probabilities.

1. Introduction

The idea to simultaneously treat quantum and classical degrees of free-
dom goes back to Refs. [1,2] where it was applied to the collisional dy-
namics of molecular processes. One can also note the similar self-consistent
classical-quantal treatment of muon capture by the hydrogen atoms [3] and
time-dependent calculations of the atomic hydrogen ionization by antipro-
ton impact [4].

Following this idea we have developed quantum-semiclassical approach
for treating different quantum dynamics in three-body collisions and two-
body charged systems in magnetic fields [5,6]. Key element of the ap-
proach is the integration of the arising time-dependent 3D Schrodinger
equation for which we have developed an efficient computational split-
operator scheme with non-direct product discrete-variable approximation
(npDVR) for angular variables [7-9]. Here, we apply this scheme to cal-
culation of ionization and excitation/deexcitation of helium ions by slow
antiprotons - an actual problem of antiproton physics.
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2. Computational scheme

We present here the key elements of the computational scheme in ap-
plication to the reactions

(He)p, +P— e+ Het " +7,

and N N
(He™)ny, +9 — (He™ )y, + 7.

These transitions are effected by the time-dependent Coulomb field be-
tween the Het and the antiproton.

We describe the collisions by the 3D time-dependent Schrédinger equa-
tion

z’h%d)(r,t) = [Ho(r) + V(r, R(t))] (7, t) (1)

coupled with the classical Hamiltonian equations for the antiproton degrees
of freedom R(t). Here, the wave packet 1)(r,t) corresponds to the relative
motion of the electron and the helium nucleus. In the above expression,

1 2
HO = 77&7‘ —_ =
2u T

is the internal Hamiltonian of He' with reduced mass u = memue/M,
where m, and mye are the masses of the electron and helium nucleus,
respectively, and M = m,. + mye. The interaction of the projectile p with
the target He™ is given by

2 1

VD = TRy T ma ] T TRO =t 2

where R(t) is the relative coordinate between the projectile and the center-
of-mass of the target. The Schrodinger equation (1) is integrated simulta-
neously with the classical Hamilton equations

9 P(1) = L HA(P(), (1),
GR() = S5 HA(P(), R(1),

where

Ho(P.R) = 53 PP & Holp. 1) + (6(r.0) | V(. R) | 0(0.),
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with My = mpM/(m, + M). The computational scheme includes the
coupling (¢(r,t) | V(r,R) | ¥(r,t)) between the electron and antiproton
variables and conserves the total energy of the system.

We use npDVR on the subspace grid (6;, ¢;) for the angular variables of
the electron coordinate r [9]. This yields a diagonal representation for the
interaction V (r, 0;, ¢;,t) between the projectile and the target. As a con-
sequence, the problem is reduced to the Schrodinger-type time-dependent
radial equations coupled only through the nondiagonal angular part of the
kinetic energy operator. This equation is propagated using a split-operator
method, which permits fast diagonalization of the remaining nondiagonal
part [8,9]. For discretizing with respect to the radial variable r, a sixth-
order finite-difference approximation on a quasi-uniform grid is used. The
scheme is unconditionally stable, maintains unitarity, and has the same
order of accuracy as the conventional Crank-Nickolson algorithm [9]. It
allows a full 3D quantal treatment of the electronic motion during the
collisions. The only additional simplification is the use of the classical
approximation for the relative projectile-target trajectory R(t), which is

Table 1
Excitation/deexcitation oz (nili,ny) and ionization ojon(nil;) cross sections
from the initial states n;l; = 1s,2s, 2p of the He™ for a few antiproton energies
Ep (in units of 107*® ¢cm?). The cross sections are calculated for final

ny = 1,...,10 and summed over final quantum numbers [y and my of the He™.
Ep 100 keV 10 keV 1 keV
1s 2s 2p 1s 2s 2p 1s 2s 2p

1 0.68 | 2.46 0.67 | 1.07 1.18 | 0.16
2 8.03 3.99 1.65

3 1.59 186. | 233. | 0.927 | 190. | 202. | 0.451 | 144. | 122.
4 0.580 | 34.4 | 41.0 | 0.370 | 57.8 | 59.9 | 0.155 | 41.4 | 35.8
) 0.279 | 12.8 | 15.1 | 0.188 | 24.0 | 24.1 | 0.120 | 29.8 | 24.9
6 0.156 | 6.37 | 7.42 | 0.108 | 12.6 | 12.5 | 0.066 | 15.3 | 13.0
7 0.096 | 3.67 | 4.27 | 0.067 | 7.53 | 7.42 | 0.045 | 9.88 | 8.47
8 0.064 | 2.35 | 2.73 | 0.045 | 4.90 | 4.82 | 0.031 | 6.55 | 5.61
9 0.044 | 1.58 | 1.82 | 0.031 | 3.34 | 3.28 | 0.023 | 4.55 | 3.89
10 0.032 | 1.12 | 1.30 | 0.023 | 2.40 | 2.35 | 0.016 | 3.26 | 2.77
ion | 9.76 93.6 | 103. | 4.73 180. | 162. | 1.64 90.0 | 73.1
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physically well-justified for the range of the velocities considered in the
present work.

Our scheme has principal advantage as compared with the previous
classical-quantal approaches [1-4]. In previous calculations, the Schrodinger
equation was solved with an expansion in spherical harmonics. Therefore
it requires analytical treatment of the angular part of the necessary inte-
grals. In such a scheme, the matrix elements H.; can be calculated only
with a multipole expansion of the time-dependent potential (2) [1,2], which
in some kinematical regions can be a challenging computational problem.
Our approach is free from this drawback since in npDVR the matrix (2) is
diagonal, and the diagonal elements are simply the values of the potential
V(r,t) at the angular grid points.

3. Ionization and excitation/deexcitation of hydrogen and
helium in slow collisions of antiprotons

We apply here our scheme for computation of the ionization and excita-
tion/deexcitation cross sections of He™ in slow collisions with antiprotons:
see Table 1. Particularly, we have calculated for the first time the excita-
tion cross sections from the initial states n; = 1, 2 to all possible excitations
up to ny=10.

There has been done a large number of theoretical studies of the p-H
and p-He™. However, more or less convergent results were obtained only
for ionization in the collisions p-H(1s) and p-He'(1s) from the ground
states and also some attempts were done for collisions p-He™ (2s) from 2s
excited state (see [10-12] and Refs. therein).

4. Conclusions

We have calculated cross sections of ionization and excitation/deex-
citation of helium ions by slow antiprotons. The cross sections are in
demand in experimental investigations in antiproton physics. The devel-
oped quantum-semiclassical approach opens, thanks to its efficiency and
flexibility, unique possibilities for treating different cascade processes and
other actual problems of few-body physics.
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O 49ucJIeHHBIX UCCIEeAOBAHNUSAX TOYHOCTH
alMmpoKCUMAIIUil B IEHTPAJIbHON MNpeJieIbHOI TeopeMe

B. B. Cenaros*

* Kagedpa meopuu seposmmocmeti,
Mocxrosckutl 2ocydapcmeentvili yrHusepcumem um. M. B.J/lomonocosa,
Jlenunckue Topw 1, Mocxea, Poccus, 119992

Awnnoranusi. PaccmarpuBaioTcs BOIIpOCHI, CBSI3aHHBIE C TOYHOCTBHIO AIIIIPOKCH-
mvarwu B HIIT. [IpuBogsrcsa wuciennble n rpadutdecKkue UITIOCTPAIUN.

Kuarouesnie ciioBa: IeHTpaJibHasd Ipe/ieJibHad TeopeMa, TOYHOCTL alllIPOKCH-
Malu, aCUMIITOTUYIECKUE PDA3JIOZKEHUA.

Iens mannOit pabOTH — U3yUYEHNE ATTPOKCUMAIINI, KOTOPHIE CTPOATCS
C TIOMOIIBIO ACUMIITOTUYIECKUAX PA3JIOKEHUN B IEHTPAJIBHON IIPEJIeIbHOMN
reopeme (IIIIT). Tusa Hux OyayT yKasaHbl SIBHbIE OLEHKH TOYHOCTH, KOTO-
pbl€ OHU TapPAHTUPYIOT, U MBI CDABHUM UX C PEAJTHHON TOYHOCTHIO JIJIsi TeX
UCKJIOUATEBHBIX CJIydaeB, KOrja MHOTOKpaTHbIe cBEpTKU F*™ () dyHK-
nuu pacrpejiesienns F'(2) HCXOMHBIX CJIyYafHbIX BEJIMYMH BbIYUC/IAIOTCS B
ABHOM Buje. MlHTepec K TaKUM almpoOKCHMAIUSIM CBA3aH ¢ TeM, 9To B [IITT
AIIIPOKCUMAIINS “IUCTHIM HOPMAJIBLHBIM 3aKOHOM OKA3BIBAETCS CJIMIITKOM
rpy0oit.

IIycts X1, Xo,... — He3aBUCHMBbIE OJUHAKOBO pacHpeleSIEHHbIE CITy-
JaifHble BEJINUYUHBI C HYJIEBBIM CPEIHUM, IUHUIHON JucIepcueil u pyHK-
nueit pacupenenenus F(x). O6osnaunm F,(z) = F*"(y/nz) dyakuuio pac-
IpeJieIeHnsT HOPMUPOBAHHOM CyMMBbI

X1+ + X,
Vn

u G(x) — QyHKIUIO pacupeieseHusi HOPMaJIBbHOIO 3aKOHA C IJIOTHOCTHIO

1 e
cp(x):me 2,

Mgt pacemorpum Jsokasbayto dpopmy HIIT s miaoTHocTelt Titaakux pac-
npeneneHuii. 31ech MBI HA3bIBAEM TUIAJKUMHU (DYHKIIUH PACIPEICICHIS
F(z), nyst KOTOPBIX TIPH HEKOTOPOM v > ()

+oo
/ @ dt < oo, (1)

— 00

E-mail: v.senatov@yandex.ru.
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riae f(t) — xapakrepucrudeckas dbyHkuus jst F(z). Beimossenne sro-
IO YCJIOBHSI TAPAHTUPYET CYIeCTBOBAHNE HEIPEPHIBHBIX U OIPAHMIEHHBIX
wiorHocrel py,(z) = F (x) upu n > v u cupaBeyIuBOCTh JIOKAILHON Hop-
Mot HIIT: p,(xz) = ¢(z), n = o0, —o0 < & < +o00. Ham nonagobsrcs
MOMEHTHI (¢, U aBCOJIIOTHBIE MOMEHTHI 3, dyHKImK pacupejesenus F(x).
Mps1 OysieM HCIIOJIb30BATH MHOTOYJIEHBI Je0bileBa — DPMUTA

Hy(x) = (—1)kﬂ

o(z)
1 MOMEHTHI ebObImeBa — pMura
+oo
Gk: Hk(x)dF(xL k:172,...,

byukm pactpesesnennst F(x). Orvernm, uto Hy(z) = 2% — 3z, Hy(x) =
ot — 62243, Hg(z) = 25 — 152* + 4522 — 15, Hg(z) = 2% — 282° +2102* —
42022 — 105 u 1u1st pacipe/ieIeHuit ¢ HyJeBBIM CPETHUM U €IMHIYHON JIHC-
mepcueit 03 = ag, 04 = ay — 3.

Teopewma 1. Ecau das dynryuu pacnpedeenua F(x) svinoaneno yeao-
sue (1) u eé namoili momenm Koneuen, Mo

polo) = (14 g Hal@) ) (o) <
: 1(3!%>2H6(93)s0($)

(2)

< |98y (a)p(a) + " +O(ns1/2>’
2de

(53 =

3

i LR B e

() ) e
+7ﬂ A |”dt+ —e e~ T°n/2,

3nech u gastee T > 0 — 4uncyo, BEIOOP KOTOPOrO HAXOJIWUTCsI B HAIIEM

PACIIOPSIZKEHNIH,
1 [TV t
Bk,n = 5= |t‘k/1’n_1 () dt?
2r ) rym vn
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u(t) = max{|f(t)],e " /2} u cymecrsyer T > 0 taxoe, 4To

1 [t
By — B, = %/ lz[Fp(z)dz n — oo,

—0o0
a(T) = sup{|f(t )| (62T} <1, [[0a] = s +3, [|05] = 5 + 10]as|-
Besmuuna o Tm Hs(x)p(x) aBiisercs nepBbIM 9ICHOM aCUMIITOTHYECKO-

IO Pa3JIoXkKeHus Pa3HOCTH Py, (x) — (), OHA SKBUBAJIEHTHA TOH PA3HOCTU
upu n — 0o JJisd Beex x, rue Hs(z) ne obpamaercs B Hyinb. OyHKIuUsA, CTO-
SIIAsT TI0J, 3HAKOM MOJLYJIsl B IPaBoii dacTu (2) sIBISETCs BTOPBIM YJIEHOM
pazsioxkenus ['pama — apabe pasnocru p,(x) — ¢(z), OHA IKBUBAJICHTHA
dyHKIMM

polo) = (1+ = Ha) ) olo)

mpu n — 0O JJIs BCeX T, Tjie OHa He obparmaercs B Hysb. Hac Oymer wH-
TepecoBaTh BOIPOC O TOM, IIPU KAKUX 3HAYEHUSIX N JieBasi 9acTh (2) He
mpesocxonut 1073 U CBSI3aHHDIE C THM BEJIHINHBL.

Pacemorpum dynkuuio pacupegenenuss F(x) ¢ mwiorHocrsio p(x) =
_(‘”‘H), x > —1, u p(x) = 0, x < —1. Xoporo u3BECTHO, YTO MHOTO-
KpaTHble cBépTKU 1wtotHocTH ¢(x) = e *, & > 0, u g(x) = 0, x < 0,
BBIUKCJISIIOTCST B SIBHOM BHJIE, JIJIsl HATYPAJIbHBIX 7 OHU CYTh

9TO — IJIOTHOCTH pacipeesenuit dpianra. OTCIOma JErKO CIEAYET, ITO

n n—1
n z
— 1 —vnz > . — .
pn(z) = \/ﬁn!e” ( + \/ﬁ> e , T Vvn; pu(z) =0,z < —/n

Brraucsienust o 310it hopmysie He MPeJICTABIISIIOT TPY/a, bojiee TOro, ¢
[OMOINIO  TIAKeTa  [pOrpaMM,  KOTOPBI  JIOCTYIeH Ha  caiite
ru.numberempire.com, B KOTOPOM €CTh rpadONOCTPOUTENb, JIETKO HAPH-
coBarb rpaduk GbyHKIUN p, (), paBHO Kak U rpaduku Apyrux OyHKIWMIA,
yuacrByomux B dopmyse (2). Ilpu arom cieiyer ydecrb, 9T0 Jjis yKa-
sannoil dyukuun F(z) Beauauunl az = 2, ay = 9, nosromy 65/3! = 1/3,
04/4! = 1/4. Tlpu ucronb30BaHUE YIIOMSIHYTOrO TPadONOCTPOUTEIIST criety-
eT y4ecThb, 9TO OH He MOHUMAET, 9TO TaKoe 7!, HOITOMY BEIHIHHY /N i
HY2KHO BBIYHCJIATDH OTJIEJIBHO, HaupuMep, npu n = 100 e€ 3nadenue npu-
ommkénno pasuo 0.39861.

st ykasaHHOW (DyHKIUM pPACIpPe/IeJIeHNs] JIETKO BBIYUCJIUTH BCE Be-

smaneel w3 (2). Herpyano nposeputs, uro |f(t)] = 1/v/1 + t2, nosromy
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MOZKHO B34Th v = 2 jerko nouatsh, ato u(T) = 1/v/1+ T2 aua moboro
T >0,

1 [TV |t|*
Bk,n = 5 D) (n—1)/2 dta
27 Jorym (L+82/n)t
MakcuMasbHoe 3Hadenne k = 10 m gmsa n > 12 MOXKHO MEpeXoauTh K

upegeny o 1" — oo, npu atoM By, ,, — By, n — oo. Ilocneanue unrerpasist
MOXKHO BBIpa3uTh depe3 Oera-pyukimu. Jucia By npu HedéTHBIX k =
20 + 1 cys 24!/m, npu wérHex k omm cyts (k — 1)!I/v/27m. Yuurnsas
cKasaHHOe, U 3aMeHsAs By, Ha By, HETPYJHO LPOBEPUTH, YTO B (2) IpH

OOJIBIIINX T ) .03 -
0 <n3/2> < n3/2 + n2’

IIPU 9TOM MbI yujn, 910 (5 < 44.5.

Hus vameit dynkuun pacupejienenus F(x) seBas dacts (2) He 1pe-
BocxomutT 1073 mpm n > 114, 19 9TOTO N MAKCHMYM HEPBOTO CIAraeMoro
B mpaBoit qactu (2) pasen 0.00088 u semranma O(1/n%/2) memsme 0.0039.
OuenKy mocsie iHel BeJIMINHBI MOXKHO CYTIECTBEHHO YTy IIINTh, TPUBJIEKAST
TPeTHii YIeH aCUMITOTHIECKOTO PAa3JIOKeHUsl PA3HOCTH Py, (2) — () (eM.
nanpumep, [1]). Ormernm, 9To jig Hamero pacupejeienus upu n = 114
BeJIIMHA max, [p,(z) — ¢(z)| pasua 0.018, ona cranosures Menbie 1073
smms upu n > 34000.

Onenka sesmramiet O(1/n%/2) u3 npasoit uactu (2) AB/IAETCH TOBOIBLHO
rpomosakoii. st nesoit wactu (2) cupapesyiuea Gosiee npocTasi OIEHKA,
CTIpaBeIUBast, K TOMY ke, jjis hyHkmmil pactipenenenns F(r) ¢ xomed-
HBIM 9I€TBEPTBIM MOMEHTOM. JTa OIEHKA UMEET BUJL

03
”94” In—1 93 2 1

< = [

~ 4ln Ban + 2 n 3/n Bg,, + O a7z )
rie

1 16 1 (65 164]] e v(T) [T o~ T?n/2

< - y e Tin2
© <n3/2> = 5Ip3/2 T 23l/n 4ln + T /T |f(t)]” dt + T
1657 = 10]as|.

CyMMa JIByX HEPBBIX CJIaraeMbIX M3 HpaBoil YucTu (3) OIeHUBaET mep-
BOE CjlaraeMoe M3 MpaBoi JacTu (2), OJJHAKO, 9Ta CyMMa IIOUYTH B JECSTh
pa3 GoJiblile epBoro cjaraemoro us npasoit gacru (2). To ectb, B oren-
Ke (2) Mbl, ycuaus (10 CPABHEHHUIO C OLEHKOH (3)) yCIoBHE HA MOMEHTEI
F(x), yqyqmmay BeJWYUHY B IPABOH 4YACTH, yOBIBAMOIILYIO [IPU POCTE N
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Kak 1/n u cuesann eé SKBUBAJICHTHON olleHuBaeMoit Besmaune. [Ipu srom

YXY/ITIIACH OTeHKA BeJTIHIHHbI, yObBaomeii mpu pocte n Kak 1/n3/2. O-
METHM, 9TO B OTMEYEHHOM Y/IyYIICHUN PEMIAIONLYIO POJIb CBIIPAJIO TO, 9TO
dyHKIMYT 011 3HAKOM MOAYJI B (2) TAKOBBI, 9TO B TOYKAX JIOKAJBHBIX IKC-
Tpel\lyl\lOB OJIHOU U3 HUX ;prraﬂ nMmeer IIpOTI/IBOIIOﬂO)KHI)Ie 3HAaKN " HpI/I
CJIO’KEHUH OHM KOMIIEHCUDYIOT IpYyT JIpyra.

3akaHumMBasi 0OCYKJIEHUE TEOPEMBbI 1, OTMETUM, YTO PaCIpPe/IeIeHUs]
HOPMUPOBAHHBIX CYMM HE3aBHCHMBIX CJIyJafHBIX BEIUYUH C YKA3aHHON
dbyHKIMER pacupeieeHds OYeHb ILJIOX0 INPHOJINKAIOTCH «IUCTBIM» HOP-
MAJIbHBIM 3aKOHOM U 3TO CBS3aHO C TEM, UTO yKa3aHHOE PaCIPEe/IeIeHUe
OYEHDb ACUMMETPHUYIHO.

Pacemorpum Tenepnb ciydaii CMMMETPUYHBIX PaCIpele/IeHn.

Teopema 2. Ecau das cummempuunols gynkyuu pacnpedenenus F(x)
soinoaneno yeaosue (1) u eé 6ocomols momenm xonewen, mo

pole) = (14 @) ) (o) <

< %Hs(x)ﬁﬂ(x) +% (E)sz(x)w(m) 40 (:3) | (4)

Benuanna %LHAL (x)p(x) siBAsieTCS EPBBIM WIEHOM ACHMIITOTHIECKOTO
Pa3JIOXKEHUsT PA3HOCTU Py, () —@(x), OHA SKBUBAJIEHTHA YTON PA3HOCTH IIPU
n — 0o 1JIst Beex x, rie Hy(x) He obpamaercst B Hyib. OyHKIU, CTOSAIIAST
O/ 3HAKOM MOJLYJIsl B IPaBoii yactu (4) sBJIseTCsd BTOPBIM YIEHOM Pa3Jjio-
keHust DikBopra — Kpamepa pasuocru p,(z) — ¢(z), oHa SKBUBaJICHTHA,
PyHKIIAN

4!n

polo) = (14 i) ) (0

Ipu N — OO JJIsI BCeX &, T/ie OHa He obparnaercsa B Hysb. Hac BHOBB OyeT
MHTEPECOBATh BOIIPOC O TOM, IIPU KAKUX 3HAYECHUAX 7 JieBasd 9acThb (4) e
npesocxonut 1073 u cBA3aHHBIE C STUM BEJMYMHLL.

MurI He GyjieM BBITHCHIBATE ABHYIO orenKy Besmannbl O(1/n?), ed Moxk-
HO Haiitm B [2|. MBI OorpaHmYmMCsT €€ OUNEHKOH JJIT PABHOMEPHOTO pac-
npesesenns na (—y/3,/3). Jlna aroro pacnpesenenus (mpu 60/bIIEX 7)
O(1/n%) < 2.94/n3. Jlast aTOTO pacipe/ieleHns U3BECTHBI ABHBIE (GOPMY-
JIBL JUISL Py (X)), KOTOpBIE MOXKHO HaWTH, Hanpumep, B [2]. Borancienus mo
3TUM (HOPMyJIaM TOKA3BIBAIOT, YTO IIPU 7 = 5 MAKCUMAJbHOE 3HAYCHHE
nesoit wactu (4) ects 0.9 - 1073 (npu n = 4 owno pasno 1.56 - 1072). Ilpn
n = 5 MaKCHMaJIbHOe 3HAUeHHe IIePBOrO CJIAraeMoro B npasoil dacru (4)
ectb 0.683-1073, ono cymectsenno Menbine (B 34 ¢ JIMITHIM pa3a) BeTHU-
uer O(1/n3). OTMernM, 9T0 MAKCHMATLHOE 3HATEHHE TIePBOTO CIATAEMOTO
B 11paBoit uactu (4) cpasuumo ¢ sesmuunoit O(1/n?) npu n nopsiaxa 170.
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OrmeTnM Tak»XKe, 94TO IPH N = 5 MaKCUMAaJIbHOE 3Ha4YeHHe |p,(x) — ¢(z)]
qyTh Gosbine 0.0123 u oHo cranosuTcs Menbie 1073 mpu n > 60.

Onenka sesmaunbl O(1/n3) u3 npasoit yactu (4) sBjsercs JOBOJBLHO
IPOMOB/IKOIi, TO3TOMY MBI €€ n He Bbiucau. s sesoii vactu (4) cupa-
BeIMBa GoJsiee IpoCTasi OIeHKA, CIIPaBeInBasi, K TOMY Ke, JJist (DYHKIMIL
pacupeesenus F'(z) ¢ KOHEYHBIM IECTHIM MOMEHTOM. DTa OIEHKA HMeeT
BUJL

04 186]] 1104] |64l
pn(x) — (1 + 4!nH4(x)> 90(95)‘ < WBG,n + §mm3&n +K, (5)

rmae
0] a6 o4 |1

6! 6! 412 12

u K siBasiercsi cyMMOIl TPEX cjiaraeMblX, yOBIBAIOIMX HPU POCTE N IKC-
HOHEHIMAIBHO GbICTPO, ceffuac OHM It HAC He nHTepecHbl. HerpymHo mo-
HATDH, YTO CyMMa JIByX IIEPBBIX CJIAraeMbIX U3 [paBoil yactu (5) oneHuBaeT
nepBoe cjaraeMoe n3 npasoil uactu (4), Ho 9Ta OleHKa IPUMEPHO B 56 pas
rpy6ee ornenuBaemoit Bemuunbl. To ectb, B onenke (4) mbl, ycuwius (10
cpaBHEHHIO ¢ oneHKoil (5)) yciaoBue Ha MoMeHTHI F'(x), ymydmumim Besn-
YMHY B NpaBoil 9acTH, yObIBAIONIYIO Ipu pocTe 1 Kak 1/n? u crenamm eé
9KBUBAJIEHTHOI oreHuBaeMoil Besimuuue. [Ipu sToMm B onenke (4) nossu-
JIach BeJIMUMHA, yObIBalomas Ipu pocte n Kak 1/n3.

Ormerum, 9TO U 3/1eCb B OTMEYEHHOM YJIYUIICHUN DEMIAIONIyI0 POJIb
CBITPAJIO TO, ITO (DYHKIUH MO 3HAKOM MOJIyJisl B (4) TAKOBBI, YTO B TOUKAX
JIOKAJIBHBIX 9KCTPEMYMOB OJ[HOi M3 HUX JIpyrasi UMeeT IIPOTUBOLOJIOKHbIE
3HAKU U OPU CJIOXKEHUH OHU KOMIIEHCUPYIOT JIPYT JIPYTa.
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Abstract. Let X, X2... be a sequence of i.i.d random variable representing
successive loads on a system. A system is over loaded by X,,, off target, if the
moving average exceeds a critical level. By introducing a two states Markov
chain, a formula is established to measure the stationary distribution and the
return period of the state of the overload. Closed forms for the return period
are provided when loads follow exponential, normal or Poisson distribution. A
system design policy is introduced to meet a prescribed on target percentage.
A case study on law violations reported to police stations in some districts in
Kuwait is also included.

Keywords: Markov chain, computational methods, stationary distributions.

1. Introduction

Let X7, X5, - -+ be a sequence of independent and identically distributed
random variables, and let Y, be the corresponding left sided moving aver-
age, as defined in the abstract. In practice, the input sequence {X,,} may
represent successive loads, excess loads, rain falls, water supply in succes-
sive periods, service time to the n'® arrival, etc; and the moving averages
are processes indicating accumulations of certain number of immediate
prior inputs. Thus by taking into account K — 1 immediate prior inputs
to the n'" input, the cumulative value corresponding to the n*" input is
SE Xty n= K, K+ 1L,K+2,-,and Y, = 250 ' X, 5, n =
K,K+1,K+2,--- is a sequence of moving averages. The process Y,
is off or on target at the commencement of the arrival of the (n + 1)t
input if Y, > L or Y,, < L respectively. The threshold L is non-random
and is considered as a parameter. Our aim in this article is to specify, or
estimate, L so that the moving averages remains (1 — a)%, 0 <a <1, of
times on target.

We prove that the status, off or on target, is indeed a two state Markov
chain, and derive formulas for the transition probabilities in terms of the
distribution of the inputs. This allows to define a prescribed “on target
significant level” for the moving averages, and then proceed to introduce a
method to achieve the aim. We have examined our method for exponential
or normal inputs. Interestingly in these cases L turns out to be linear in the
mean of the distribution of the inputs, px,. Point estimation and interval
estimation can be easily established using the derived linear relationships.
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The methodology and results presented in this article, we believe, can
be applied in Reliability, Control Theory, System Assessments, and Hy-
drology. Moving averages are classical tools in time series, stochastic pro-
cesses and scan statistics; and are basis for many linear and nonlinear mod-
els. Moving averages, in the content presented here, had not been treated
in other works, to the best of the authors’ knowledge. The threshold of
moving averages, considered in this article, is different from the threshold
moving average which is a nonlinear model, De Gooijer (1998). Two-state
Markov chains, in contents different from the one presented in this article,
have been employed by different authors as underlying probability models
of various hydrology events, Vogel (1987). The works Bonifacio and Salas
(1999) and references therein are rich in providing applications of these
types of probability techniques to hydrology data.

2. A Markov Chain
Let X1, X5,---, and Y}, be as defined in the Introduction. Define

oo 0 Yas Lo e
1, Y, <L

We recall that the situation V,, = 0 indicates that Y}, is off target by X,
while V;, = 1 indicates that it is not. We prove below that {V,,} is indeed
a Markov chain and provide its transition probabilities.

Lemma 1. The process V;,, n = K, K +1,---, is a Markov chain with
transition probabilities.
fjooj[l - F(KL - t)]szxfl(t)dt

P =
00 1— Fr, (KL) ’

K >1, (2.1)

ST (KL — )2 fr,,_, (t)dt
Fr (KL)
where F is the distribution of X1, and Tx = X1 + Xo + ... + Xk, 1o = 0.

Py = L K> 1, (2.2)

By using the transition probabilities, the stationary distribution of the
Markov Chain {V,,} is easily given by

__Po o Pn_
Pio+ Py’ Pio+ Py’

Karlin and Taylor (1998). The return period of the state 0 and state 1 are
respectively

(2.3)

o

1 1
Moo = p mi1 = T
0 1
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which specify the duration of successive visits to these states. Other du-
ration are measured by

1 1
= mip = .
1— Py’ TPy

mo1

Now we are in a position to define “on target significant level”.
Definition 1.1. We call the (1 — a)% the “on target significant level” of
the moving average process {Y,}, where a = 7 is the stationary proba-
bility of the state 0 of the Markov chain {V,}.

3. Exponential And Normal Inputs

In this section we establish a relationship between the threshold L and
the mean of the distribution of inputs, whenever the distribution is expo-
nential or normal. Let us assume loads X1, X5, -+ are i.i.d. exponentially
distributed with parameter A\, E(X;) = 1/A. The following theorem spec-
ifies the appropriate threshold for the moving average to possess the on
target (1 — a)% significant level. Theorem 3.1. If inputs X, Xo,--- fol-
low exponential distribution with parameter A, then the least value L for
the threshold to ensure (1 —a)% on target significant level for the moving
average Y, is given by

0(a,K) 1
L=—7—(< 3.1).
where 6(a, K) is the positive solution to the equation
m(0,K)=1-a, (3.2)

and 7 (0, K) is given by (2.3) with
N, K —2)

Poo:(K—l)(K_l)!_G(a’K_l), 0=\KL, (3.3)
and
G,K —2)+ N, K —2) — 2-e 0gK-1
Pi=(K-1) GO K —1) K-l . 0=\KL,
(3.4)
where

o 0
G(9,K):/ a®e *dx , N(@,K):/ (0 — z)Ke=O+2) gz
0 0

Remark 3.1. For K = 7, we solved (3.2) for the 6(a, K') with different
values of 1 — a, using Mathematica 3.0, Wolfram (1991). The solutions are
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given in Table 1. We notice from Fig. 2 that 71(6,7) is strictly increasing,
providing a unique solution for 6(a, 7).

Table 1: Exponential Distribution; Significant Levels and Corresponding
0(a,7) in (3.2).

l—a 0.9 0.8 0.7 06 | 0.5
0(a,7) | 8.197 | 5.651 | 3.507 | 1.625 | 0

Normal Distribution. Suppose the inputs X7, X5... are i.i.d normally
distributed with mean p and standard deviation o. Interestingly, in this
case also L is linear in p. Details are given below.

Theorem 3.2. If inputs X7, X5, -+ follow normal distribution with
mean p and standard deviation o, then the least value L for the threshold
to ensure (1 —a)% on target significant level for the moving average Y, is
given by

L= p+mn(a, K)o, (3.5)

where 7(a, K) is the solution to the equation
m(n, K)=1-a, (3.6)
and 71 (n, K) is given by (2.3) with

002%7 UZL;Ma (3.7)

and
Py = 7(1)(\/?77)7 n pu (38)

where

1 2
e AK-D (z—Kn) dz,

C(n, K)

1 oo 5
T ek - 1) /_Oo 1= ()]

and

B(n, K) 2)]” e mm K gy

1 +oo
T /2n(K 1) /m -

Remark 3.2. For K = 4, the (3.6) is solved for n(a, K) with different
values for 1 — a, using Mathematica. The version of Mathematica that
we used did not solve the (3.6) directly, so we had to bypass this barrier
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Table 2: Normal Distribution; Significant levels and corresponding n(a)
in (3.6)

1—a| 09 | 08 | 07 ] 06 |05
n(a) | 0.65 | 0.47 | 028 | 0.14 | 0

by approximating the integrals involved in the equation by corresponding
summations. The solutions are given in Table 2. The threshold L in (3.1)
is also plotted in terms of the mean u for o =1

Remark 3.3. The (3.1) and (3.5) can also be used estimation purposes
when L is considered as an unknown parameter. It easily follows that for
exponential and normal inputs, respectively

) K
L= La]’( )z,

L=T+n(a,K)s.

Remark 3.4. Although the exponential and normal distributions were
treated explicitly, the method, nevertheless, can be carried out for other
distributions in order to identify or estimate the threshold parameter.
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Abstract. We first give historical remarks about the forgotten univariate Teissier
model. We introduce a bivarite version of the Teissier distribution and outline
its basic properties. The corresponding copula is obtained and applications are
discussed.
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1. Introduction and historical remarks

The baseline model under consideration has been first introduced by the
French biologist Teissier (1934) considering a mortality of several domestic
animal species protected from accidents and disease, i.e., dying as a result
of a "pure aging". Specifically, for a non-negative random variable X, the
model is defined by the survival function

Sx(x)=P(X >z)=exp{z+1—-¢"}, z>0.

It is direct to check that the corresponding mean residual life function
(MRLF hereafter) defined by mx(z) = E[X — x| X > z] is given by e ".

Teissier’s distribution is motivated by the empirical fact that many
vital functions are decaying exponentially. In reliability terms, relation
mx () = e~ means that one should consider a scenario where the break-
down of an used item deteriorate "trough wear alone" adopting unit ex-
ponential law of depletion.

By using a simple transformation, Laurent (1975) obtained an alterna-
tive distribution with a parameter ¢ € (0, 1], written as

Sx(z;c) = P(X > x) = exp [cx — ecwcfl] , x>0. (1)
Later on, Rinne (1985) used model (1) to estimate lifetime distribution
(with lifetime expressed in kilometers) for a German data set based on
prices of used cars. The Teissier’s distribution and its location version (1)
have been forgotten after that and we did not find any further reference
in available literature.
Although the survival function, its hazard rate and MRLF are in one-
to-one correspondence with each other, Muth (1977) justified the MRLF

E-mail: kolev.ime@gmail.com, ngochvn@gmail.com.
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to be a superior concept than the failure (mortality) rate. Postulating
MRLF of the form

mx(z) = exp{—cz} for ce€(0,1] andall z >0,

Muth (1977) introduced via his Model 3 a continuous probability distri-
bution with survival function given exactly by relation (1).

Let ¢ — 0 in (1) to get the unit exponential distribution, the fact
reported by Leemis and McQueston (2008). Muth (1977) outlined few
properties of model (1) observing that it displays heavier tail in compar-
ison than commonly used unimodal right-skewed distributions (gamma,
lognormal and Weibull). Recently, Jodra et al. (2015) rediscovered the
distribution specified by (1) and named it "Muth distribution”. One can
find careful analysis and additional properties expressed by Lambert W
function: its moment generating function, corresponding mode-median-
mean inequality, moments of order statistics, its quantile function and
parameter estimation. Most of these characteristics have been listed by
Laurent (1975) already, but in terms of Gamma function.

Jodra et al. (2015) noted that E(X) = 1 and classified this fact as a
strong restriction if one wishes to use model (1) for real data analysis. The
authors applied a scaling transform Y = bX for some b > 0 of (1) yielding

c:c/b_l
Sy (z;¢,b) = Sx (bx;c) = exp {cgs - ec} , x>0.

The last expression can be found in Laurent (1975) as well, see his Model
IL.

Let us introduce a parametrization § = «a and ¢ = af in the last
relation to get the scaled Teissier distribution
Sy (z; a, ) = exp [om: — i(em" — 1)] , x>0 (2)

with parameters a > 0 and € > 0 such that af < 1. The expression of the
inverse function of (2) is given by
Syt (u) = Llog [—abW_1 (5=t)], we[0,1], (3)
where W_;(.) is the real negative branch of Lambert W function solving
equation W(z)exp(W(z)) = z and taking values in (—oo,—1] for z €
[~ exp~1,0), consult Corollary 2 and Proposition 5 in Jodra et al. (2015).
In Section 2 we generate a bivariate version of scaled Teissier distribu-
tion corresponding to (2) using the bivariate proportional mean residual
life approach following Sreeja and Sankaran (2007). Several basic proper-
ties are presented and we obtain the corresponding survival copula. We
finish with a brief discussion regarding usefulness of the bivariate Teissier
model and related simulation study.
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2. Construction of bivariate Teissier distribution

We first introduce necessary notations and the bivariate proportional
mean residual life model. Its particular version is a base and our motivation
to generate a bivariate analog of the scaled Teissier distribution (2).

To proceed, let X; be non-negative continuous random variables rep-
resenting remaining lifetimes with survival functions Sx,(z;) = P(X; >
x;),t = 1,2, and denote their joint survival function by Sx, x,(x1,22) =
P(X1 > xq, Xg > 1‘2).

Let m;(x;) = E[X; — z;| X; > x;] be the MRLF of X;, which can
be interpreted as the expected remaining gap time of X;, given that X;
is larger than z;, ¢ = 1,2. For the recurrent events, the occurrence of
the second event depends on the occurrence of the first one. Thus, one
can consider conditional MRLF m;(x1,x2) of X; given {X; > z;},4,j =
1,2, i # j. For example,

fIOOS 1.Xo (T1,u)du
ma(z1,22) = B[Xo — 22 | X1 > 21, Xo > 20] = % (4)

for all 1, xo > 0. By analogy, m1(z1,22) = E[X1—21 | X1 > 21, X2 > x9].
The bivariate MRLF vector (mj(x1,22), ma(21,z2)) uniquely determine
the joint distribution of X; and X5. In fact,

mi1(0) ma(x1,0) (T _du T2 du
m1(901)m2(901,$2)exp{ 0 ma(u) 0 m2($1au):| (5)

SX17X2 (331, 332) =

Following Sreeja and Sankaran (2007) we define a bivariate proportional
mean residual life model for the vector (X7, X3) as

my(x1;01) = 6imio(z1) and mao(xy, x2;02) = Oamag(z1, 22), (6)
for some appropriate positive parameters 6; and 65. In model (6), mq(x1;67)
is the MRLF at time x; where 6, is a given constant and mjo(x1) is a base-
line MRLF. The interpretation of mo(z1, x2;62) is similar.

Using (5) and (6), we obtain

S (z1,22) = m10(0) mao(e1,0 [ / /
X1 %2 ’ mio(z1) mao 9617962) ml(u 01) ma(x1, u; 92)

Apply (6) in the last formula for §; = 63 = 6 > 0 and assume that the
baseline MRLFs are specified by myg(z1) = exp{—ax1} and mag(x1,22) =
exp{—a(z] + z2)} with a € (0, 1], yielding

1
SX1,X2(‘Z'17372) = exp {a(-rl + -TQ) - % ea(gc1+:c2) - 1} } , T1,To > 0, (7)

i.e., we got our bivariate Teissier distribution. Note that its marginal
survival functions are identical with univariate Teissier distribution (2).
In order Sx, x,(x1,z2) given by (7) to be a proper joint survival func-

tion, the condition z-* ;:c Sx, x,(x1,22) > 0 must be satisfied, implying
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that 0a < 3+2 NG Thus, the parameter space €27 of the bivariate Teissier

distribution (7) is

leQl(Q,a):{9>O and «a >0, suchthat 6o < 2 }
3+V5

One might conclude that the bivariate Teissier distribution (7) is ex-
changeable, i.e., having the same marginal distributions represented by (2).
They can serve as a marginal distribution of (7), only if their parameter
space is given by ;.

Now, let us consider the ratio M,
x4 (1) Sx, (z2)
given by (7) and marginal survival functions are of the form (2). A simple
substitution implies

where Sx, x,(z1,x2) is

Sx, x, (z1, x2)

SXl (‘Tl)SXz ((ﬁg)

The right hand side in the last equation is no larger than 1, i.e., the
bivariate Teissier model (7) is negative quadrant dependent.

The expressions of the correlation coefficient of bivariate Teissier dis-
tribution and corresponding survival copula are given in the following two
statements.

=exp {—(af) e —1][e*** — 1]}, x1,22 >0,

Lemma 1. Let the random vector (X1, Xs) follows the bivariate Teissier
distribution (7). Its correlation coefficient can be expressed as

1 1
exp <9>E1 (9) — b
Corr(X;,Xq) = ozl a1 ,
2exp| — |E1 | — ) —ab
af af

where E1(.) is the exponential integral.

Lemma 2. The Teissier’s survuval copula function corresponding to (7)
is given by

Cluyv) =wexp{—a~* [aWoy (7 ) +1] [awey () +1]}

ael/a ael/a

for u,v € [0,1], where W_1(.) is the real negative branch of Lambert W
function and a = af.
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3. Discussion

In many survival studies, each subject can potentially experience a
series of events, which may be repetitions of essentially the same event
or may be events of entirely different natures. Such outcomes have been
termed recurrent events. To analyze recurrent event data, the focus can
be placed on two types of time scale: the time since entering the study
and the time since the last event (gap time). For the situation where the
time since study entry is of interest, a variety of statistical methods have
been proposed in literature.

The bivariate Teissier model (7) is a new contribution to the bivariate
distribution theory and can serve as an alternative to the existing once for
analysis of recurrent events which typically occur in Insurance, Finance,
Reliability, Engineering, Medicine, etc. We will present a simulation study
and will compare our analysis of real bivariate data set studied by other
authors as well.
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VIIK 51 (091)
Kparkas ncropusi n3ydyeHusi pacnpe/ieJieHus OCKOJIKOB
o pa3Mepam

II. H. AuToHiok

MI'TY um. H. 9. Baymana,
ya. 2-as Baymanckas, 0. 5, cmp. 1, Mocxsa, Poccus, 105005

AHHOTaIJ,I/ISI. Hazpisarorcs JAE€BATDH YYI€HDBIX, ChII'DAaBIINX Ba>KHYIO POJIb B U3y4e-
HUU pacClipeJe/IeHuA OCKOJIKOB.

KuroueBbie ciioBa: OCKOJIKH, paclpejesieHHe, CKOPOCTb, Pa3Mep, CMeIeHHe,
MOJTEKYJTA.

1. Bsenenme. dMnupudeckKkue (popMyJIbl

PaccmarpuBaercs 3amada 0 66ICTPOM pacnajie OJHOPOIHON U M30TPOII-
HOI TPEeXMEpHOI CILJIOITHOM CpeJibl Ha, OOJIBIIOE YHCIO OCKOJKOB. Byraem
CYUTATD, YTO PACIAJ] IPOUCXOIUT IPAKTUIECKA MI'HOBEHHO, TO €CTh MOXK-
HO TOBOPUTH O B3PbIBE CILIONIHON cpebl. OCHOBHOI BOIIPOC 3aKJIIOUYAETCS
B HAXOXK/IEHUU (DYHKIIUU pacIpeiesieHnsi OCKOJIKOB 10 pa3MepaM.

B 1933 roay memenkue unzxenepsl [layias Orro Posun (1890-1967) u
Opux Pammuiep (1901-1986) npeuiosKuiii sMIUPUIECKYO HOPMYILY

F(R) =1~ exp[~(R/a)’]

It (PYHKIMU PACIpEeIIeSIeHIsT JacTUll YIis 10 pa3MepaM. ¥ T0JIb UCIIOJIhb-
30BaJICs B PA3JIMIHBIX TEXHOJIOIMIECKHUX potieccax. [To3muee sata dopmyta
cTajia MIMPOKO MPUMEHATHCS JJIsl OIUCAHUS PACIIPEICJICHIS 10 pazMepam
Kalejib YKUJIKOCTH, pachbLinBaemoil ¢opcynkoii. Ha Boixoge uz dopcyn-
KI 00pa3yioTcst OCKOJIKH YKUJIKOCTH, KOTOPBIE O] JIeHCTBUEM CHJI TOBEPX-
HOCTHOI'O HATSI?KEHUS OY€Hb OBICTPO MPEeBPAINAIOTCs B Kaim. 3nech F(R)
— BEPOSITHOCTH TOTO, UTO KAILIS MMeeT PaJauyc, MeHbimmit R (sTa BEpO-
SITHOCTD MPOIOPIUOHAJILHA YHUCILy MOJIEKYJI, 06Pa3youX TakKue KaILIu);
«, B — nonoxuresbHble napamerpbl pacupenenenus; f(R) = F'(R) —
IJIOTHOCTH PACIIPEJICJICHUSI.

B 1939 roxy mBeackmit mmxkenep Jpucr Anbmap Bamommu Beitbysun
(1887-1979) npeyIozKIJI SMIUPUYECKYIO (POPMYJLY

F(m) =1~ exp[~(m/p)"],

KOTOpasl XOPOIIO ONUCHLIBAET PACIpeieeHue OCKOJKOB TBEPIOro TeJia I0
maccaM. 31ech F'(m) — BeposiTHOCTE TOTO, 9TO OCKOJIOK UMEET MACCy MEHb-
1yio m (3Ta BEpOATHOCTH MPOIIOPIUOHAJILHA YUCTY TAKUX OCKOJIKOB); i, A
— HOJIOXKUTEIbHBIE TTapaMeTpbl pacupenenenus; f(m) = F/(m) — wior-
HOCTb pacupesesnenus. Ilocnennsas dopmMyrna MUPOKO NPUMEHAETCH B TEO-
PHH IPOYHOCTH MATEPHAJIOB.
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Awnrmmiickuii pusuk Hesust @pancuc Mort (1905-1996), naypear Ho-
6esieBcKOil pemun 1o dusuke 1977 roja, mnpejnosarai, 9To B (opmysie
Beitbysia A = 1/2. Cerogusi u3BeCTHO, 4TO, B 3aBUCUMOCTH OT CBOWCTB
TBEPJIOro TeJa, mapaMerp A MOXKeT HpUHUMATH 3HAYEHWs B HEKOTOPOM
okpecraoctu 1/2.

MaremaTnyeckast 5KBUBaJIeHTHOCTb popMmyst Posuna-Pammitepa n Beii-
6ysuta (bopMysibl cBsI3aHbl cooTHONIEHNEM 5 = 3A) yKa3blBaeT Ha yHUBEP-
CAJIbHBIN XapakTep MpoIrecca OLICTPOro pacnaja CIUIONIHOW Cpejibl: pac-
IpeJieJieHe OCKOJIKOB 110 Pa3MepaM He 3aBHCHUT OT (PU3UKO-XUMUYIECKHUX
CBOWCTB cpenbl. JpyruMu cioBaMu, PEJIIOJIAraeTCsl CyIIeCTBOBAHNE yHI-
BepcaJbHOM (DYHKIIUU PACIIPE/IeICHIS OCKOJIKOB 10 pa3MepaM, OJIMHAKOBO
ITOJIXOJISIIIE KaK JIJIsl KMIKOCTHU, TaK U Jjisl TBEpAOoro tesa. CBOWCTBO yHU-
BEPCAJILHOCTH IIPEJIIIOJIAraeT, YTO TBePJoe TeJIO €CTh XPYIKOoe Teso (pas-
pylaercs Ipu HeOOJIBIINX J1edOPMAIHsX), & XKUJKOCTb €CTh HJeasIbHast
JKUJIKOCTh (HeBsI3Kasd M HecxkuMaemas). 1Ipu MCHOBEHHOM paciaje uje-
aJIbHAs YKUJIKOCTH BejleT cebsi KaK XPYIKOe TeJIo.

Beitbymn me 3uam o popmysne Posuma-PamMiepa u moaydnT moXoxKyTo
dopMmysty He3aBHCHMO. 3a MOCIEIHUE CTO JIET OBLIO MPEII0KEHO MHOIO
JIPYTHUX SMIUPUIECKUAX (DOPMYJT JIJIsl PACIPEJIETIEHUs] OCKOJIKOB, HO hOp-
mysiel Posuna-Pammitepa n Beiibysura nanbosiee TOIHO MOATBEPKIAIOTCS
SKCIIEPUMEHTAMHU.

2. Pacmnpepgesienune pagnyc-BeKTOPOB MOJIEKYJI

Byzmem cunrarh, 9TO XPYNKOE TEIO COCTOUT M3 OJMHAKOBBIX MOJIEKYII,
PABHOMEPHO DPACIPEIEIEHHBIX B TPEXMEPHOM IpocTpaHcrse. [locse pac-
naJia XpymKoro Teja 06pas3yoTcsi OCKOJIKE MPOu3BOJIbHOM dhopmbr. Coro-
CTaBUM KaxkJoil MoJiekysie pajuyc-BeKTop r = (z,y, z). Hauano Bekropa
COBIIQJIAET C TIEHTPOM MACC OCKOJIKA, COIEPIKAIIEro JTaHHy 0 Mojeky.ry. Ko-
HeIl BEKTOPa YKa3bIBAET IMPOCTPAHCTBEHHOE TIOJIOXKEHNE MOJIEKYJIbL. 11ycTh
dbyuxus h(z,y, z) Gyner 03HAYATH NUIOTHOCTH PACIIPEIEIIEHUST BEPOSITHO-
cTell I paJmyc-BEKTOPOB MOJIEKYJI. 3ajada HaXOXKJIEHWsl TOi (hyHK-
UM ¥ 331498 HAXOXKEHUsl [IJIOTHOCTU PACIPEIe/IeHUs] BEPOATHOCTEN 1jIst
CKOpOCTEl MOJIEKYJI MJIEATHHOTO I'a3a SKBUBAJIEHTHBI. [loc/ieHIon 3314~
1y chopmynupoBas u permua B 1859 roxy anrumiickuit dusuk Jxeiivc
Knepk Makcpesur (1831-1879) [1, 2]. BmecTto BeKTOpa CKOPOCTH MOJIEKY-
sl (B 3a7ade MakcBesuia) paccMOTpUM pajnyc-BeKTOp MoJieKyJbl. Ciemyst
MaxkcBeuty, TIpeIIONIOKIM, 9TO CYIMECTBYIOT Takue (DYyHKIMHA p U ¢, JJIs
KOTOPBIX

h(z,y,z) = p(x)p(y)p(2) = q(z* + y* + 2°).

31ech BTOpoe paBeHCTBO 33/aeT (DYHKIIMOHAJIBHOE YPAaBHEHNE, PEIuB KO-
TOpOE HalijieM (QYHKIIUIO

(1)

, ! a? +y’ + 27
(iL’,y,Z) - (ﬁa)3 exXp|— oz2 )
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rje (v — HOJIOKUTEIbHAsl KoHcTaHTa. [IpaBag yacTh paseHcrsa (1) ompe-
JesIsleT TaK Ha3blBaeMOe TPeXMepHOe HOPMAJIbHOE PacIipe/iesIeHIe

3. PacnpenesieHue paanyc-BEKTOPOB XapaKTepPU3yeTcCs
MaKCUMAaJIbHOI SHTponueit

MaremaTtnyeckoe oXKujtaHue pajyc-BEKTOPOB MOJIEKYJI OIpeessIeTCs
HYyJIEBBIM DPaJINyC-BEKTOPOM. BaxKHO OTMETUTH, YTO €CJIA BBIIIOJIHEHBI /IBA
yCJIOBUA

—+oo “+oo +oo
/ / / h(z,y,z)dxdydz =1 (ycioBue HOPMUPOBKH), U
—0o0 —0o0 —0o0

+o0 +oo +oo
/ / / (2 4+ 9% + 22)h(x,y, 2)dx dy dz = const

(3amana quCTIepCrst paInyCc-BEKTOPOB MOJIEKYJI WA 3a/1aH CPEITHUI pa3Mep
OCKOJIKOB), TO (yHKIWs h(z,y, z) obecrednBaeT MaKCUMAJIbHOE 3HAYEHME
nadopmarmonHoit suTponuu Illernnona

+oo  ptoo ptoo
H(h) = _/ / / hz,y,z) Inh(z,y, z)dx dy dz

TOIZIa, ¥ TOJIBKO TOIJIA, KO/ BBIIOJIHSETCA paBeHcTBo (1), To ecThb B ciy-
Yae HOPMAJILHOrO pactpenesenus. [locientee yTBepKIeHIE O MAKCHMY-
Me SHTPOIHH JIJIsi HOPMAJIbHOTO PACIIPE/IeIeHHs], BIIEPBbIe ¢(hOPMYIHPOBA
(B TepMHHAX MJIEAJIBHOIO ras3a) apcrpuiickuil ¢dusuk Jlrogpur Bosbipvan
(1844-1906) [3]. To, uro BosbrMan Ha3bIBaJI MEpOil IEPECTAHOBOYHOCTH,
ceronas HaspiBaerca surponueii [lennona. MakCHMaIbHOCTD SHTPOINH
SIBJISIETCs BasKHEHINMM OCHOBAHMEM JIJIsi TIPEJICTABIICHUS] PACIPEIeJICHISI
PaJyC-BEKTOPOB B BHZE HOPMAJIBHOIO PACIPEE/ICHIS

4. PacnpeneneHue cMemieHU MOJIEKYJT

Monyns pagmyc-BeKTOpa MOJIEKYIBI HA30BEM CMEIIEHNEeM MOJIEKYIIbl 1
obozmaunm Gyksoit R. Ouesuno, uto R? = 22 4 y? + 22. Ilycrs dbynxmus
g(R) xapakrepusyer BEpOsATHOCTH COLIOCTABJIEHUSI IIPOU3BOJILHOI MOJIEKY-
se cMmemenus R. Pacrpeniesenne MOJIEKysI IO CMEIIEHUSM SKBUBAJIEHTHO
pacIpesesIeHnI0 MOJIEKYJT HJICaJbHOI0 ra3a I0 MOIYJIAM CKOPOCTH B 3a-
nade Makcsemra. Takum 006pa3oM, HoJIydaeM IJIOTHOCTh PACIpPeJIeIeHIs
BEPOATHOCTEN CMEIICHUN MOJIEKYJI

4

2 —R?/a?
ﬁagR e /a7, (2)

g(R) =
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SameTnM, 9TO B 3aja4e O PACIPEICJICHUN CMEIEHUN MOJIEKYJI BCE OCKOJI-
KU UMEIOT IIPOU3BOJIbHYIO, YACTO JOCTATOYHO CJIOXKHYIO, (hopmy. I[Ipu a3Tom
B3aMMHOE PACIIOJIOXKEeHTE OOJIBITIOTO YUCIIA MOJIEKYJT XaPAKTEPU3YETCs CIM-
METPUYHBIM paclipejleJIeHueM UX CMEITeHUIl.

5. IIpeobpa3oBaHue pacmpeeeHUsl CMEMIEHU MOJIEKYJI B
pacripeejieHre pa3zMepOB OCKOJIKOB

IIpemonokum Teneps Jjist TPOCTOTHI, YTO BCE OCKOJIKUA UMET (DOPMY
mapa, KaK B cJIydae pacraja KuJIkoctu Ha Kammm. [lycts OykBa R omHo-
BPEMEHHO 0D03HAYAET CMEIEHUE MOJIEKYJIbI U PAJUYC IApOBOrO OCKOJIKA.
[IycTh MWIOTHOCTD pacCIpesesieHIsI BEPOSITHOCTEN DPaIyCOB OCKOJIKOB 3a-
naerca dbyuaknueit f(R). BeposTHOCTH TOro, 94T0 pajinyc OCKOJIKA JIEKUT
Mex ity R u R+ dR nponopIiimoHaabHa 9uCIy MOJIEKYJI, 00Pa3yIOIX TaKIe
OCKOJIKH. YCTaHOBHM CBSI3b CMEITIEHII MOJIEKYJI, OIIPeIe/IIeMbIX (DYHKITHe
g(R), c paguycamMu OCKOJIKOB, onpejessgeMbix dyukuueit f(R). VI3 reomer-
pruUecKux cooOparKeHui BBITEKAET WHTErPAJIbHOE COOTHOIIEHUE

Ro Ro 400 R3
/ g(R)dR = f(R)dR + / f(R)R—ng,
0 0 Ro

ceszbiBatonee dbyskmun g(R) u f(R) 1u1st 1106010 HEOTPUIATEIBHOIO 3HA~
qenusa Ry. [lepenuirem cooTHomenne B BuIe

[ sman-

HuddepeHtupyst mocjegHee BbIpaKeHUe JIBaXKJbI 110 R, moJiyuaeM JBa
paBeHCTBa

00 Ro
) e [ A

: dR.
i3 , R

Ro
3
| f(R)dR+ RO/O

%) Ro
9(Ro) = 3R} /0+ f]gj) dR — 3Rj ) fgj) dR,
. T f(R) fof(R) ., 3f(Ro)
g (Ro) = GRQ/O R‘S dR — GRO R3 dR — Ro .

Wckmogast mHTErpasIbl U3 9TUX PABEHCTB, HAXOANM (POPMYITy mpeobpa3o-
Banust dyuxiun g(R) B dyskmuo f(R):
1
f(R) = 3[29(R) = ¢'(R) - R]. 3)

CormacHo 3Toit dhopmyiie,

AmmeR=Amfmma
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10 ectb [ g(R)dR = 1 Torma, u roneko Torma, Korga [, f(R)dR = 1.

Dopmyinl (2) u (3) cpasy JAIOT IJIOTHOCTH PACIIPEIE/ICHUsT BEPOATHOCTEMH
PaJINyCOB OCKOJIKOB:

f(R) = 3[0[5R4 7R2/a (4)

9TO0 — IJIOTHOCTDb XU-PACIPEIETIEHNS C IAThIO cTernensaMu cBoboabsl. Cper-
Hee 3HAUEHNE PaJINyCa OCKOJIKa (MaTeMaTuIeckoe OXKIIaHIEe PaJIAyCa) PaB-
HO 8a/(34/T), a Moma pajmyca OCKOJIKA (TOYKA MAKCHMYyMa ILJIOTHOCTH
pacipesenenns) pasaa v/ 2a. Cleq0BaTeIbHO, CPeiHee 3HAUCHIE PAIILYCa
OOJIBITIE MOJIBI PAIIYCA.

6. COBHa,Z[eHI/Ie Teopuu M IKCIIEepUMeEeHTa

Hepenummem bynximio wioranocru f(R) B koopaunarax “abermcca —
MAacca OCKOJIKOB, ODJMHATA — YUCJIO OCKOJKOB', Torga nosayduM f(m), u
paccMoTpuM DYHKIIAIO PACIIPE/IEICHUS:

F(m) = 1 —expl—(m/p)"], A =2/3. (5)

Dyuxkius F(m), nojaydeHHas TeOPETUYECKH, B TOYHOCTH COBIIQJIALT C PaC-
npenesieraneM BeitOysiia, M0OIy9IeHHBIM U3 MHOTOYUC/IEHHBIX IKCIIEPUMEH-
tos! Bosee Toro, snauenne A = 2/3, nosry4eHHOE B [IPE/IIIOJIOKEHUN XPYII-
KOCTH TBEPJIOIO TeJia, COIJIACYeTCs C IKCIEPUMEHTAJIbHBIMU 3HAYEHUSAMU
st xpynkux Tet: 0,6 < A <0,7.

7. 3akioueHue

Dopmyist (1)—(5) OMECHIBAIOT OCKOIKU XpynKoro Teia. Popmysst (3)-
(4) maiimensr aropoMm B 2007 rosy. Anrumiickuit dusuk JIKOH Yirbsm
Crpert (sopz Paseit) (1842-1919), saypear Hobenesckoit npemuu 1o u-
suke 1904 roma, u3ytasi Ipou3BOJILHOE pacipe/iesenne da3 B pAMKax Teo-
pum KosebaHmii, BHIBET (DOPMYIY MJId aMILTUTY, KOJeOaHMi, MaTeMaTH-
YecKr coBnaJaionyo ¢ dpopMmysoh (2), u 9T0 coBHaJeHue HE CIIydailHo.
Dpannysckue dusuku 2Kan Barucr [leppen (1870-1942), saypear HoGe-
JieBcKoit pemun 110 dusnke 1926 roma, u oas Jlanxkesen (1872-1946),
uzydass OPOYHOBCKOE JIBUXKEHWE, MPUMEHIJIN MaTEeMATHIECKWl AIapaT
MakcBesuia K aHaJm3y CMEIeHH OPOYHOBCKON YaCTUIbI. DTO ITO3BOJIH-
sio Ileppeny B 1908-1909 rr. HaliTu TOYHOe 3Ha4YeHMe 4Yncja ABorajapo u
OKOHYATEJIBHO JIOKA3aTh ATOMHO-MOJIEKYJISIPHYIO TEOPHUIO CTPOEHUS Belle-
crBa. Takum 06pa3oM, CKOPOCTH MOJIEKYJIBI I'a3a, aMILIUTY/Ia KoJiebaHus,
cMerreHre 6POYHOBCKON YaCTHUIIBI U CMEIIEHNEe MOJIEKYJIBI OCKOJIKA, OIUCHI-
BAIOTCsl OJHON U TOH ke hbopmyIioii (2).
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VIIK 51(091)
3ayem uHAMIIy MaTeMaTukKa?
(Pa3smblniieHust Ha/ BBOAHOM TyIaBoil TpakTara
MaxasBupsl, IX B. H. 3.)

I. T'. Xmypkuna*

* Kagpedpa 6vruucaumenvroti Mamemamury U Mamemamuseckot gusuru,
Mockosckuti 2ocydapcmeennviti mexhuieckull yHusepcumem
umernu H.9.Baymana,

Pybuosckan nab., 2/18, Mockea, Poccus, 105005

Awnnporauus. [IpuBonurcst aBTopcKmii mepeBos ¢ caHCKpuTa bparMeHTa Ccodu-
Henus Maxasupst “CobpaHne OCHOBHBIX TIOJIOKEHHMH HayKu O Borauciaenusax” (IX
B. H.9.), JAIOTCSI KOMMEHTapPHUU K HEMY.

Kurouesble ciioBa: MHANNCKAs MaTeMaTHKa, MaxaBI/Ipa.

Tpakrar unpuitckoro maremaruka [X Beka H.3. Maxasupsr «Cobpanne
OCHOBHBIX [IOJIOYKEHUH HayKu 0 BbluncieHnsx» (galNitasArasaGgrahaH)
SIBJISIETCSI TIEPBOI B UCTOPUU UHAMICKOI MbIC/ I PabOTOIt, TOCBSAIIEHHO 1C-
KJIIOYUTEIHHO MaTeMaTUuKe KakK He3aBUCUMOll (IIpexkie BCero, oT acTPOHO-
mun) gucruiinae. OHa HaIlMCAHA HA CAHCKPUTE, METPUIECKUM TEKCTOM U
COJIEPKUT IIPAKTUIECKN BCE MATEMATHIECKIE JOCTHKEHUsI TOTO BPEMEHU.
CrexkTp 3aTparnBaeMbIX B COYMHEHUH BOIIPOCOB BeChbMa, OOINMpEH: apud-
MeTHYeCKUe OIlePAINy, JIeHCTBHUS ¢ ApodsaiMu, apudMeTrndecKasi I IeOMeT-
puUeckasi MPOTPECCUM, TPABUJIO TPEX BEJIMINH, SKOHOMUIECKUE 3a1a4Md,
3aJIa4M Ha JIBUYKEHME, KOMOMHATOPHUKA, CYMMUPOBAHUE KOHEUYHBIX PSIJIOB,
HEOIIPe/IeJIEHHbIE YPABHEHUS 1-0f1 CTelleHU, PellleHne CUCTEM YPaBHEHUN C
HECKOJIbKUMU [IEPEMEHHBIMIY, IIJIAHUMETPHSI, CTEPEOMETPHUS U MHOTOE JIPY-
roe. MaxaBupa IPUBOJUT KJIaCCU(PUKAIIUU HUCCIIEIYEMBIX O0bEKTOB, JTaeT
upaBuiia BelaucaeHuil (6e3 10Ka3aTeabCTB) U CHAbXKAeT TEKCT MHOIOYHC-
JICHHBIMU YTIPAYKHEHUSIMU.

Agrop tpakrara Maxasupa (mahAvlIra, 6yks. “sesukuii repoit”) win
Maxasupadapbs (mahAvIrAcArya, 6yks. “yunrens Maxasupa’) — npea-
craBUTe b IUraMbapCcKoil BeTBu pKaiiHu3zMa. [1o Bceil BugmmocTu, OH pa-
6oran upu aBope Amorxasapinu (rofbl npasieHust: ok.815 — ok.877 rr.),
1apst u3 CpeJHEeBEKOBOM quHAcCTUU ParTpakyToB — mpaBuTeseil KPYITHOIT
umrnepun (VIII-X BB.), pacmnosiarasiieiics Ha TEPPUTOPUH COBPEMEHHBIX
oykHOMHIMiicKuX mTaros Kapraraka u Maxapamrpa. «Cobpanue. .. » —
€IMHCTBEHHAs M3BecTHasI pabora MaxaBupbI.

IlepBas rytaBa yKa3aHHOTO COUYMHEHUSI HOCUT BBOHBIN XapakTep. 3/1eCh
aBTOP BO3HOCHUT XBaJIy CBOEMY «Te3Ke» — MaxaBupe, OCHOBATEIO JXKau-
Hu3Ma, u mapo Amorxasapine. Kpome Toro, 37ech e BBOguUTCs 6a30Bast
TEPMUHOJIOTHS] TPAKTATA: €UHUIBI M3MEPEHUs JIJINHBI, BDEMEHHU U JIp., Ha-
MMEHOBaHMs apu(PMETUIECKUX Ollepalluil, Ha3BaHUs PA3PsIIOB JIeCATUIHOM
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cucrembl. Crojia »Ke BKJIIOUEHBI OCHOBOIIOJIArAOIIIE IPABUIA JEHCTBUSA C
HOJIOXKATENBHBIMH, OTPUIATEbHBIMU YMCIAMEI 1 HYJIEM.

Hanbosee 3naanTenbHbIM 10 00beMy (pParMeHTOM TIEPBOI TJIaBbI SB-
JisteTcst rpyima aByctunuii (cr. 9-16), HOCBSIIEHHBIX Ba’KHOCTH MaTeMa-
tuku (gaNita, gaNitazAstra). [Ipusegem nepesos sroro gpparmenTta Ha
PyCCKUii sI3bIK (OCYIIECTBIIEH 10 u3naHuio [1]):

«Bo [Bcex| memax — Kacarorcst Jiu [OHH| IOBCEJTHEBHBIX 3a00T, WJIH YKe
[cBstennbIX| Bes, nn [m06oit npyroit] momobHoi [edepsr usHu|, — BCto-
JLy MCIIOJIB3YIOTCs Bbruncaenust. /9/ B Hayke j1100BU U B HayKe MOJIATHYIE-
CKOTI'0 yIIPaBJIEHNS], B My3bIKE U B CIIEHHYECKOM HCKYCCTBE, B KyJIHHAPHOM
JieJie, MEJTUITMHCKON NPaKTHKe, apXUTeKType u ap. obsacrsx, /10/ B Ha-
yKe 0 TIOITHIECKNX MeTpax [u| yKpalmeHusix [TeKcTal, B XymOKeCTBeHHOMN
JlITepaType, B JIOTWKE, B sI3bIKO3HAHUHM U IIP., BO BCEX BHJAX HMCKYCCTB
HAyKa O BBIYMCJIEHHSAX B Gosbrmom modvere. /11/ Korna peus uzer o japu-
sxkernu CoOJHIA M JIp. IJIAHET, O 3aTMEHUHM, COEJANHEHNN IIJIAHET, O “Tpex
ponpocax”!  u Bpamenun JIyHBI — Bcerjia TPOMCXOIUT TO JKe caMoe [T.e.
ofpalreHre K HayKe 0 Bbranciaenusix|. /12/ YncaeHHOCTh, MPOTSIZKEHHOCTh
u 00XBAT OCTPOBOB, OKEAHOB, I'Op, [pasaudanbix| oburesieli, 60ros u3 npomMe-
JKYTOIHOH cchepbl, HeOeCHBIX CBEeTHII, Jiojiel, obuTtareseit Kapne? /13/
u Beex oburareseii [aga] Hapaku, [a TakKe| BBICTPOEHHBIE B DSJIBI MHO-
TOYHCJICHHBIE 3aJIb1 Il COOpaHuii, pa3sHooOpasHble 3aMepbl U T.11. — [Bee]
OHM OIIUCBHIBAIOTCS € TIOMOIIBIO HAYKHU O BblYuCcyIeHnsX. /14/ Buemnuit Buj,
[POJOJIKATEIBHOCTD YKU3HH, BOCEMb KA4ECTB-ACIIEKTOB U T.II. XKUBBIX CY-
MeCTB, [nx| jABurKeHuWe U T.II., [UX| oObejuHEHNE [B IPYNIbI] U T.J. — BCe
51n [unposiByieHns1| xapakTepusyorcs Boraucaenusmu. /15/ K gemy [3amn-
MaThCsI| JOJITMME pacCyKaeHusiMu? B Tpex Mupax, HAIIOJIHEHHBIX YKUBBIM
[] HEKUBBIM, KAKyIO Belllb [HU BO3bMU|, BOUCTHHY, HUYTO He [MOXKeT Cy-
IECTBOBATH| B OTPBIBE OT BbIUUCICHUH. /16 />

ITpuseennbie qudupamObl MaTeMaTHKe He OBbLIA YeM-TO yHUKAJIbHBIM
B MHMICKON MaTeMaTHKO-aCTPOHOMUIECKOH Tpaaunun. I1oo6HbIe macca-
2K, Pa3/MIHbIE [0 JJIMHE U COJIEPXKAHUIO, XaPAKTEPHBI U IS JIPYIUX HH-
JUIHACKIX MaTeMaTHKOB. VIX HaJndne B TEKCTe 00YCIaBINBAJIOCH HE TOIBKO
U, BO BCeil BEPOSTHOCTHU, HE CTOJIBKO BOCXUINEHUEM «MOIIBIO HAYKU», KO-
TOPYIO OpaJiCs M3JIaraTh aBTOP, CKOJIBKO JAHBIO OIPE/IeJIeHHON TPa I
U OTYACTH — IPAKTUIECKOH HeoOX0MMOCTbh0. Jles10 B TOM, 9T0 MaTeMaTH-
KI 339aCTyI0 paboTa/lil IPU JIBOPAX, I 0OOCHOBAHME, KK LIPUHATO BbIPa-
JKAThCA B JINCCEPTAIAAX, <AKTYAJIbHOCTH TEMbI», BAXKHOCTH IIPE/ITAraeMo-
ro MaTepuaja B IIOBCEJHEBHON KU3HMU ObliIa 3aJI0r0M IPO(ECCHOHATIBHOI
BOCTPEOOBAHHOCTH.

1B opuruHaIBEHOM CAHCKPHTCKOM TeKCTe triprazna — HasBaHHe IVIaBbl B MHIWHACKHX
ACTPOHOMUYECKUX TPAKTATAX, MOCBAIIEHHON TPEeM KHHEMATUYECKUM XaPaKTEPUCTHKAM
JIBUKEHUs] HEOECHBIX CBETHJI (MECTOIIOJIOXKEHNE, HAIPABJICHHUE JIBHXKEHUS, BPEMEHHbIE
napamerpsl).

2B mkaiiHu3Me — ocobast 06uTesb GOroB.
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Caemyer oTMeTUTb U TOT (DAKT, YTO OOJIBIINHCTBO yKa3aHHBIX Maxa-
BUPOIl obJiacTeil IpUMeHeHUs] MATEMATHKI HE OTParKEeHbI HU B T€OpeTuYe-
CKUX TIOJIOKEHUSIX TPAKTATa, HU B MHOTOUHCICHHBIX YIIPaKHEeHUsIX. Takum
obpaszom, mepedncjenne cdep MPUIOKEHUsS MATEMATHICCKOTO 3HAHUS BO
BBOJIHO# ry1aBe «CoOpaHusi. .. » He UMEJIO HEIOCPEJICTBEHHOI'O OTHOIIEHMS
K COJIEP?KAHUIO COYMHEHUSI, XOTsI U MOIJIO B KAKOW-TO CTEIEHH OTPAYKATH
npuBopHbIe 00sizanHOcTH Maxapupbl. HecoMHeHHO 1 TO, UTO M3/1araembie
UM MaTEMATUYECKHE 3aKOHOMEPHOCTU JEHCTBUTEBHO UCIOJIb30BAJIUCH U
B ACTPOHOMUU, apXUTEKTYPE U IP., O YeM MOXKHO CYJUTDH MO COUYNHEHUSIM
JIPYIUX UHIUHCKUX aBTOPOB (6oJiee paHHUM U CUHXPOHHBIM Maxasupe).

JImreparypa
1. The gaNita-sAra-saGgraha of mahAvIrAcArya. With English
translation and Notes by m.raGgAcArya. — Government Press,

Madras, 1912.

UDC 51(091)

Why do Indians need mathematics?
(Reflections on the introductory chapter of
Mahavira’s treatise, 9th century A.D.)

G. G. Khmourkin*

* Department of Computational Mathematics and Mathematical Physics
Bauman Moscow State Technical University,
Rubtsovskaya emb., 2/18, Moscow, Russia, 105005

The author’s translation from Sanskrit of the fragment of Mahavir’s treatise
“Collection of the basic propositions of computational science” (IX century AD)
and commentary to it are given in the article.

Keywords: Indian mathematics, Mahavira.
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MoandunnpoBanHasa mozeib Kpamepa-Jlyuabepra c
peJieifHbIM yHpaBJieHHEM W MPOU3BOJIbLHBIMUA OObeMaMu
nmorpebJieHus pecypca

A. A. Hazapos*', B. 1. Bpouep*!
* Tomexuli 20cydapcmeeHtbili YHUBEPCUMEM,
np. Jlewuna, 36, Tomck, Poccus, 634050

t Poccuticrut yrusepcumem 0pyostcbvt Hapodos,
ya. Muxayxo-Maxaasa, 0.6, Mockea, Poccua, 117198

Awnnporanusi. B nannoit pabore paccMaTpuBaeTcs MaTeMaTHYeCcKasi MOZIENb Ch-
CcTeMbl yIpaBJIEHHs 3alacaMu B Bujie MOaudUIMPOBaHHON Momenun Kpawmepa-
Jlynabepra ¢ pesielHBIM yIIpaBJICHHEM U IPOM3BOJILHBIM PACIpPEIeIeHIeM 00be-
MOB norpebisienus. HaliieHo TouHOe BBIparkeHue /JIsi CTAIMOHAPHOIO PacIIpe/ie-
JIeHUsl BEPOATHOCTEH 3Ha4YeHHWil IIporecca ypPOBHHA 3allacOB, HAKOIJIEHHBIX B CH-
cTeMme.

KuaroueBnie ciaoBa: moznens Kpamepa-Jlymnabepra, ynpasienue 3amacamu, pe-
Jlefinoe ynpasiieHue, npeobpasoBanue Dypoe.

1. Bseneuune

Cy1ecTByOT pa3jindHble KjIacCuUKAIMU MOJeJeil yIIPaBJIeHNs 3aIla-
camu. B coorBercTBUE ¢ KitaccuUKAIIEH 0 UCCIIe/LyeMbIM IIEPUOJIAM Pa3-
JITYAIOT OJIHOIIEPUOIHBIE M MHOTOIIEPUOAHBIe Mosiesin. Newsvendor problem
(MOZIE/Ib PA3HOCUUKA TA3€T) OJHA U3 KJIACCUIECKUX OIHOIEPUOIHBIX MOIE-
Jieii Teopun yupasienus 3anacamu [1-4,8,9].

O6001eHreM OSHOMEPUOIHBIX MOJIEJICH SIBIASIOTCS MHOTIOIIEPHUOIHBIE,
SABJISIIONIHECS GoJiee CJIOXKHBIMU, MOCKOJIBKY B MHOTOIEPUO/THBIX MOJIEJISIX
[IpeJIoJaraeTcsl UCIOJIb30BAHNE OCTABIIUXCS B KOHIE MPEIbIIYIIEro Ie-
puoza 3anacos [5,10]. MHoromneprojable MOJIENIN YIIPABJIEHHs] 3aIacaMu C
peJIeliHBIM yIIpaBIeHrueM paccMoTpensl B [6,7].

B manHoit pabore cTpouTCst U HCCIIEyeTCsT MOIUMUIIMPOBAHHAST MOJIEITH
Kpamepa-JIlynubepra ¢ pesefiHbIM yIIpaBJIeHAEM U IPOM3BOJILHBIM PaCIIpe-
JieJIeHreM 06beMOB MOTPEOJIeHUsI, KOTOPasi HUMEET IMUPOKOe TPUMEHEHNE B
TEOpUH YIIPaBJIEHUs 3allacaMi, SKOHOMUKE, CTPaXOBAHUM U JIPYruX 0bJia-
CTSIX.

2. Maremarunyeckasi MOJ€JIb

PaccMoTpuM MaTeMaTHIECKy0 MOJIeIb yipasieHus 3anacamu (Puc. 1).

0603Ha9UM 00HEM HAKOILJIEHHBIX PECYPCOB B CHCTEME K MOMEHTY Bpe-
Mmenn ¢t gepe3 s(t). Ha BX0J cucTeMbl ¢ HENPEPBLIBHON MOCTOSHHON CKOPO-
CTBIO V B €IUHUILY BPEMEHU MOCTYIIAI0T HEKOTOPhIE PECYPCHI. 3aIIPOCH HA
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N

Ms), B(x)
_— > s(7) _—

Puc. 1. Cucrema yupasienus: 3anacamu

oTpebIeHne pecypca MOCTYIAIOT B CUCTEMY B CTy YaifHble MOMEHTHI BpeMe-
Hu. MOMEHTBI ITOCTYILIEHUsT 3aIIpOCOB Ha MOTpebjieHrne pecypca 00pa3yor
[IyaCCOHOBCKHH MOTOK € KYCOYHO-IIOCTOSIHHONW HHTEHCHBHOCTBIO A(S), KO-
TOpas 3aBUCHT OT 3HAYeHMi $(t) = $ BEJIMYUH 3aIaCOB, HAKOILIEHHBIX K
MOMEHTY BpPEMeHHU t MOCTYILIEHHS 3asBKHM Ha TMOTped/IeHne pecypca

A1, S<S7

A(s) =
)\Zu S Z S )
371€Ch S — HEKOTOPOE MOPOrOBOE 3HAUEHUE PECYPCa, NPH IPEBBIMICHUN KO-
TOPOTO MPOUCXOUT CMEHA MHTEHCUBHOCTH IIYACCOHOBCKOIO TIOTOKA. Byiem
CUINTATh, 9TO BEJIMIUHBI 3aIIPOCOE Ha, TOTPEOJICHIE — HE3aBUCUMBIE, OIIH-
HAKOBO pacllpejieJIeHHbIe CIyJailHble BeJIMYUHbI, MMEIOIIUe TPOU3BOILHYIO
dyukuuio pacupeneienus B(x).

Byzem mosarars, 9To nporecc s(t) MOKeT IPUHUMATH OTPUIATE bHBIE
3HAYEHWs, HTEPIPETUPYS 9TO KAK OTJIOKEHHOE HMCIIOJHEHHE 3aI1poca Ha
norpebJieHne, TO eCTh €CJI JIJIsl UCIIOJIHEHUs 3asiBKI Ha HOTpebJIeHne HeJl0-
CTaTOYHO pecypca, TO 3asdBKa OKUJAeT HAKOILICHUA TpebyeMoro obbema

pecypca.
YcaoBue cyecTBOBaHUE CTAIMOHAPHOTO PEYKUMA UMEET BT

Mb<r < )\gb,

rje b - nepsbiii MomenT dyakimu B(xz). Takum 0o6pa3oM, eciu yCIoBHsI
A < v/b < A2 u s < S BBIIOJHAIOTCS, TO PECYPC HAKAILIMBAETCS B CH-
creMe, B IIPOTHBHOM CJydae mpu § > S 00beM pecypca B cucreme OyJeT
YMEHDINATHCs, IIOCKOJIbKY MHTEHCHBHOCTD HOTPEOJICHIS YBEJIUIATCS.

3. TIlocramoBka 3amaum

Ucxons n3 onpeesenus npouecc $(t) sBaAeTCst MAPKOBCKAM C HeIpe-
PBIBHBIM BDEMEHEM ¢ ¥ HENPEPBIBHBIM MHOYKECTBOM COCTOSHHN —00 < § <
0.

O603HaUNM IJIOTHOCTD DACIPEIeJIeHNs] BEPOATHOCTEH 3HAYEHNUI 11Po-
necca s(t)
OP {s(t) < s}

P(s,t) = s ,
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U 3alUIlIeM CJeaylolee paBeHCTBO

P(s + vAt,t + At) = P(s,t)(1 — A(s)At)+
+A¢t / As+ 2)P(s+ z,t)dB(x) + o(At),
0

TOI/Ia MMEeT MECTO CJIe/yIolee nHTerpo-auddepeHImaibHoe ypaBHEHNE

OP(s,t) n V@P(s, t)

5 5 —A(s)P(s,t) + / A(s +z)P(s+ z,t)dB(x).
0

PaccmarpuBast GyHKIMOHUPOBAHWE CHCTEMBI B CTAIIMOHAPDHOM DEXKUME W
0603HAUAs CTAIMOHAPHYIO IUIOTHOCTD pactpeienennst P(s) BeposiTHOCTE
3HaAYEeHNH YPOBHS 3a1aCOB HAKOIIJIEHHBIX B CICTEME, TToj1aras v = 1, IpeJibl-
Jyliee ypaBHEHUE IIePENUIeM B BU/IE

P'(s) + A(s)P(s) = /)\(s + z)P(s + z)dB(z), (1)
0
riae P(s) ymosiersopsier rpaHUYHBIM yciaoBusaM P(—oco) = P(oco) = 0.

Byzem nosiarate, 9To pelieHne ypapHeHus (3) CyIeCcTBYeT U eJJMHCTBEHHO.
CraBurcs 3aja9a Haxoxienns sujga byuxmuun P(s).

4. Pemenne P(s) ypaBHenus (1)
Bsenem oboznauenust

S %)

_Zo P(s)ds = Ry, b/P(s)ds = R,.

CdopmyiupyeM yTBep:KieHIE 0 BEPOSITHOCTAX Ry n Ro.
YrBepxkaeuue 1 Bepoamnocmu Ry u Ry umerom eud

b1 1-\b
T b M0 T b —M\b

Cdopmynupyem teopemy o perternu P(s) ypasuenus (3).

Ry
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Teopema 1 Pewenrue P(s) ypasnenua (3) umeem eud

L OOe‘jusP*udu7 s < S,
N -3 O

Ce6=9), s> 5,

2de 7y - eOUHCMBEHHDIT NOAOHCUMEADHBIT KOPEHD YPABHEHUS Ay — 7 =
o0

Ao [ e77dB(z), j = V/—1. Py(u) - npeobpasosanue Pypve dyrryuu
0

AR P

1— ej“’mdB(x)}fju
c ejuS
Ju—y

, KOH-

A1q1—

o—glo—g

onpedeasemoe svipasicenuem Py (u) = {
{ ej“IdB(a:)}—ju

cmarma C onpede/memm pasercmeom
C = ’YRQ

Cdopmynuposannas TeopeMa OLpeessdeT CTAMOHAPHOE Pacpeesie-
HUEe BeposiTHOCTEl 3HadeHuil npomecca s(t).

Buaaromapuoctu

PaGora Beinosmena npu ¢unancosoii nomaepkke MOH PO (Corame-
are No. 02.a03.21.0008 ot 24 utons 2016 1.).
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Abstract. A c—server queueing system providing service to two types of cus-
tomers, say, Type 1 and Type 2 to which customers arrive according to a marked
Poisson process is considered. A Type 1 customer has to receive service by one
of ¢ servers while a Type 2 customer may be served by a Type 1 customer (with
probability p) who is available to act as a server soon after getting own service or
by one of ¢ servers. Upon completion of a service a free server will offer service
to a Type 1 customer on a FCFS basis. However, if there is no Type 1 customer
waiting in the system, that server will serve a Type 2 customer if one of that
type is present in the queue. The service time is exponentially distributed for
each category. We consider preemptive service discipline. Condition for system
stability is established. Crucial system characteristics are computed.

Keywords: crowdsourcing, queueing system, preemptive service, matrix-ana-
lytic method.

1. Introduction

In this paper we analyze the impact of preemptive priority in the con-
text of crowdsourcing. For a detailed discussion on crowdsourcing one
may refer to Chakravarthy and Dudin [1]. That is the first reported work
on crowdsourcing modelled in the queueing context. They analyze the
problem as a priority queue with non-preemption.

We consider a multi-server priority model in the context of crowdsourc-
ing with two types of customers — Type 1 and Type 2 to which customers
arrive according to Poisson process of rates A1 and Ao respectively. Type 1
has priority over Type 2, which is of preemptive nature. Type 1 and Type
2 customers are to be served by one of ¢ servers and the service times are
assumed to be exponential with respective parameters p; and ps. Services
are offered in the order of the arrivals of the customers. Type 2 customers
may be served by a Type 1 customer who has been served out and also
available to act as a server immediately after his service completion. At
the time of opting to serve there should be at least one Type 2 customer
waiting to get a service. We assume that a served Type 1 customer will be
available to serve a waiting Type 2 customer with probability p, 0 < p < 1.
With probability ¢ = 1 — p, the served Type 1 customer will leave the sys-
tem. If a Type 1 customer decides to serve a Type 2 customer, for our
analysis purposes that Type 2 customer will be removed from the system
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immediately. This is due to the fact that the system no longer needs to
track that Type 2 customer. Type 2 customers are taken for service one
at a time from the head of the queue whenever the queue of Type 1 cus-
tomers are found to be empty at a service completion epoch. The service
of such customers is according to a preemptive service discipline, that is
the arrival of a Type 1 customer interrupts the ongoing service of any one
of Type 2 customers if any in service, and hence this preempted customer
joins back as the head of the Type 2 queue. Type 1 customers have a lim-
ited waiting space L, 1 < L < oo, while Type 2 customers have unlimited
waiting space. The above described service is found in what is referred to
as “crowdsourcing" (see Howe [2]).

The rest of the paper is arranged as follows. In Section 2 the model
under study is described. Section 3 provides the steady state analysis of
the model, including key performance measures.

2. Mathematical formulation

Let Ny(t), S(t) and Na(t) be the number of Type 1 customers in the
system, the number of servers busy with Type 2 customers and the number
of Type 2 customers in the queue respectively.

Then Q = {(Na(t),S(t), Ni(t)),t > 0} is a continuous time Markov
chain with state space

{(0,0,k),0<k<c+ L}U{(0,k),i >1,c<k<c+L}U
{00,j,k),1<j<c,0<k<c—jtu{(i,jk),i=z1,1<j<ck=c—j}.
Now we define the set of states as follows:

0={(0,0,k),0<k<c+L}U{(0,5,k),1<j<c,0<k<c—j}
and for ¢ > 1,
i ={(,0,k),i > 1L,c<k<c+LYU{(i,j,k),i>1,1<j<ck=c—j}.

Through the state space merger, the infinitesimal generator of this CTMC
is of the form

B, By
Q _ By A AO

Ay Ay A

Theorem 2.1. The system under study is stable if and only if

A2 —pAia < cppiay + poay
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where

c—1 i
a= 34 (2) m(0),

1

w=4(2) 5 (&) =0

c—1 i c L ]
1 )\1> 1 ()\1> < A1 )
where m.(0) = |1+ (=) +=2(= 2
o g G i G 2 G
3. Steady state analysis

Let y = (¥¢,¥1,¥2,---) be the steady state probability vector of the
generator Q. That is, }
yQ =0, and ye = 1.
Note that y, = xo and y; = (X2;-1,X2;) for ¢ > 1 where x = (x¢, X1, X2, ...)
is the steady state probability vector of Q.

Under the stability condition given in (2.1) the steady-state probability
vector y is obtained as

yi=y R i>2

where R is the minimal non-negative solution to the matrix quadratic
equation (see Neuts [4] and Latouche and Ramaswami [3])

R%A, + RA; 4+ Ay = 0.
The normalizing condition of (3) results in

yoe +y:(I —R)le=1.
Define the (¢ 4+ L + 1)-dimensional vector £ as

£= ZYz'e =y, (I —R)" e®I)=x1+x(I — Ry)"'(I + Ry).

i=1

3.1. System Performance Measures

1. Probability that the system is idle P;g = 20(0,0)
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2. Probability that j servers are busy is
20(0,0) j=0
J
b — 2 wolk,j—k) 1<j<e-1
I k=0
oo [e+L c )
> | 2 wi(0,k) + Z i(k,e—k)| j=c
1=0 Lk=c k=1
3. Probability that j servers are busy with Type 1 customers is
20(0,0) + > xo(k,0) + > x4(c,0) j=0
k=1 i=1
1 c—j 00
bV = 20(0,5) + ¥ wolk, ) + X wile—j4,j) 1<j<e—1
k=1 i=1
oo c+L ’
Z Z :L'Z(O’k) J=c
=0 k=c
4. Probability that j servers are busy with Type 2 customers is
c+L oo c+L )
Z $0(07k) + Z Z xi(07k) j=0
p® — ) k=0 i=1 k=c
7 c—j [ee)
> zo(j, k) + Y wi(je—j) 1<j<c
k=0 i=1
5. Probability that an arriving customer is lost due to lack of buffer
space is
Piost = 29(0,¢+ L) + £(0,c+ L)
6. Mean number of Type 1 customers in the queue is
oo c+L
-3 Y
=0 k=c+1
7. Mean number of Type 2 customers in the queue is
o) c+L
S SETINRS SRR
=1
8. Rate of Type 2 customers leaving with Type 1 customers denoted by

R, 1, upon service completion of Type 1 customers is

o c+L c—

1
Ry, m, = pulz ZC% (0,k)+ > (c—jg)zi(j,c—j)
i=1 =c J

j=1
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9. Rate of Type 2 customers leaving the system denoted by Rr,_,s upon
getting service by one of c—servers is

c c—J c© ¢
RT2—>S:.M2 ZZ]IO(]7]€)+ZZ]I1(]aC_])
J=1k=0 1=1 j=1

4. Conclusions

The main advantage with the problem we analyzed in this paper in
comparison with that of Chakravarthy and Dudin [1] is that the loss
of Type 1 customers is reduced due to preemption. The rate of loss
of Type 1 in our case is probability of ¢ + L Type 1 customers in the
system whereas that in Chakravarthy and Dudin [1] is Y ;_, Prob.(c —
i Type 1 in service and Lin waiting ). This results in a larger number of
Type 2 customers being served by Type 1 customers. However, preemp-
tion of a Type 2, sometimes even more than once, may lead to its longer
waiting time in the system. Nevertheless if suitable incentives is provided
to Type 1 customers who serve a Type 2 customers on leaving the system,
then p may become close to 1, if not equal to 1.
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Abstract. A single server retrial queueing-inventory is considered in which cus-
tomers join directly to the orbit according to a Markovian arrival process (MAP).
Service time of customers are independent and identical distributed phase-type
distributed (PH) random variables. Inter retrial times are exponentially dis-
tributed with parameter nn when n customers are in the orbit. Unsuccessful
retrial customers tend to leave the system (impatience) with positive probabil-
ity. In addition we also introduce search of orbital customers for next service
with state dependent probability, immediately on current service completion.
This system is shown to be always stable. We compute the long run system
state probability.

A particular case of the above system is considered in which all underlying
distributions are exponential. Under certain stringent conditions we prove this
special case to have a product form solution.

Keywords: queueing-inventory, stochastic decomposition, retrial, orbital search,
reneging.

1. Introduction

In this paper we first discuss a general queueing-inventory model with
correlated inter arrival time (Markovian arrival process (MAP)) and phase
type distributed service time. Primary customers are directed to an orbit
of infinite capacity from where they try to access the server. Impatience
of such customers is taken into account. In addition we introduce search
for orbital customers at the end of a service, provided there is at least
one item left in inventory and the orbit is nonempty. First we analyse
this system, which we establish to be always stable. Next we proceed
to a special case of the system described above, for which we produce a
stochastic decomposition.

Blocking sets (more aptly partial blocking sets) have been discussed
in Krenzler and Daduna [4], among several other researchers, to produce
product form solution (see for example Schwarz et al. [8], Saffari et al. [7]).

Investigation on stochastic decomposition of retrial - queueing - inven-
tory had not produced the desired result for the past one decade. This
could be basically attributed to the fact that an appropriate blocking set
was evading the researchers. One of the objectives of this paper is to
produce such a blocking set and thereby achieve the desired result. In
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this process we also provide a geometric distribution, except for the mul-
tiplicative constants, for the ‘modified’ retrial queueing process that we
introduced to produce stochastic decomposition.

2. Model Description

Consider a retrial queueing-inventory system with a single server to
which customers arrive according to a Markovian arrival process (MAP)
with representation (Dg, D7) of order m (see Chakravarthy [2]). Let 8 be
the steady-state probability vector of D = Dy + D;.Then 8D = 0 and
Oe = 1. The fundamental rate A\ of this MAP is given by A = 8 D,e which
gives the expected number of arrivals per unit of time. External arrivals
enter directly to an orbit of infinite capacity as in Neuts and Rao [6].
The interval between two successive repeated attempts is exponentially
distributed with parameter nn when there are n customers in the orbit.
After an unsuccessful retrial he rejoins the orbit with probability p or
leaves the system without waiting for service with probability ¢ = 1 — p.
The service time is phase type distributed with representation (a,T") of
order r such that T° = —Te (see Neuts [5]). At the end of a service
that customer is provided one item from the inventory. The (s, S)- control
policy is adopted. The lead time for replenishment follows an exponential
distribution with parameter 8. Immediately after a service completion,
the server goes in search of a customer from the orbit (see Artalejo et
al. [1]) with probability p, (po = 0) which depends on the number n of
customers in the orbit, if at least one item is available in the inventory.
With probability ¢, = 1 — p,, the server remains idle. The search time is
assumed to be negligible. Put in terms of the notations introduced above
O = {(N®),C(t),I(t), Ji(t), J2(t)),t > 0} is a continuous time Markov
chain (CTMC) which is a level dependent quasi-birth and death process
(LDQBD) with state space

{(n,0,i,k);n>0,0<i<81<k<m}]

{(n,1,4,5,k);n>0,1<i< S5 1<j<rl1<k<m}

The infinitesimal generator of Q' is of the form

5’1,0 Bo
[;’2,1 31,1 Bo
Q = Baa2 Bi2 Bo

32,3 31,3 B

By Tweedie’s theorem [9] we see that the above described system is always
stable.
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Since the model described is an LDQBD, we use an algorithmic solution
based on Neuts - Rao Truncation processes (see Neuts and Rao [6]) for
further analysis. Application of this method modifies the process Q' into
the process €)' with infinitesimal generator Q' where

[;’1 = BI,N and 5’2 = BQ,N for n 2 N

system state probabilities of n and n + 1 differ by less than € for n > N.
Let ¢ be the steady state probability vector of Q’. Then ¢Q' = 0,ce =

1. From the repeating part of Q' we can write SN4k—1 = SN— 1R kE>1
where R is the minimal non-negative solution of the matrix quadratlc

equation R%Bs + RBy + By = 0. Again Q' = 0 leads to
Sn=6n-1Ry, 1<n<N-1

where .

=By [Bln + Rn+1l§2,n+1:| , 1<n<N-2

and
-1

Ry_1 =By [BI,N—l + RBQ}
Now from the normalizing condition we have

N-2 4

S0 I+ZHR+HR (I-R)'|le=1

=1 j=1

Next we proceed to compute some system state characteristics.

2.1. Performance measures

— Expected number of customers in the orbit Nop = Z nSpe.

n=1

— Probability that the server is idle P;g. = Z sn(0)e

— Probability that the server is busy Pyysy = Z sn(le
n=0

— Fraction of time inventory is empty Py = Z sn(0,0)e

n=0
— Expected number of customers reneging per unit time due to no item
oo

in the inventory Ej,ss = % Z ns,(0,0)e



Krishnamoorthy A., Shajin Dhanya 363
oo S

— Expected rate of successful retrial Esg =7 Z Z 1, (0,4)e.

n=1 i=1
— Expected number of items in the inventory

co S
EI = Z Zl [gn,(()’i)e + gn(lai)e] .

n=0 i=1

— Expected replenishment rate

Err =8 D sn(0,0)e+) sn(l,i)e
i=1

n=0 Li=0

3. Special Case

This special case provides product form solution to the system state.
The MAP in Section 2 is now replaced by a Poisson process of rate A. The
service time is exponentially distributed with parameter p. For the purpose
of producing a stochastic decomposition of the system state, we restrict the
arrival of customers as follows: All primary arrivals (external customers)
must join an orbit of infinite capacity on arrival, from where, through re-
trial alone, they can access the server (as in Neuts and Rao [6]). Further
if the server is busy at the time an external arrival takes place, then that
external customer does not join the system. The customer at the head of
the orbit alone accesses the server through retrial (see Gomez-Corral [3]).
The interval between two successive repeated attempts is exponentially
distributed with parameter 1. Another crucial assumption that when in-
ventory level is zero, no primary customer joins orbit or orbital customers
retry (even if they do so, they return to orbit). Then with notations pro-
vided in the indication Q = {(N(t),C(t), I(t)),t > 0} forms a CTMC with
state space {(n,0,7);n > 0,0 <i < S} J{(n,1,i);n > 0,1 <7< S} which
is an LIQBD process.

Lemma 3.1. The system under study is stable if and only if A <.

Theorem 3.2. Under the necessary and sufficient condition A < n, for
stability, we get

(1-2) (%)”g(k,i), k=0,0<i<8§,
(1-2) (%)”g(k,i), k=1,1<i<8

where &(k,1) are inventory level probabilities.

xn (ki) =
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4. Conclusions

In this paper a MAP/PH/1 queueing-inventory problem with expo-
nentially distributed lead time was considered. We introduced impatience
of orbital customers, which in turn resulted in the system being stable al-
ways. Search for orbital customers, immediately on completion of a service
resulted in shorter expected waiting time than that in models without this
search. In a special case we produced explicit product form solution for a
retrial - queueing - inventory problem.
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BepositHocTHas mkoJjia Bopuca BaaaumupoBuya
I'uenenko: BblgarOUiics BKJIAT
Anekcangpa JIvmurpueBuyda CosioBheBa

. H. KoBaJjieHKO"

* Omden MAMEMAMUYECKUT MEMOD08 MEOPUL HAEHCHOCTIU
CAOIHCHDIT CUCTEM,
Huemumym kubepremuru um. B.M. Inywxosa HAHY,
np-m axademura I'nywrosa 40 Kues, Yrkpauna, 03680

Awunporauus. Anexkcanap Imurpuesud CoJIOBbEB SIBJISETCS BUIHEHIIMM yUe-
HBIM B 00JIACTH TEOPUU HAJEXKHOCTHU CJIOKHBIX BOCCTAHABIUBaeMbIxX cucreM. OH
BBEJI [IOHATHE CUCTEM C OBICTPHIM BOCCTAHOBJIEHMEM U YCTAHOBUJI IIPUHIIANLI UX
ACHMIITOTMYECKOIO aHAJIN3a B «TPEYroJIbHON» cxeMe. KJIIouoM K IOJIyYeHUIO
[IPOCTBIX ACUMIITOTHYECKUX (DOPMYJI SIBUJIOCH COOTHOIIEHUE ¢ ~ (o, TJE ¢ - BEPO-
SITHOCTBH OTKa3a CUCTEMBI Ha IIEPUOJIe PEreHEPAIlH, o - TO YK€ IIPU MOHOTOHHOM
Iy TH JOCTUKEHUS OTKa3a. JIpyrum HalpaBieHreM ObLI TOUCK ONITUMAJILHOM JIHC-
[UIUIMHBI BOCCTAHOBJIEHUsI OTKA3aBINUX 3JIEMEHTOB, B YACTHOCTH, OOOCHOBaHME
onrumasbaocTr gucnummasl Hlpara (Schraga). A.JI. CosioBbeB BocIuTas MHO-
rUX yYEHUKOB, IPUMEHUBIINX €r0 METOJbI K PA3IUYHBbIM Kjaccam cucrem. A.Jl.
CosoBbeB — giaypear [ocymapcrsennoii npemun CCCP B KoJuleKTHBE aBTOPOB,
Bosrasasgemom B.B. T'nenenko (1979).

1. OcHoBHada yacThb

IIpemmerom Moeit TOPAOCTH U ICTOYHUKOM MHOYKECTBA CIACTIIMBBIX BOC-
[TIOMUHAHUI CJIy?KAT MOsl IIPHYACTHOCTb K HAYYHOI IMIKOJIe akajeMuka AH
YCCP Bopuca Biaagnvmuposnda 'aenenko (1.01.1912 — 25.12.1995) — Bce-
MHPHO U3BECTHOTO YYEHOTO W TIeJarora, MPEeKPACHOTO, JYIIEBHO INEIpPO-
ro desioBeka. Kpome HEro — MOEro rjIaBHOTO YUHUTEJsT — CIUTAI0 CBOUMH
OJIMBKUME YIUTEJISIMIA YHUBEPCUTETCKUX Tpernonasareseil akajgemnka AH
CCCP u HAH Vkpaunor Bragumupa Cepreesudya Muxasnesuaa (1930-
1994), akagemuka HAH VYkpaunor Bragumupa Cemenosuua Koposoka
(p. 1925), npodeccopa JIbBa Apkaasesnua Kasmyxunna (1914-1990). B.B.
Crenenko xxut u paboras na Ykpaune 15 jer (1945-1960) — 5 et Bo JIbBO-
Be u 10 jsrer B KueBe. B cBs3u co cBoeit roguanoit komauauposkoit 8 I'JIP
(1953-1954) B.B. I'meznenxo, no mporoeoperroctu ¢ A.H. Kommoropossim,
ormpasu ceoux acnupanros B.C. Kopoisioka, B.C. Muxasiesuua u Auaro-
smst Baagumuposuaa Ckopoxona st JasbHeiieil mororoBku B MOCKBy
(Kopousoka u Muxanesnua x akajgemuky A.H. Kosmoroposy, Ckopoxoma
—x podeccopy E.B. Tpakuny. [‘4 — yaennk JIprHKIHA” — BCET1a TOBOPHII
Ckopoxo/.|

Bepuysmucs norom B Kues, ocrerieneHHbIe CTazKepbl MEAPO JEIHIACH
C Hay9IHON MOJIOZIEXKbIO MHTEPEeCHBIME 3aadamu. [loMmHro, iepBas 3a/1a4a,
npusesennas Muxajgesuduem or Kosmmoroposa, cocrosisia B CIeayroOmeM.
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IIycte X, 1 < i <r,1 <k < o0 - HE3aBUCUMBIE HAOJIIOJEHUS C PaC-
upenesnenneMm F(z — ay), tie vu ay, #u F () HenspecTHb. MOXKHO Jin 1IpH
HEKOTOPOM 7" BOCCTAHOBUTDL (QYHKIMIO F (T — a) ¢ TOUHOCTBIO 10 HEU3BECT-
HOTO a 7

¢l mosyumst oTBeT: TaKoro 1, obIero s Bcex F', He CYIIeCTBYeT.

Craxep B.C. Muxasesuu nucast cBoeii xxkene M.M. Tuectieposoii 8 Ku-
€B, KaK OHU OJIHAXK/IbI BO3BPAIIA/INCH OT K0oJIMOropoBa 1 BCe Tpoe COILINCH
Ha MBICJIH, 9TO €I[e HE BCTPEYAJIN TAKOTO XOPOIIEro W JYIIEBHOIO YeJIO-
Beka, Kak bopuc Bmagumuposuu [M'aenenko. B 1960 roxy 'nenenko Bo3-
Bpatuicad B MockBy, B MI'Y — BHauaJse nmpodeccopom, a IIOTOM Ha, JI0JITHE
rogipl, 710 camoii emeptu (1995) 3aBemyromum Kadeapoil Teopun BEpOsiTHO-
creil.

Bemen 3a cBoum yuutenem B staBape 1962 r. mepeexas B MockBy u .
Mpmue, kaHIMIATY HAYK, O9€Hb XOTEJIOCh Y3HATH HOBBIE 3312491, 9TOOBI Pac-
TH B HayKe JaJblie. Paborasn s B oboporroM uucturyTe 10 Jrer. Havuaib-
koM umHCTHTYyTa Obl1 VBan Makaposuda IlerHuykoB, mo3jmee TeHepaJsi-
JIeWTeHaHT, a ero 3amMoM 1o Hayke — mnpodeccop Hukosait [lantemneinvo-
HoBUY Byciienko, mosnuee dien-koppecnongear AH CCCP.

Cpein Tpark JaHCKUX COTPYIHUKOB OTea 061t BeimyckHuk MI'Y Buk-
Top Aponosud VBHuIKMi — MOl criocoOHeiIMiT MOCKOBCKMIA yueHuk. Kak
U si, OH TeIephb JIOKTOP TEXHUIECKUX HAYK U JIOKTOp (pu3.-MarT. HAYK, 3a-
CITY>KEHHDBIN JTeaTes b HayKn u TeXHuKu PO.

IIpuctynus k pabore Ha Kademape, b.B. 'nemenko opranuzoBas mnpu
Hell ceMuHAp 10 TEOPUHM MAaCCOBOIO OOC/IYKUBAHWS W TEOPUU HAJIEXKHO-
cru. Bragajie on npursiacus MeHsi B Ka9eCcTBe COPyKOBonuTessi. Beckope on
BBIOpaUT emme AByx copykoomureseit FOpus Koncrantunosnua Bessiea u
Austekcannpa JIvmurpuesunya CosoebeBa. CeMUHAD TIOCEINAI0 MHOTO YUYACT-
HukoB. Cpein Tex, KTO MOTOM CTaJ U3BECTHBIM yYEeHBIM, YKaxKy lesns
ITasynosruua Bamapuna, lennagua Ilasnosuua Kimmosa, Bukropa Asex-
ceesnda Kamranosa, Biragumupa Bsauecnmaosuaa Kanamuukosa, Biain-
mupa BacuibeBuua Poikosa,

Muxanna Aunpeesnua @enorkuna, Ekarepuny Bajumosny BynuHckyio,
Jlapucy I'puroprseBny AdanacheBy, Ajtekcanapa Biagumuposunya Maxka-
pudueBa. MHOro OBLIO MPUKJIAJIHBIX CHEIUAJACTOB: BOEHHBIX, CBI3UCTOB,
TPAHCIOPTHUKOB U Jipyrux. Esrennit KOpresuu Bapaunosud, Bociencreuu
MO XOPOILIUHA JpyT, 3aHUMAaJICA OUTUMU3AIMCH IKCILIyaTalluy JieTaTe b
ubix ammaparoB (o cam ciyxuin B BBUA um. H.E. 2Kykosckoro), JL.T.
AdanacbeBa 3aHNMAJIACH TEOPUEl YIIPABJIEHNS] IOTOKOM I'DarKIAHCKUX Ca-
MoJieToB B asporoptry. M.A. PemoTKIH HCCIeI0BAIT 3aKOHOMEPHOCTH 110~
TOKOB HA aBTOMOOWJIBHBIX JOpOrax. BBLIO MHOIO 3aIlpOCOB CO CTOPOHBI
WHXKEHEPOB B 00JIACTH HAJIEXKHOCTU PAJIMO3JIEKTPOHHON almnaparypbl, Me-
XaHUIEeCKUX U JPYTUX CHCTEM.

Meue HAa MOeM HOBOM MecTe PabOThI ObLIA MOCTABJICHA 33J[a49a IIOCTPO-
UTh MOJIEJIb HAJIE?KHOCTH KPYITHEAIIEro TeXHUIeCKOro KOMILJIEKCA U 100~
6paTh 3PEKTUBHBIN BHITUCTUTETHHBIN METOST.
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B kueBckoMm MHcTHTyTE MaTeMATUKN U3/JaBHA PA3BUBAJICS METOJ Ma-
JIOTO TIapaMeTpa JIJIsl IPUMEHEHUs K CHCTEMaM CaMOr0 Pa3JINIHOIO HAa3HA-
vennsa. OgHUM 13 co3maresneil MeTona ObLI 3HAMEHUTHIH akagemuk H.H.
Boromobos. (Kcraru, numenno oun nocoserosan B.B. I'nenenko nepeexarsb
JUTst paboThl Ha YKpanHy.) s yIauHO IPUMEHHI STOT METO/| K PEIIeHNUTO T10-
CTaBJICHHOI MHe 3a7a49u. B pe3ynbrare ObLT paspaboTaH aCUMITOTHICCKUIT
METOJ aHAJIN3a HAJIEYKHOCTH CJIOXKHBIX cucTeM. Vcrounmkom BBeIeHUS B
MO/I€JTh MAJIOTO ITapaMeTpa Obla BRICOKas HaJEXKHOCTh 3JIEMEHTOB CHCTEM.
JIoBOJIBHO OBICTPO §T HATMCAJI M 3allUTHJI JIACCEPTAIAIO HA CTEIEHDb JIOK-
TOPA TEXHUIECKUX HAYK.

TTocste moero Boseparenns B Kues (1971) cemunap addextusHO DyHK-
[IMOHMPOBAJI MHOTO JieT 1101 pykoBojcrBoM B.B. ['nenenko, FO.K. Bensiea
u A.Jl. CosoBbeBa.

Bopuc Bragumuposua ['nesienko HacUUTAT ABAIATL YIACTHUKOB Ce-
MuHapa, 6J1aro1apst KOTOPOMY OHU BBIPOCJIH JI0 JOKTOPOB HayK.

B 60-x rogax A.H. Kosmoropos opranuzosas [IpobGiaemuyio craTuctu-
qeckyto yraboparoputo npu MI'Y. Beinarommuiics crarucruk FO.K. Besnsies
OBLI TVIABHOI Hay4YHOIl cuiioil B sraboparopuu.

OcnoBroe nayuHoe Hanpasyienne A.Jl. CosloBbeBa — Teopusi MacCOBOTO
obciryKuBanus u Teopust HajeKHOCTH cucTeM. C yBEPEHHOCTHIO CKAXKY,
YTO UMEHHO OH CO3/AJl aCUMIITOTUYIECKAE METO/bI B TEOPUN HAJIC?KHOCTH.

B aroit Teopun 0cobyio posib UrpaeT HCCIAeOBAHUE MOJENell CHCTeM
¢ «OpicTppiM BoccranoBaenuem» (repmun Beesa A.Jl. Cososbes). Ilepsbie
e 3aja9u Takoro pozaa pemwmi B.B. Tmemenko (TK 1964: 4, TK 1964:
5). [Bnech n manee TK osnauaer xypuan «Texunueckast KubepHeTHKas |,
[PUBHECS] B HUX METOJbI CYMMUPOBAHUS HE3ABUCUMBIX CJIYyYafHBIX BEJIH-
quH. [[pUHIUIIEI HAXOXKIEHUS] ACUMIITOTUKU HAJEXKHOCTHU JIJIsi CJIOXKHBIX
cucreM janbl A.JI. Cosnosbesbim (TK 1971: 6). Tlocse sToit crarbu nosiBu-
Jtach Tenas cepust pabor CoJioBbeBa U €ro YYEHUKOB O KOHKPETHBIX CXe-
max pesepsuposanus: JI.B. T'nenenko, A.JI. Conosbes (TK 1974: 6, TK
1975: 3); A.J. Conosbes, B.A. Baitues (TK 1975:1); B.A. 3aiines, A. .
Couosbes (TK 1975:4); B.H. Opuunnukos, A.Jl. Cososbes (Tp. III Beec.
IIK.-COBEII]. 10 TEOPUH MAaCCOBOr0o oOciayxkuBanus. V3n-Bo MoCKOBCK. yH-
ta, 1976); O. Caxo6os, A. /1. Conosber (TK 1977:4); A./1. Cosnosbes, JI.T.
Kouncranrunuauc (Teopus BepositHOCTEl U ee npumMenenust, 1992: 37, Bbiir.
1); I.B. Bpsicuna, A.Jl. Conosbes (TK 1983: 3) u npyrue. B kaxmnoit pa-
60Te TPeOOBAINCH CBOW TOHKOCTH aHAJII3a, 00IIee K€ COCTOUT B HAXOXKIIE-
HUU aCUMIITOTUKU HAJIEXKHOCTU B «TPEYTOJIbHOMY» CXeMe M pacCMOTPEHHUH
MOHOTOHHOW TPAEKTOPUU IIPOIIECCA JIO OTKAa3a.

Jpyroe Baxkuoe manpasienue ucciaepoBanuit A.J[. CosioBbeBa u ero
YUYEHUKOB — HAXOXKJIEHUE ONTUMAJIBHON JUCIUILINHBL 00C 1y KuBaHus. JlaH-
Hoit npobGisieme nocssensl padorsr: A.Jl. Cosnosnes (TK 1970: 5); B.B.
Kosinos, A.J1. Conosber (TK 1978: 3, TK 1978: 4); A.B. Ileunnkun, A.JI.
Couosben, C.®. dmxkos (TK 1979: 5). B wacrHocTH, U3y4aauch BOIPOCHI
onTHMaNIbHOCTH (B pa3uHblx cMbliciaax) aucruumasl [Ipara (L. Schrage),
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[IPU KOTOPOU MEPBBIM BOCCTAHABIUBAETCSI TOT 3JIEMEHT, § KOTOPOrO OCTa-
TOYHOE BPEMsi BOCCTAHOBJIEHIE HAaUMEHbIIIEe.

B crarse A.Jl. CosnosbeBa (Teopust maccoBoro obcnyzxusanust. Tpypl
BcecorosHoii mkosb-cemuaapa, Mocksa, 1981) npemaraercst 06001IeHHAST

cxXeMa, OIITUMU3AIINN: B HeHl BO3MOYKHBIE TUCITUILIMHDI 3aBUCAT OT X, 1 X f
- COOTBETCTBEHHO, HAKOILJIEHHBIX M OCTATOUHBIX «IJIUH» OOCJIYKUBaHUS.

A.B. Makapu4eB BBIIIOJIHII DOJIBIION UK/ PabOT 1O JAHHOM TeMaTu-
Ke; u3 uux paborsl A.B. Makapuues (TK 1982: 3; Asromaruka u Tejiemexa-
uuka 1988:9; Dyekrponnoe momenuposanue 1993: 1; Teopust BeposiTHOCTE
u ee npumenenue 1995: 40:1; Teopust HA BB3MOXKHOCTA U MaTE€MaTHIEC-
Ka cratuctuka. Maremaruka. Marepuassl 3a 8-a MeXKIyHAPOIHA HAYIHA
npakTuuna kKondepennns, «Hayunuar norennnan Ha csera - 2012», - Co-
dus, 2012.

O HayYHO-TEXHMYECKOM PE30HAHCE OTEYEeCTBEHHBIX PabOT M0 HaJexK-
HOCTH I'OBOPHT IIPUCYZKJEHUE HAIeMy KOJLIEKTUBY (MATeMaTHKU U IIPU-
Kyauble uccaeposarenu) locynapersennoit npemun CCCP 3a 1979 rom.
IIpencemarenem xomnexkTusa ObL1 B.B. I'nemenxko.

CyIecTBEeHHYO POJIb CHIIPAJIO TO, YTO B KOJUIEKTHB BOIILIU BeIyIIHE
yueHble IPUKJIAIHBIX HallpaBjieHuii, B ocobennoctu rops Asnekceesuu Psi-
ounun u Hukomnait Anekceesua Cesepries.

¢l paboraio B orzesie MareMaTH4YeCKUX METOJOB TEOPUU HAJIE’KHOCTHU
cnoxkubIX cucrem Uucruryra kubepueruku um. B.M. Tirymkosa HAH Ykpa-
uHbI ¢ 1971 roxa.

Ha BbIOOp Hallleit TeMaTUKM W METOJBI PEIeHUs 3a]a4 BCEra CUJIb-
HOE BJIMSTHUE OKA3BbIBAIOT TPY/bI Takux Kopudees, Kak Amapeit Hukosra-
esnd Kosmmoropos, Bopuc Bragnmuposua ['mesienko, n, KoHeIHO, yUIeHO-
I'0 OIPOMHOI'O TAJIAHTA, IIeJlarora yInBUTEILHOIO MacTepcTBa AJlekcaHapa
Jvurpuesuaa CostoBbeBa.

IIpuBeny msith mpuMepoB.

1. TTocse pemenus 3amaun A.H. Kosimoroposa o GyJsieBoM ompeeure-
sie: I.H. Kosastenko (Teopust BepositaOCTEil 11 e ipumenenusi, 1972: X VII:2),
A.A. JleBuTcKasl pa3BWJIa aCUMIITOTHYECKHI AHAJM3 CJIyYAWHBIX JIMHEH-
HBIX CHCTEM YPABHEHUI HaJl HEKOMMYTATUBHBIM KOJIbIoM: A.A. JleBurckas
(Kubepreruka u cucremubiii anamms, 2010:3).

2. H.IO. Kyzuenos (Kubepueruka u cucremubiit anaaus, 2016:1) upu-
MEHMJI METO][ yCKOPEHHOI'O MOJIEJIMPOBaHUSI K OIlEHKE KOMOMHATOPHBIX YN~
cea (3azava, nasHo usBecrHas B mkoJe A.H. Kosmoroposa).

3. E.B. Koba ( Koba E.V. Theory of Stochastic Processes, 2002, 24:8)
HCCJIE0BAJIA YCJIOBUS IPTOJIMIHOCTU CUCTEM C IIOBTOPEHUEM 3asIBOK, IIPO-
JokuB apuanuonnyo remaruky JI.I. AdanacbeBoii.

4. I.H. Kosanenxo (YkpanHcknit Maremarndeckuit )y paai, 2000:52:9)
HeCcKOJIbKO yiyunmi pesyabrar JI.B. Tuenenko u A.Jl. Cososbesa (TK
1964:4).
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5. B meopun magexuocru, B Tom uncie B padorax A.Jl. Conosbesa, xa-
PAKTEPUCTUKH CUCTEMbBI YACTO ITPEJCTABJIAIOTCS TPOOHO-THHEHHBIM (DYHK-
nuonasioM I ot Hekoroporo pacupeseserus G. JI.C. Croiikosa (JI.C. Croii-
koBa, C.I1. Kpacaukos, Kubepreruka u cucremubiii ananus, 2016:6) mo-
CTPOMJIA METOJI, HAXOXKJICHUS TPAHUI] U3MeHeHUusI | B YCJIOBHSX HEOIpeJie-
JIEHHOCTH.

Ormeuas 90-stetue co aus poxienust Anekcanapa Ivmurpuesnua Co-
JoBbeBa (23 okTsaOpst 2017 roga), Mbl IIEHUM €0 BBIJAOIINECs HAYIHbIE
pPe3yJIBTAThl, HEYTOMUMYIO II€JIaTOTNIECKYIO JesITeTbHOCTDh U JIydIue de-
JioBeueckue kadectsa Hariero apyra Carmu CosioBbeBa.
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Probabilistic school of Boris Vladimirovich Gnedenko:
outstanding contribution of
Alexander Dmitrievich Soloviev

I. N. Kovalenko*

* Department of mathematical methods of the theory of reliability of
complex systems,
Institute of Cybernetics them. VM Glushkov National Academy of Sciences,
Academician Glushkov Ave 40 Kiev, Ukraine, 03680

Alexandr D. Soloviev is an outstanding scholar in the theory of complex re-
newable systems. He introduced the term “system with a fast repair” and estab-
lished principles towards asymptotical analysis of such systems, in a “triangle”
approach. The key goal was in the proof of a relation g ~ go where ¢ is the fail-
ure probability in a renewal cycle whereas go is the reduction of to monotonic
type failures. Another topic of Soloviev’s research related the optimization of
the queueing discipline. In particular the optimality of Schrage discipline was es-
tablished in some cases. A.D. Soloviev guided many disciples. A.D. Soloviev was
awarded the State Prize of USSR in a collective leaded by Boris V. Gnedenko
(1979).
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Adapted statistical experiments with random change
of time

D. Koroliouk*, V. S. Koroliuk’

* Institute of Telecommunications and Global Information Space,
Ukrainian Academy of Sciences, Kiev, Ukraine
t Institute of Mathematics,
Ukrainian Academy of Sciences, Kiev, Ukraine

Abstract. We study statistical experiments with random change of time, which
transforms a discrete stochastic basis in a continuous one. Adapted stochastic
experiments are studied in continuous stochastic basis in the series scheme. The
transition to limit by the series parameter generates an approximation of adapted
statistical experiments by a diffusion process with evolution.

The average intensity parameter of renewal times are estimated in three dif-
ferent cases: the Poisson renewal process, stationary renewal process with delay
and the general renewal process with Weibull-Gnedenko renewal time distribu-
tion.

Keywords: statistical experiment, random change of time, special semimartin-
gale, triplet of characteristics, limit theorem, statistic parameter estimation.

Adapted statistical experiments with random change of time are real-
ized by a counting renewal process v(t), t > 0, with the Markov renewal
moments:

T =inf{t : v(¢t) >k}, k>0.

The renewal intervals 01 := 741 — 7%, £ > 0, 79 = 0 are determined by
the distribution function ®(t) = P{0r4+1 < t}.

The normalized counting renewal process vy (t), ¢ > 0, in the series
scheme with N — oo, is defined by the time stretching: vy (t) := v(tN),
t>0.

The random change of time in a discrete stochastic basis

%N = (Qa ‘S; (‘Sk, ke N)7 P)
is given by the filtration &Y = Sun), t > 0.

The adapted statistical experiments with random change of time is
determined by a solution of the following difference stochastic equation:

Aan (1) = =Volan(H)/N + Auy (i) /VN S k>0,
with the normalized regression function of increments:

Vo) =V(A =) (c—p), le|<1, |pl<1, V>0
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Using the notations

N N N N
ap =an(ty ), g = e (T ),
the adapted statistical experiment an(t), ¢ > 0, is characterized, as a
special semimartingale, by three predictable characteristics [1, ch.2|:
— evolutionary component

UN t) 1

=-% Z Volad), t>0; (1)

— variation of the stochastic component

v (t)

ol \/» Z o%(c):=1-V3*c), t>0,
— compensating measure of jumps

VUN (t) 1

Y (g Z Elg(Aaiiy) [SY], t>0. (2)
k=0

The limit theorem for the adapted statistical experiments is based on
the canonical representation for semimartingales by the triplet of pre-
dictable characteristics (5) — (7). It is implemented in two stages.

Stage 1. The compactness of adapted statistical experiments (2) by
N — o is established by using the approach [4] (see also [5]).

Stage 2. By additional conditions for predictable characteristics: the
functions Vo (c), o%(c), |c| < 1 identify the limiting process, defined by the
the limit predictable characteristics.

Theorem 1. The adapted statistical experimens an(t), t > 0 in series
scheme with the series parameter N — oo, determined by the predictable
characteristics (1) - (1) with additional condition of convergence of initial
values:

an(0) b, oy, Ean(0) = Eap, N — .

converges, in distribution, to the diffusion process with evolution with scale
change of time

an(t) D agt), 0<t<T, N— .

The predictable characteristics of the limiting process a®(t), t > 0 has the
following representation:

qt qt
V0 = Vo(a®(u))du , of = / o?(@®(u))du , 0<t<T.
0 0
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and the compensating measure of jumps is absent:

I'Y(g) =0, N—=oo, gle)€CsR).

The limit diffusion process with evolution a®(t) = ag(qt), t > 0, is
given by the stochastic differential equation

da(t) = =Vo(a(t))dt + o(a(t))dW, , t >0, (3)
with the linear time scaling
ap(t) =a(qt) , t>0. (4)

The scaling parameter is determined by the renewal intensity ¢ =
1/Ef;41, k > 0.

The main statistical problem for the adapted statistical experiments is
to estimate the scaling parameter ¢ using the theory of renewal processes
[6-8]

The simplest Poisson renewal process, as well as the stationary renewal
process with delay, are characterized by the equality:

Ev(T)=q¢qT, T >0.

At the same time, for a process with arbitrarily distributed renewal inter-
vals
O(t) =P{Ops1 <t}, k>0,

the parameter ¢ has estimation by using the strong law of large numbers
[10, Ch.IV, §3]
qg~=v(T)/T.

The mentioned above statistical estimations has been numerically ver-
ified on the simulated trajectories of the renewal processes with previously
fixed parameters in the cases discussed above.

Case 1: Poisson renewal process with parameter ¢ = 2. In
this case the nodal formula Ev(t) = ¢t and its statistical interpretation
ED(t) = gt implies the statistical estimates gr = - Zi\f:l Um(T)/T. Using
exponential renewal interval generation 6; = —(1/q) In(1—x;), x; € U(0, 1),
one stimulates the random samples of the level T hitting times of for the
renewal process v(T'), in order to obtain the statistical estimates gp:
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Table 1
Estimate gr by M = 10

T=5 | T=10 | T=20 | T=40 | T=70 | T=100 | T=150 | T=200
1,88 | 2,18 | 2,07 | 1,985 | 2,0057 | 2,028 | 2,018 | 1,9685

Case 2: The stationary renewal process with delay, deter-
mined by the initial distribution function of limit overjumps.
Here a particular case is considered, with the initial renewal intervals
calculated by the overjump a level T' for enough big 7. The other re-
newal intervals have Weibull-Gnedenko distribution function W(1/2,1/2):

O(t) =1-— e=V2 ¢ > 0. The strong law of large numbers provides the
statistical estimation ¢ ~ v(T)/T.

Considering that 1/¢g=Ef; = (1/2)T'(3) = 1, hence ¢ = 1.

The numerical simulation of the level T hitting times v,,(T), m =
1,2, ... for the renewal process 7, k > 1, gives the following statistical
estimates gr:

Table 2
Estimate g7
m=1 m=2|m=3
T=200 |1 0,935 1,02
T =300 | 0,996666667 | 0,93 1,073333333
T =400 | 1,075 0,945 1,0375

Case 3: Renewal processes with arbitrarily distributed re-
newal intervals. Here a particular case is considered, with Weibull-
Gnedenko distribution function W (2,2): ®(t) = 1 — e /4 t > 0. The
strong law of large numbers provides the statistical estimation ¢ ~ v(T')/T.
Considering that 1/¢=Ef;, = AT'(1,5) = /7, one has ¢ = 1//7 &~ 0, 56419.

Using W(2,2) renewal interval generation 6 = 2 - (—In(zy))"/?, x5 €
U(0,1), one obtains the level T hitting times v, (T), m = 1,2, ... for the
Eenewal process T, k > 1, which gives the following statistical estimates
qr:
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Table 3
Estimate g7

m=1 m =2 m =3

T =300 | 0,563333333 | 0,56 0,57

T =450 | 0,566666667 | 0,557777778 | 0,566666667
T =580 | 0,574137931 | 0,565517241 | 0,565517241
T =725 | 0,569655172 | 0,55862069 0,56137931

Conclusion

The convergence of the adapted statistical experiments with random

change of time to a limit diffusion process with evolution ag(t), t > 0,
given by the stochastic differential equation (1) with the linear time scaling
(1), reduces the problem of the random change of time to a statistical
estimation of only the average renewal intensity parameter g.

® N>

10.
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AnHoTanusi. B pabore paccmarpuBaeTcss MapKOBCKHM ITPOIECC C HEIPEPbIB-
HBIM BPEMEHEM, B KOTOPOM MHTEHCUBHOCTH CKAYKOB UMEET aCUMIITOTUIECKN CTe-
[IEHHYIO 3aBUCUMOCTb OT IIOJIOXKEHUsI Iporecca. losrydeHa SKCIIOHEHIIUATIbHAS
ACHMIITOTHKA BEPOSTHOCTEN SKCKYPCHil HOPMUPOBAHHOI'O IIPOIECCA, ITPOTEKAO-
[IUX B OKPECTHOCTH 3aJI[AHHOI HEOTPUIATEIbLHOM HEIPEPbIBHON (DYyHKIINU.

KoroueBbie ciioBa: MapKOBCKHE ITPOIECCHI, OOJIbIINE YKIOHEHUsI, JIOKAJIbHAS
3a1a4a.

1. TITocranoBka 3amayu. OcHOBHas Teopema.

B coBpemennoii muTeparype, IOCBANIEHHON TPUHIUILY OOIBININX YKJIO-
HEHUI, PACCMATPUBAIOTCS PA3JINIHbBIE YCJIOBHs, KOTOPbIE HAKJIAIIBAIOTCS
HA CJIydaifHbIe IPOIECCHI, JJIS MOy IeHIs SKCIOHEHITNAIBHON aCHMIITOTH-
KI BEPOSITHOCTEl MAJIOBEPOSITHBIX COOBITHH (CM., HanpuMmep, [1].

Mpbr OymemM paccMaTpwBaTh CKAIKOOOpA3HBbIE MapKOBCKHE ITPOIECCHI
HEOTHOPOHBIE IO (ba30BOMY ITPOCTPAHCTBY, HHTEHCUBHOCTHU CKAIKOB KOTO-
PBIX IIOJIMHOMUAJILHO 3aBUCAT OT MOJIOZKeHUs nporiecca. [pu aToM ynaercs
HOJIyIUTh SKCIOHEHIMAIBHY IO ACUMITOTUKY JIJIsS BEPOSATHOCTEH HAXOIUTh-
¢l B OKPECTHOCTH HENPEPBIBHON (DYHKIMK KaK JJIsl 9PrOJUIECKUX TIPOTEC-
COB TAKOrO THUIIA TaK M JJI HEBO3BPATHLIX, B TOM YHUCJIE JIOMYCKAIOIIIX
"B3pLIBLI".

Uszyuenne Takux MapKOBCKHUX IIPOIECCOB MPEJICTABJISIET HECOMHEHHDIH
MAaTEMATUYECKUIl MHTEPEC U, KPOME TOrO, BaXKHO JijIsi MHOIMX I[IPUJIOZKe-
uuii. Hanpumep, B Teopuun undopmarnuu (KOAUPOBAHKE U XPAHEHHE HH-
dbopmarun), 6uosornn 1 xumMun (MOJEIN POCTa M BBIMUPAHUS CUCTEMBI
€O MHOI'MMHU KOMIIOHEHTAMM ), SKOHOMUKE (MOJEIH KOHKYPEHTOCIOCOOHOIO
UPOU3BOJICTBA U [IEHOOOPA3OBAHHUS ).

MpbI paccMOTpUM MAapPKOBCKUM CAYIaNHBINA MPOIECC C HEMPEPBIBHBIM
spemenem £(t),t > 0 um ¢ dasoseim npocrpancrsom ZT U {oo}, rue
7+ = {0} UN, kotopstii ctapryer u3 0.

Msmenenue nporecca &( - ) onumieM cieytormm obpasom. Ilycrs £(t) =
x € Z. Tloyoxkenne cirydafiHoro Iporecca He H3MEHAeTCs Ha, TPOTIKeHNT
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CJIyIaifHOTO BPEMEHU T, KOTOPOE MMEET IKCIOHEHIMATBLHOE PACIPEIeTe-
Hue ¢ nmapamerpoM h(z) > 0.

B MoMeHT BpemeHn ¢+ T, CJIy9ailHBIi TPOIECC MEPEXOIUT B COCTOSTHHUST
x £ 1 ¢ BeposiTHOCTSIMU

>
~—

(z
()’

cooTBeTCTBeHHO, T1e A(x) + pu(x) = h(z), AM(x) > 0 upu x € ZT, u(x) >0
npu z € N.

Bynem npemunonarars, 9ro npu & = (0 cupaseyuBbl paBeHcTsa p(z) =
0, AM(z) = Ao > 0 (He MOXKeM NOKHHYTH MHOXKECTBO Z71), a Tak:e, 4TO
BBIIIOJIHEHB! ACUMIITOTUIECKUE YCIIOBHSL

PE(t+r) =24 1)= N0, Plet+m)=a—1)= 1D ()

>

lim A®) _ oy 2@ (2)

T—00 Pl;[;l T—00 Qm(Em

riae P, u @, — nosoxuresnbuble KoHCTaHThL, [ > 0, m > 0, max(l,m) > 0.

CymecTBoBaHRE MAPKOBCKOIO MIPOIECCa ¢ MEPEIUCIEHHBIMUA CBOHCTBA-
MU JJIs cIydaes, korja | < 1 ycraHaBIuBaeTcst CTaHJIAPTHBIM CHOCOGOM,
cM. HampuMmep, [2], ror. 17, §4, 5.

Ipu ! > 1 npouecc &(+), BooGIIIE TOBOPsT, MOXKET YiTH Ha GECKOHEIHOCTH
("B3opBaTbes") 3a ciaydaiiHoe BpeMsi, KOTOPOe ¢ BEPOATHOCTBHIO 1 KOHed-
Ho. EcTb j1Ba moIxo/a OCTPOEHNST TAKUX MIPOIECCOB: 1) 06pBIB TIporecca
B CJLy9aiiHbIl MOMEHT BpeMeHd (MOMEHT B3DbIBa), 2) pacmmpenue da-
30BOI'0 IPOCTPAHCTBa Z T 1obaBJieHueM IIOIJIOMAIOMIEr0 COCTOSHUSA O0.

VmMeromuecst pe3ysIbTaThl MO3BOJISIIOT BLITACATD YCJIOBUA Ha | M 1M, J10-
CTaTOYHBIC KaK JJIs yXOla, TaK U JJid He yXoJa Ha OeckoHedHocTh. Ha-
upumep, upu [ > 1 u m < [ npouecc &(-) yiizer Ha GECKOHEYHOCTH 3a
KOHEUYHOE CJIyJaiiHOe BpeMsi, a mpu m > [ He yiingeT Ha OECKOHETHOCTH 3a
KOHEYHOe BpeMsl.

Hac unrepecyer siokasbublii npuniun 6osbmmx ykiaonenuit (JIIIBY)
JUIS TTOCTIEJI0BATE/ILHOCTH CIYYailHbIX [IPOIECCOB

er(t) =GR, 0<t <,
rae T > 0 — mapaMeTp, KOTOPbIH HEOrPAHUYEHHO BO3pacTaeT (CM. HAIIPHU-
mep, [3].

CrpaBeyIMBOCTh HAINX PE3YJIBTATOB HE 3aBUCAT OT TOTO, YXOIUT UJIN
Her nporece () Ha GECKOHEYHOCTH 3a KOHedHOe BpeMsd. Mbl uzydaem
ACHMITOTUKY BEpOsiTHOCTEHl Tpaekropuu Iporecca &r(-) HAXOAUTHCA B
OKDECTHOCTH HelpepblBHOH Ha orpeske [0, 1] dyukuuu. T.e. Mbl paboTaem
HA MHOXKECTBE TEX TPAEKTOPHil, Ha KOTOPBIX UCXOIHBINA MPOIECC HE yXO-
JuT Ha GeckoHedHOCTh Ha orpeske [0, T|. PaccMmarpuBaeMble BEPOSTHOCTH
HOJIOXKUTEBHDI Jaxke ecsu npouecc £(+) "B3ppiBaercs"3a KOHEUHOE BpeMsi
(cM. HIKe BhIpaxkenue (1) )
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Paccemorpum nipocrpancTso D[0, 1] HenpepbIBHBIX ClIpaBa M UMEOIIUX
npesensl caesa Gyukmmit. Qs f, g € D[0, 1] momokum

p(f,9) = sup [f(t) —g(t)| (3)

t€(0,1]

Ounpenesnienne. Ilocaedosamenvrocms caywatinox npoyeccos Er(-) ydo-
saemeopaem JIIBY wa muoocecmsee G C D[0,1] ¢ Pynryuonarom yrao-
nenut I = I(f) : D[0,1] — [0,00) u Hopmupyrowet pynxyuets Y(T) :
ILm Y(T) = o0, ecau das moboli pynkyuu f € G svinoaneno pasencmeo
n oo

lime _, lim supy_, o ﬁ InPr(-) € U(f))
= lim. o lim infp_, ﬁ mP(Er(-) € Ue(f)) = —I(f), 2de

U(f) ={9 €D[0,1] : p(f,g) <e}.

B pamkax ganmoro OmnpemeneHusi BOSMOXKHBI pasHble ciaydan. Huke
MBI PacCMATPUBAEM TPH CJydas JJis BUja (DYHKIMOHAJA YKJIOHEHUH B
3aBUCUMOCTU OT TOIO KAKOE€ M3 CJEMYIONIUX TPEX YCJIOBUil BBIIOJIHEHO 1)
I>m;2)l=m;3) 1l <m.

Bamernm, 4o caydait m = 1, I = 0 cuemyer u3z paGorer [4] (Tam
PacCMOTPEH JIByXMEPHBI MapKoBckuil mporecc). Kiaccuueckuii corydait
I = m = 0 caexyer, HanpuMep, u3 paBoThl [5]. MbI MOIB3yeMCst TTOIXOIOM
pabotsl [4].

O6osraunm uepes F mmuoxkectso dynkmmit uz C1[0, 1], Takux gro
f(0)=0, f(s) >0upu 0 < s <1.

Teopema. ITycmo svinoanens yeaosus (1) u (1). Toeda nocaedosamenn-
HoCMb cayuatino npoyeccos E(t) ydosaemeopaem caedyrowemy JIIBY
Ha MHoocecmee F.

a) Ecau 1 > m, mo nopmupyrowasn dymxyus »(T) = T u dynxyu-

oHaA YKAOHEHUT umeem 6ud

I(f) =P J, f'(t)dt, f€F.
b) Ecrul =m u P, # Qu, mop(T) = T u dynruyuonan yraonenu

umeem 6ud )
(f):(V-Pl_\/Qm)2f0fl(t)dtv ng

¢) Ecau l < m, mo nopmupyrowsan dyrwyusa H(T) = T u dynxyu-

OHaN YKAOHENUT UMEEm GUJ
1
[(f):meo fm(t)dta JeF.

Cayuait [ = m, P, = @, TpebyeT Ipyroii HODMUPOBKY U 3/IeCh HAMHI
HE PacCMaTPUBAECTCL.

W3y4eHnn acCUMITOTHICCKOTO IIOBEJCHUA JIOTapH(pMa BEPOATHOCTH
P(&r () € U(f)) nnst dynkuuii f € F onmpaercst Ha IPUBEJICHHYIO HUXKE
Jlevnry.
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PacemorpuM OHOPOHBIH U 110 TPOCTPAHCTBY ¥ 110 BPEMEHU MApPKOB-
ckmii mponiece ((t), t € [0,7], ¢ dasoBbIM IPOCTPAHCTBOM 7, UHTEHCHB-
HOCTBIO CKA4YKOB PaBHOM 1, pa3sMepoM CKa4YKOB PaBHBIM =1, KaxKJblil C
BEpPOSITHOCTBIO 1/2.

O6ozHaunM vepe3 X MHOXKECTBO BCEX HEIIPEPBIBHBIX CIIPaBa KYCOYHO-

MMOCTOSTHHBIX (DYHKIUI ¢ KOHEYHBIM YHUCJIOM CKAYKOB pa3mepa +1 Ha wH-
repsade [0, 7.
JIemma. Pacnpedesenue caywatinozo npouecca &(-) na Xp abcoarommo
HENPEPLIBHO OMHOCUMEALHO pacnpedeaerus npouecca C(-) u coomeem-
cmeyowas naomuocms p = pr (naomuocms Padona-Hukoduma) na X
umeem 6ud

NT(U)
200 | ] e[h<u<t~>>>11ﬂu<u<u_1>,u<ti>>>
i=1
p(u) = ><e*[h(u(tz\rT(u)))*l)][T*tNT(u)]7 ecau Np(u) > 1,
e~ [h(0)-1T ecau, Np(u) = 0.

30ecv  Ppynruus u umeem Nr(u) cxaukos 6 MoOMEHMbBL BPEMEHU
11,82, oy EINp () maruz wmo 0 =1ty <t1 < .. <typw) <T < Enp(u)+1-
lanee, 7, =t; —t;_1, u

v(u(ti—1), u(t;)) = { Mu(ti—1)), ecau u(ty) —u(ti_1) =1;

| u(tisy)),  ecau ults) — u(tiog) = —1.

B yrBepxaennn Jlemmbr yunteiaercs, uro P(£(-) C Xr) mMoxker GbITh
MeHbIre 1. 3amMeTnM, 9TO MOXOXKas IUIOTHOCTH HCIIOJIb30BAJAChH B paboTe
[4]

YrBepxaenue JleMMbl 9KBUBAJIEHTHO TOMY, UTO JJIs JIIOOOTO M3MEpPH-
moro MHOxKkecTBa G C Xp

P()eq) = eTE(e*AT(C)eBT(C)‘FNT(C) 2. () e @)
Nr(¢)
Ar(Q) = X h(C(ti)Ti + hu(tng ()T = tap ) = fy R(C(0))dt,

=1
Nt (¢)

Br(Q) = > In(w(C(ti-1),((t:))-

i=1

Baaronapaoctn

Apropsl Beipaxkaior bisiarogapaocts A.A. Boposkosy, B.M. I'ypeBuuy,
A.M. Moryasckomy u E.A. Tleuepckomy 3a uHTEpEC K paboTe U IOJE3HBIE
sameuanus. Vccienosanne H.JI. Bsenenckoii soemonneno s WUITIIM PAH
3a cuer rpanTa Poccuiickoro Hayanoro donga (npoext Ne. 14-50-00150).
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Consider a continuous-time Markov BDP {£(¢), ¢t > 0} with a state space
Z* = {0,1,...}. Given that £(t) = = € Z*, the state  remains unchanged
during an exponential random time 7, of rate h(z) := A(z) + u(z)1(z > 1);
afterwards. We investigate the probability of excursions in a neighborhood of
curve.

Keywords: Markov processes, large deviations, local problem.
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Abstract. In this research we compare the performance of different data mining
techniques in the analysis of electroencephalogram (EEG) data. We study the
question of predicting post-comatose neuro-developmental scores based mainly
on statistical features from the EEG recordings. We compare results from apply-
ing different data mining techniques, such as the Elastic Net, Lasso, Gaussian
Support Vector Regression and Random Forest Regression. We also compare
the results produced with different matrix completion methods.

Keywords: data mining, regression, regularization, random forests, matrix com-
pletion, EEG, Daubechies wavelets.

1. Introduction

Modern technologies used for statistical analysis of the brain include
EEG, MEG, PET, fMRI and optical imaging. EEG is often used for moni-
toring patients with seizures and epilepsy. Seizures, along with coma, con-
vulsions, and metabolic disturbances are common complications of cerebral
malaria(CM) [1], a tropical disease affecting over half a million people an-
nually, mostly in sub-Saharan Africa. Different sources indicate distinct
mortality rates, ranging from 4 to 46 percent. Possible mechanisms of
brain injury during CM are studied in [1].

In [3] the authors predict neuro-developmental outcomes for term in-
fants with hypoxic ischaemic encephalopathy (HIE) from EEG features
such as flat trace, burst suppression and low voltage. The authors high-
light that the reason for such a data mining problem is to accurately iden-
tify children in need for neuro-restorative therapy. For instance in [4] the
authors present the literature review about the relation of between seizures
in neonates and development of neuro-developmental complications such
as epilepsy, intellectual impairment and cerebral palsy.

In this research we analyze EEG data children in coma due to cerebral
malaria. As it is noted in [2] a large proportion of children who recover
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from cerebral malaria have neurological consequences, some even devel-
oping difficulties in cognition and behaviour [2]. However specific mecha-
nisms leading to neuro-developmental deficits have not been established,
hence there is a need to use data mining techniques to identify impor-
tant features, which can then be further researched by neurologists. We
pose the question of predicting post-comatose neuro-developmental scores
based mainly on features from the EEG recordings. The idea is to identify
the most important features for identifying children with the highest risk
of experiencing neuro-developmental problems and to look into usefulness
of EEG statistical features for this prediction problem.

2. Main section

In this research we compare the prediction results using different data
mining techniques, such as the Elastic Net, Lasso, Gaussian Support Vec-
tor Regression and Random Forest Regression. We also compare the re-
sults produced with different matrix completion methods.

Our dataset comprises of the standard 10-20 EEG recordings for 78
patients with the sampling rate of 500 Hz and the average record duration
of 30 minutes. Artefacts due to breath, muscle movement and heart beat
were removed from the raw data using Persyst software based on a neural
network algorithm. We chose to use Daubechies (Db) wavelets for splitting
the clean signal into frequency bands.

Different research indicates particular suitability of Db4 for statistical
EEG analysis and we checked the relative average MSE errors between the
wavelet signal approximation and the actual signal for different Daubechies
wavelets for the data. Our results indicated that Db4 yields an MSE or
order 1079, which is reasonably low. Also, Db4 frequency band separation
results in frequency intervals which are very close to the traditional ranges
for delta, theta, beta, alpha and gamma bands.

The features include amplitude variances in delta, theta, alpha, beta
and gamma frequency bands, Shannon entropies, relative frequency band
energy, proportion of flat line EEG, presence of seizures as a binary vari-
able, frequencies of peaks in the original cleaned time series differing from
the nearest measurements from both sides by 1/3, 1, 2 and 3 standard
deviations (we will denote these by FP 1/3, 1, 2 and 3 for simplicity),
complexity and mobility of the time series averaged over all considered
channels. Other features included: height, weight, the Blantyre coma
score, age, hemoglobin base level and economic home scores.

We have used the Elastic Net and Lasso, combined with PCA methods,
Random Forest Regression (RFR) and regularized Support Vector Regres-
sion. To begin with we considered the feature matrix with 54 non-EEG
features complementing the 362 statistical EEG features. This meant we
had to complete 504 missing matrix entries. We have used different meth-
ods to complete the matrix, including the SoftImpute method based on
Singular Value Decomposition considerations with regularization and a
nonparametric method missForest based on the random forest technique.
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We also looked at how changing the structure of the feature matrix affects
the prediction results.

We have gone checked a grid of regularization parameter X values in the
minimization problem which is the base of the matrix completion method
called SoftImpute. The best results were obtained for A = 100 and here
we present some details.

Running the Elastic Net yielded 27 non-zero coefficients with M SE =
0.37934. All coefficients from the FP 2 and 1 come with the positive
sign, so do weight, height and hemoglobin base. The top 13 coefficients in
absolute value are all positive and are above 50, the top 12 are from FP
2 and FP 1 groups, weight being the 13th largest coefficient in absolute
value.

We have experimented with the structure of the matrix, for example
doing random selection of a channel from each block of features of the same
nature, removing all medical features and all EEG features in turn, chang-
ing some of the feature values to the column means to detect importance
of the feature in the prediction. Here we present some of the outcomes.

Removing all EEG or all medical features made the Elastic Net zero
every single coefficient, but the intercept, which signals that it is beneficial
to use both types of feature for prediction purposes. Removing all patients
who were identified as having a seizure during the EEG recording made
the prediction by the Elastic Net much worse.

Using random forest regression (RFR) with 1000 trees and bootstrap-
ping yields a very low out-of-bag error of 0.015 and the MSE is 0.1208.
We have implemented regularized support vector regression with the RBF
kernel, going over a grid of penalty C and kernel ~y coeflicients, but cross
validation showed that this method is inferior to the results produced by
Random Forest Regression and the Elastic Net.

Using a non-parametric method for matrix completion yielded results
similar and slightly better in accuracy to most of the outcomes using the
Elastic Net with SoftImpute, the MSE being 0.55709 with 68 non-zero
coefficients. However, the result didn’t surpass the prediction quality of the
best result with the Elastic Net following SoftImpute matrix completion.

3. Conclusions

We conclude that EEG features bring significant value in prediction of
neuro-developmental scores of children after their awaking from coma due
to cerebral malaria. In particular we identify several potentially most use-
ful biomarkers of EEG nature for this specific prediction problem. These
include the frequency of spikes higher than 1 and 2 standard deviations
from their nearest neighbours in time, relative wave energies for different
frequency bands and variance in the theta frequency band. Details and
relation to other research will be presented at the conference.
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We will continue investigating the effect of using different matrix com-

pletion methods and in the most effective ways to identify efficient EEG
biomarkers for such prediction problems.
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Abstract. The mathematical model of cloud computing system based on the
queuing system with the splitting of the incoming queries and synchronization
of services is considered. The queueing system consists of a single buffer and N
servers (N > 2), service times are independent and exponentially distributed.
The incoming query enters the system as a whole and only before service is
divided into subqueries, each subquery is served by its device. The servers with
parts of the same query are considered to be employed as long as the query is
not serviced as a whole: the query is handled only when the last of it is out and a
new query may be served only when there are enough free servers (the response
time is the maximum of service times of all parts of this query). The stationary
probability-time characteristics of the system are presented.

Keywords: cloud computing system, splitting of incoming queries, queueing
system, response time, stationary probability-time characteristics.

1. Introduction

This paper is devoted to the problem of cloud computing modeling [1].
There are several approaches to the cloud computing systems modeling.
For the first approach [3-6] the cloud computing system is modeled via
queuing system with K subqueues and each subqueue consists of a buffer
with one (several) server. The incoming query is divided into K subqueries
and each subquery enters the corresponding subqueue. On this approach
the Fork—Join [3,4] and Split-Merge [7-9] models are based. The Split—
Merge model uses the idea of synchronization of servers (only when the
all subqueries of the same query finished servicing the new query will be
served). The second approach presents the cloud computing system as
queuing system with unlimited number of homogeneous servers [10, 11],
where the incoming query splits into several parts and each subquery is
served by one of the free servers.

Our mathematical model of cloud computing system may be considered
as general case of the second approach: the queuing system consists of N
servers, a buffer and the incoming queries are splitted only before the start
of the service. Also we use the idea of synchronization of services as in [7-9].
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Our goal is to derive the analytical expressions for some probability-time
characteristics of introduced model.

The paper consists of following sections: the Introduction, the section
with system description for the general case (non-homogeneous servers),
the section for homogeneous servers where the main results are obtained,
in Conclusion the future goals are formulated.

2. The system description for general case

We will construct the mathematical model as a queuing system with
N non-homogeneous servers (N > 2) and a buffer of size r < oco. The
incoming by a Poisson law with rate A query enters the system as a whole
and only before the start of its service is divided into N subqueries, the
service time of each subquery has exponential distribution with rate pu;,
i = 1, N. The mechanism of synchronization is used — the servers with
parts of the same query are considered to be employed as long as the query
is not serviced as a whole: the query is handled only when the last part of
it is out and a new query may be served only when all servers are free.

The service time for a whole query — the response time 7 (the main
characteristic for cloud computing systems [2]) may be defined as maxi-
mum 7 = max(ny,...,Nn) [3-5] or as minimum n = min(ny,...,nn) [12]
of times spent by subqueries. In [13] is shown that the analysis of queuing
models with the response time defined as minimum is equal to the analysis
of well-studied multiserver queuing systems [14]. So we will consider only
the case of maximum.

The probability distribution function (PDF) of n = max(n,...,nn)
has the form [6,13,15]:

N
P{max(n,...,nn) <z} = H (1—emim). (1)

i=1

For homogeneous servers (u; = u, Vi = 1, N) the (2) takes the form:

(2)

We will consider the random process v(t) = {£(t),0(¢)}, £(t) is the num-

ber of queries in the buffer at time ¢, the vector 6(t) = (01(£),...,0n(t))
describes the servers occupancy (d;(¢) = 1 if the i-th server is occupied by
the 4-th part of a query and J;(¢) = 0 otherwise). The set of states is de-
fined as X = {0} U{I, (61,...,0n)}, where I = 0;7, d1,...,dn take values
0 or 1. The probability P{(t) = I,6(t) = 0} is denoted as p;3(t) and the

probability P{v(t) = 0} = P{¢(t) = 0,8(t) = 0} of system being empty as
po(t). The steady-state probabilities (on the assumption of steady-state
regime existence) are p ;5 and po.

)
P{max(n,n2,...,nn) <z} = (1 - e‘““)N .
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3. The special case. Stationary probability-time
characteristics

Let’s assume that all servers are homogeneous, then we may redefine
the random process v(t) as v(t) = {£(t),d(t)}, 6(t) — the number of
occupied servers for non-empty system. The steady-state probabilities are
po (the system is empty) and p; ;, ¢ = 0,7, j = 1, N, for case when there §
queries in the buffer and j servers are occupied by subqueries, and satisfy
the following systems of equations (r = co):

APo = 1po.1,
(A+ju)poy = (G + Dupojr1, j=1,N—1,
(A+ Np)po,n = Apo + pp1,1, (3)

A+Juw)pij=Api—1;+ G+ Dppijr, i21,j=1,N~—1,
A+ Np)pin = Apic1,n + pPit11, ©>1,

The normalization condition is:

oo N
po + Zzpivj =1. (4)

i=0 j=1

If we define the probability distribution 7;, 7 = 0, N, of number of
occupied servers and probability distribution 7;, ¢ > 0, of number of queries
in the buffer, then from (3) and (3) we obtain:

{/\7?0 = u(po,1 +p11)s
ATy = Upiy1,1, ¢ > 1.

()

and
o = Po,
A 6
m=<, j=TN. ©
I

From (3) and normalization condition (3) for m;, j = 0, N,the proba-
bility pg is obtained:

N
A 1
po=1—— Z =
Wi
The estimation of py for the system with inhomogeneous servers:
N

N
I S )lepog— A Z%-

min(uy, ..., 4N = max(p1, ..., W) =
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If we define as w(s) the Laplace-Stieltjes transformation (LST) of wait-

ing time PDF for an arbitrary query, w; ;j(s) — the LST of waiting time

PDF for the incoming query when there are i, i > 0, other queries in the
buffer and j, j = 1, N, servers are occupied, then:

co N 0o N
w(s)=po+ Y Y wij(s)pi;=po+ Y wi(s)> wj(s)pij, (7)
i=0 j=1 i=0 j=1

where w;(s) is the LST of PDF (2) for n = max(m,...,7n;), j = 1, N, [15]:

i g
_ 1yi—1 e
wi(s) = (-1) stﬂ,u.

=1 k=1

4. Conclusions

The brief introduction to the mathematical model of cloud computing
system based on the queuing system with the splitting of the incoming
queries and synchronization of services was presented.

Our future goals are to evaluate probabilities 7;(3), ¢ > 0, and p; ; (3),

i > 0,7 =1,N, LST (3) for N homogeneous servers. We also will try to
generalize the model for case of N = a K servers, where K is a fixed number
of subqueries for a query. And, of course, the model with inhomogeneous
servers should be derived.
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Abstract. According to the Skorohod representation theorem, convergence in
distribution to a limit in a separable set is equivalent to the existence of a
coupling with elements converging a.s. in the metric. A density analogue of this
theorem says that a sequence of probability densities on a general measurable
space has a probability density as a pointwise lower limit if and only if there
exists a coupling with elements converging a.s. in the discrete metric. In this
note the discrete-metric theorem is extended to a sequence of stochastic processes
considered in a widening time window. The extension is then used to prove the
Skorohod representation theorem.

Keywords: coupling, widening time window, Skorohod representation.

1. Introduction

Let X3, X5,..., X be random elements in some measurable space (E, &)
with distributions P, Ps,..., P, respectively. Let (X1, X5,...,X) de-
note a coupling of X7, X5,..., X. This means that the random elements

Xl, X, ... . X are all defined on the same probability space and have the
distributions Py, Ps, ..., P, respectively.
If E is a metric space and £ its Borel subsets, write

X,, = X in distribution as n — oo

to denote that for each bounded continuous function A : £ — R
[ hdP, — [hdP as n— occ.

The following result is the celebrated Skorohod Representation Theorem.
It was proved by Skorohod in 1956 for random elements in a complete
separable space, [2]. Dudley [1] removed the completeness assumption in
1968 and Wichura [5] showed in 1970 that it suffices that the support of
P is separable.

Theorem 1. Let E be a metric space, let £ be its Borel subsets, and let P
have a separable support. Then

X, — X in distribution as n — 0o
if and only if there is a coupling (X'l, X, ... ,X') of X1,X5,...,X such that

X, = X pointwise in the metric as n — oo. >
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Here we shall present a proof of this theorem based on the concept of
convergence in density. In Section 2, we introduce that concept and prove
the associated representation (coupling) theorem which has a relatively
simple proof. In Section 3, we extend that representation theorem to
stochastic processes considered in a widening time window. In Section 4,
we use the extension to prove the Skorohod Representation Theorem.

2. Convergence in Density

Let f1, fa, ..., f be densities of X1, X5, ..., X with respect to a measure \.
Note that such a A always exists: we can for instance take A = P+ %Pz

Let
X, — X in density as n — oo

denote that

liminf f, = f a.e. A as n — oo.
n—oo

Note that f,,/f is defined a.e. with respect to P. It is the Radon-Nikodym
density dP, /dP of the absolutely continuous part of P, with respect to P.
Thus convergence in density is equivalent to

liminfdP,/dP =1 ae. P as n — oo.

n—oo

Note also that in the discrete case convergence in density means simply
that lim, oo P(X,, =2) =P(X =z), z € E.

In a 1995 paper [3], Section 5.4, this author established the following
analog of the Skorohod Representation Theorem.

Theorem 2. Let (E,£) be a general measurable space. Then

X, = X in density as n — oo
if and only if there is a coupling (Xl, X, ... ,X) of X1, Xo,..., X such that
X, = X pointwise in the discrete metric as n — oo. >

Proof. First, assume the coupling claim, namely that there is an N-valued
random variable N such that X,, = X, n > N. Fix B € £ and n < m.
Partition E into sets A,,..., A, € £ such that min f; = f; on A; for
n < j <m. Then <

n<ig

P(X € BN <n)=)Y P(X € BNA;,N <n) [partition|

Jj=n

P(XjEBﬁAj,Ngn) [sincer:theannZN]

|
™s

J=n

m

n j=n BNA; n<ism

IA
NIE!

<.
Il
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Send first m — oo to obtain that P(X € B,N < n) < Jpinfrcicoo fi < 1.
Then send n — oo to obtain that

P(B) < [liminff, <1 foral Be¢&.
B

n— oo

This forces P(B) = [liminf f,, for all B € £. Thus the if-direction holds.

B n—oo

Conversely, assume that liminf, . f, is a density of X. Let u,, be the
measure with density g, := inf,,>p fr, wort. A Then pg <pp <o /P
Let N, Vi, Vo,..., Wi, W5, ... be independent random elements such that

N has distribution function P(N <n)= pu,(E), neN,
V., has distribution (g, — ptn—1)/P(N = n) where po =0,
Wy, has distribution (P, — pp)/P(N > n).

Put X, = Vy on {N <n} and X, =W, on {N > n}. Then

P(X,€) = % B(Vi€)B(N =) +B(W, € JB(N > n)
- 1;2_; (Mi_ﬂi*1)+(Pn_Mn) =P,.

Put X = Vy. Then (again by telescoping)
P(Xe)= Y PWVie )P(N=i)= > (ui—pi-1) =P

1<i<oo 1<i<oo
Clearly X n= X , n > N. Thus the only-if-direction also holds. O
3. Convergence in Density — Widening Time Window

Set (H,H) = (EW,EM)@(E?, @) - ..®(E,£). If Z=(Z,7%...,X)

is a random element in (H,H) write Z*¥ = (Z%Z%...,ZF) for a time

window of length k € N.  Set (H¥, H*) = (EM, €M) @ ... @ (E®), £®),
The following theorem is from the author’s 2016 paper [4].

Theorem 3. Let Z1,Zs,...,Z be random elements in (H,H). Then

VkeN: ZF - ZF in density as n — oo

if and only if there are integers 0 < k1 < ko < -+ — 00, a coupling
(Z’fl7 Z§2, 4 of Z’fl, Zgz, ..., Z and an N-valued N such that

Zﬁ"’ =Zk,  n>N. >
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Proof. First, assume the coupling claim. Fix & € N, take m € N such
that k,, > k, and note that then the coupling claim yields Zﬁ = ZF for
n > max{N, m}. Theorem 2 now yields the density claim.
Conversely, with Q, Q¥ QF the distributions of Z, Z¥, Z* and with f*

a density of QF, assume that g¥ := inf;>,, fF 7 to a density of Q¥, n — oc.
Hence with »* the measure with density g¥,

<k <... 2QF keN.
Thus there are numbers 0 <n; <ng < --- — oo such that

0<QF—vk <27k EkeN,.

ng
For A € H and z* € H* let q.(A|z*) be the conditional probability of
the event {Z € A} given Z* = z*. Then

Q(A) = [qr(A])dQ*, AeH.
Use vf < Q" to extend vf from (H*, ") to a v, on (H,H) by

ve(A):= [qu(A])dvk . AeH.
For k € Ny the last three displays yield

0<Q-w <27 (1)

Let hy be a density of v, with respect to ). For integers k < m let v p,

be the measure with density ming<;<,, h; with respect to Q). Partition H
into sets Ag, ..., Ay, € H such that ming<;j<m, hj = h; on A; and thus

l/k,m('mAZ'):I/i(‘ﬂAi), kglgm
This and (1) yield

0<Q—vem = Y (QUNA)—w(-NA4)) < Y 27i=27F1

k<i<m k<i<oo

Define k, :=k if ny <n < ngy1. Then 0 < Q — v, m < 9 kntl
Let pp, be the measure with density inf;>y, h; with respect to ¢ and send
m — 0o to obtain 0 < Q — p, < 27%»*+1 Thus

O=:po<p1 <pa<-- Q.
Since gF < f¥ and inf;>y, h; < hy, we have v¥ < QF and p,, < vy, Thus
M']:Ln S Qﬁ”? n e N.

Now apply the last two displays: let (©, F,P) support independent random
elements N, Vi, Vo,..., W1, Wy, ... such that

N is N valued and P(N <n) = u,(H), n € N,
V., is H valued and P(V,, €-) = (ttn, — pin—1)/P(N = n),
W,, is H*» valued and P(W,, €-) = (QF» — pfn) /P(N > n).
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Put ZF» = Vi on {N <n} and Zf» =W, on {N > n}. Then

P(Zk» ) = i P(VF € )P(N = i) + P(W,, € )P(N > n)
1=1
= 2 = pit) + (@1 — ) = Qi
Put Z = V. Then
B(Z €)= 3 B(Vi € JB(N =i) = 3 (i — i) = Q

i=1 i=1

Clearly Zﬁ" = Zk", n>N. O

o
|

We now extend (Zlfl , 252, cee Z) to a full coupling (Zl, Zo, ..., Z) in a
special case. This extension will be used in the next section.

Corollary. Let (H,H) := (N,2Y) @ (N,2Y)® --- ® (E, ). Then
VkeNandi* eNF: P (ZF =i") = P(Z" =i*) as n — oo

if and only if there exists a coupling (Zl, Zo, ..., Z) of Z1,2s,...,7Z, an
N-valued random variable N and integers 0 < k1 < ko < -+ — o0 such
that . .

Zin =7, n>N

Proof. Let V, ., n € N, i*» ¢ NF» be random elements that

are independent of (Z’fl,Z’;z, ..., Z,N) and such that Vfl"ikn = i*» and
P(Vygn € ) = P(Zy € -|ZEn = if). Since V™, = Zk+ we can

extend Zﬁ" consistently to a Zn, by Z, = A\ O
Remark. If (E, £) is Polish then (N, 2%) can be replaced by a Polish space.
Moreover, Theorem 3 holds for general continuous-time Z, and if (E, &) is
Polish then in the corollary the discrete-time processes can be replaced by

processes in Skorohod space. For proofs of these results, see [4].

4. Skorohod Representation Theorem — Proof

The if-direction of Theorem 1 is straightforward: if A is continuous and
bounded and X,, — X pointwise as n — oo then also h(X,) — h(X),
which by bounded convergence yields [ hdP, — [ hdP as n — cc.

In order to prove the only-if-direction of Theorem 1, assume from now
on that X,, — X in distribution as n — co. A set A € £ is called a P-
continuity set if its boundary has P-mass 0. According to the Portmanteau
Theorem, convergence in distribution is equivalent to

P,(A) —» P(A), n — oo, for all P-continuity sets A.
Assume also that there is a separable set S € £ such that P(S) = 1.
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Partition E recursively into nested partitions of P-continuity sets:

Let Ay, As, ... be disjoint P-continuity sets covering .S, of diameters < 1.
Put Ay = E\ (A2 U A3 U...) and note that A; is also a P-continuity set.

Put A11 = A1 and A12 = A13 = - = (Z) For 7 > 1, let Ai27Ai37...
be disjoint P-continuity sets covering S N A;, each of diameter < 1/2.
Put A;; = 4;\(Ai2 U A;3 U ... ), note that A;; is also a P-continuity set.
Continue this recursively to obtain that

{Ajx:iF€ N}, k € N, are nested E-partitions of P-continuity sets,
and Az, iF€ (N\ {1})*, cover S and are of diameters < 1/k. (2)

Put
Z,=(z},72,...,X,) and Z=(Z',7%...,X)

where ZF and Z* are defined as follows: for k € N, i* € N*,

ZF =i* if X, € Ay and  ZF=i" if X € Ap.
Now P, (Asx) — P(Ax) yields P(Z; = i*) — P(Z" = i*) as n — oo,
Apply the corollary to obtain a coupling (Z1, Zs, ..., Z) and an N-valued

N such that Zﬁ = ZFn for n > N. Delete a null-event to obtain from this
that X € S and that for k € N, i* € N*,

ZF =i* if X, €Ay and ZF=1iF if X € Au.

Thus X:e Azﬁn and X € Asy, for all n. Now Z,’Z = ZF for n > N so
forn> N: both X, and )A(GAZ,M.

Since X € S we have Z*» € (N\{1})*" and (2) yields (with d the metric)
forn > N: d(Xp,X) <1/k, — 0 as n — oco. O
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Abstract. In this paper, we consider the application of k-sampling criteria for
homogeneity with the possibility of calculating the achieved significance level p-
value. The approximating models for the limiting distributions of the k-sample
Anderson—Darling test statistics have been obtained. A comparative analysis of
the homogeneity tests in terms of power has been carried out. A lot of para-
metric and nonparametric tests for testing the homogeneity of mathematical
expectations are considered. Distributions of classical test statistics for homo-
geneity of variance have been investigated including the case, when the standard
assumption of the normality is violated. A comparative analysis of the power of
many parametric and nonparametric criteria, including the case of the violation
of normality assumption. The obtained results enable us to draw correct sta-
tistical conclusions using the considered tests, including their application in the
case of the violation of standard assumptions.

Keywords: homogeneity tests, homogeneity of of means, homogeneity of vari-
ances, power of tests.

1. Introduction

The criteria for testing the hypothesis of homogeneity are divided into
three sets: criteria for testing the hypothesis about the homogeneity of the
laws of the k samples being compared, on the homogeneity of means (on
the equality of average), on the homogeneity of variances (on the equality
of variances).

When checking the homogeneity of laws, the hypothesis that all samples
extracted from the same general population is verified

HO : Fl(.lj) = FQ(I) == Fk(ﬂ?)
for any x. When testing the hypothesis of homogeneity of means, the
hypothesis being tested has the form Hy : p1 = pa = - -+ = pg, and when
the dispersions are homogeneous — Hy : 0% = 05 = -+- = 07.

To test the homogeneity of laws, nonparametric tests can be used [1] of
Smirnov, Lehmann—Rosenblatt, Anderson—Darling tests, Zhang test sta-
tistics Zx, Za, Zc. To test the hypothesis of homogeneity of means, one
can use [1] a number of parametric tests (z-test for comparing two averages
with known variances; for unknown, but equal variances (t-Student’s test);
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for unknown and unequal variances; k-sampling F-test) and nonparamet-
ric tests (Wilcoxon test, Z-Mann — Whitney test, Kruskal — Wallis H test,
Van der Waerden test, Fisher — Yates — Terry — Hoeffding test, k-sampling
Van der Waerden test).

To test the hypothesis of homogeneity of variances, we have a set of
parametric (Bartlett, Cochran, Fisher, Hartley, Levene, Neyman — Pear-
son, O’Brien, Link, Newman, Bliss — Cochran — Tukey, Cadwell — Leslie
— Brown, Overall - Woodward, Z-variance and modified Overall — Wood-
ward Z-variance tests) and nonparametric (Ansari — Bradley, Mood, Siegel
— Tukey, Capon, Klotz, Fligner — Killeen tests) tests [1].

The application of parametric tests is due to the assumption that the
analyzed particles belong to a partial parametric law. The non-parametric
tests on the homogeneity of the mean or characteristic scattering changes
do not imply the assumption of normality. However, it is required to fulfill
an equally strong assumption about the belonging of the analyzed samples
of one type of law (which, as a rule, is not mentioned).

2. Problems of application

Several general problems are associated with the application of the
tests. First, the presence of a set of tests for testing the same hypothesis
makes the researcher choose the most preferable criterion, which has a
higher power with respect to the alternatives in question. A comparative
analysis of the power of the groups of tests can be made only on the basis
of numerical methods of statistical modeling, which requires appropriate
software.

Secondly, in the real world of applications, the standard assumption
that samples belong to the normal law, as a rule, is not satisfied or diffi-
cult to test due to insufficient sample sizes. Due to the violation of this
assumption, the distribution of statistics of parametric tests correspond-
ing to the validity of the hypothesis being tested Hy, can differ from the
available classical results. This is especially critical for parametric tests of
dispersion homogeneity.

Thirdly, with limited sample sizes, the distributions of statisticians
of parametric tests often differ significantly from the known asymptotic
distributions of these statistics.

Fourth, even in the case of the standard assumption, the possibility
of correct application of a number of parametric tests is limited by the
fact that statistics distributions are not known, and there are only tables
of critical values of statistics for a certain number of sample volumes.
Therefore, one can not estimate the level of significance achieved pyqiye-
For Zhang’s homogeneity tests with statisticians Zg, Z, Z¢ there are no
tables of critical values, and statistical distributions for justice Hy depend
on the volumes of the samples being compared and the number of samples.

Fifth, distributions of normalized statistics of nonparametric tests are
discrete and for small sample sizes differ significantly from the asymptotic
standard normal law.
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Sixth, the non-parametric criteria for homogeneity of means or tests
for the homogeneity of variances (equality of scale parameters) does not
imply the assumption of normality. However, an equally strong assumption
is required that the laws of the samples analyzed are homogeneous. This
is especially important for nonparametric tests for the homogeneity of
variances.

Seventh, parametric tests have advantage in power over nonparametric
analogs, including under conditions of violation of the standard assumption
(in the case of laws that differ from normal ones). This is most noticeable
in the case of tests for checking the homogeneity of variances. This fact
testifies to the use of parametric tests for the homogeneity of variances
under conditions of violation of the standard assumption of normality. To
implement this possibility and ensure the correctness of the conclusion
about the results of testing the hypothesis, one only needs to be able to
find (estimate) the distribution of statistics G(S | Hy). The applied tests
under non-standard conditions (in the real conditions of the application).
This is quite feasible with the use of statistical modeling methods.

3. Tests for the homogeneity of laws

Problems that should be taken into account when using the tests of
homogeneity of laws include the essential discreteness of the distribution
of statistics of the Smirnov test and the essential difference between this
distribution and the Kolmogorov limit distribution.

A factor hampering the application of the Zhang homogeneity test with
statisticians Zy, Z 4, Z¢, is the dependence of the distributions of statistics
on the volumes of the samples being compared and the number of samples
and the discreteness of the distribution of statistics Zx. Therefore, in
order to estimate pyque, it is preferable to use the real distributions of
statistics found using statistical modeling.

Distributions of statistics Lehmann—Rosenblatt, Anderson—-Darling—
Pettitt quickly converge to the limit distributions. For k-sampling Variant
of the Anderson-Darling criterion, approximate models of limit distribu-
tions of statistics (for k = 2 + 11) are constructed and presented in [1].

The power of the tests by statistical modeling methods was investigated
with respect to three types of alternatives: a shift, a change in scale,
and relative to a situation where a pair of samples belonged to close but
different laws (normal and logistic). The obtained power estimates allow
us to draw the following conclusions.

Concerning competing hypotheses corresponding to a change in the
shift parameter, two-sample Smirnov (Sm), Lehmann—Rosenblatt (LR),
Anderson-Darling—Pettitt (AD) tests and Zhang’s test with statisticians
Zi,Za, Zc descending power in the following order (“>" is preference):

AD = LR > Zo > Za = Sm > Z,

Against competing hypotheses corresponding to a change in the scale pa-
rameter, the criteria are arranged in a different order:
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Za- Lo~ Zg = AD = LR = Sm.

In a situation where if a competing hypothesis, one sample belongs to a
normal distribution, and the second logistic criteria ordered by the power
as follows:

Zy = Za = Zc = AD = Sm = LR.

In the case of the k samples in similar situations the same order of prefer-
ence is saved for k-sampling options test for Anderson-Darling and Zhang.

4. Test for the homogeneity of variances

To test the hypothesis of homogeneity of variances, we propose a set
of parametric (Bartlett (B), Cochran (C), Fisher (F), Hartley (H), Levene
(L), Neyman—Pearson (NP), O'Brien (OB), Newman (N), Overall- Wood-
ward Z-variance (Z) modified Overall-Woodward Z-variance tests (MZ),
Bliss— Cochran-Tukey (BCT), Cadwell-Leslie-Brown (KLB), Link (Lk))
and nonparametric (Ansari- Bradley (AB), Mood (M), Siegel-Tukey (ST),
Capon (Ca), Klotz (K1), Fligner — Killeen (FK)) tests [1].

The violation of the assumption of normality leads to significant changes
in the distributions G(S | Hy) statistics of parametric test, which ex-
cludes the possibility of using classical results concerning distributions of
statistics. To a lesser extent, this remark concerns the O’Brien, Over-
all-Woodward Z-variance tests and Levene test.

In the case of the analysis of two samples and the fulfillment of the
standard assumption of normality, the general picture is as follows:

(F~B~C~H~NP~Z)=0B>MZ> (Kl~Ca) > L >
= FK>M> N> (AB~ ST) > (BCT ~ KLB ~ Lk).

If the standard assumption is violated and two samples are assigned to
laws with lighter tails than the normal law, the above order of preference
is retained.

For symmetric laws with heavier tails compared with the normal law,
the criteria are ordered as follows:

FK>Kl>M»>L>(AB~ST)~OB>~MZ>(F~B~C~Hn~
~NP~Z)= N> (BCT ~ KLB).

If a larger number of samples are analyzed, then, under the standard
assumption, or in the case of sampling of laws with lighter tails compared to
normal law, the criteria for decreasing power are arranged in the following
order:

C-0OB>=Z~MZ>(B~NP)>~H>L>FK>BCT > KLB.

It should be noted that for symmetric laws with lighter tails, Levene
test is inferior in power to the Fligner—Killeen test.
With symmetric laws with heavier tails, the situation changes:

FK~L>OB>~MZ>(B~NP)>Z>H>C>KLB > BCT.
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5. Application of tests in ‘“non-standard” conditions

Deciding on the results of hypothesis testing Hy on the basis of the
achieved level of significance pyqiue is always more justified than by com-
paring the obtained value of the statistics S* with the given critical values
extracted from the corresponding table.

In the presence of appropriate software in a situation where the distri-
bution of the statistics of the criterion used to test a certain hypothesis
is unknown at the time of the start of the test (for various reasons), this
distribution can be investigated using statistical modeling techniques in
an interactive mode (directly in the process of analysis). The empirical
distribution of statistics can be constructed for those volumes n;, which
correspond to the analyzed samples, under conditions of specific assump-
tions, possibly differing from the standard ones. Realized interactive pro-
cedure for distributing statistics makes it possible to apply various test for
homogeneity, including under conditions of violation of standard assump-
tions.

6. Conclusions

In the work, many tests of homogeneity (homogeneity of laws, homo-
geneity of means, homogeneity of variances) were tested. The correspond-
ing groups of tests are ordered by power. The opportunity of research of
distribution of statistics in an interactive mode is realized. This makes
it possible to apply the tests in the conditions of violation of standard
assumptions, making it possible to calculate the estimates pyqiue Which
increases the informativeness of statistical conclusions. An obligatory pre-
liminary condition for the application of test in non-standard conditions
is the identification of the type of distribution law that best describes the
analyzed samples [2].
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Let X, X, Xo,... be a sequence of i.i.d. random variables, S,, =
X144+ Xn, n> 1. The sequence {S,} is usually called a random walk.
Boundary crossing problems involve the study of distributions associated
with reaching (or not reaching) the boundary of certain set for random
walk trajectories.

Given a Borel set B C R, introduce the first hitting time

N =min{n >1: S, € B}.
Put N = if S, € B=R\ B for all n.

We are interesting in the joint distribution of the pair (N, Sy) in the
cases: B = [b,00), B = (—00,a] (one-sided problems, a < 0,5 > 0),
B = (=00, a]U[b,o0) (two-sided problem). The distribution of the sojourn
time above a level and the distribution of the number of crossings of a

strip by sample paths of a random walk are of our interest as well.
Introduce the double Laplace—Stieltjes transform (LST)

Qz,\) = E(zNeASN; N < o0) = Zz"/ eMP(N =n, Sy € dy),
n=1 B
and, in addition, the functions
Qo(z,A\) = Z z"E(e/\S”; N>n), ¢A)= Ec X,
n=1

The following assertion (the main identity) is available [1, Ch. 18].
Theorem 1 For |z| <1 and Re A = 0 the following identity holds:

(1= 20(N) (1 +Qo(z,A) =1-Q(z,A). (1)
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So we have one equation containing two unknown functions. Neverthe-
less, we can solve it and find the functions Q(z\) and Qo (zA) in one-sided
and two-sided problems, but, to this end, we need factorization of the
function 1 — zp(\).
It is well known (see, e.g., [2]) that the factorization

1= 2p(\) = R (2, )Ry (2, ), |s| <1, ReA=0, (2)

holds, where the function Ry (z,\) is analytic with respect to A in the left
half-plane Re A < 0, continuous at the border, and it is bounded and does
not equal zero when Re A < 0. The function R_(z,\) has similar prop-
erties in the right half-plane. The components of a factorization with the
above properties are defined uniquely up to a constant factor. In addition,

the functions R4 (z, A), Rjrl(z7 A) belong to S([O, oo)), and the functions

R_(z,A), RZ'(z,A) belong to S((—00,0]). Here S(A) denotes the set of
functions ¢ taking the form

g(/\):/ekde(y), where /\dG(y)|<oo, ReA =0.
A A

Given a function g € S(R), we define

V] = /A AVAG(y)

for each Borel set A. As an example, we now show how the main identity
(1) can be solved in one-sided and two-sided problems (see [3], [4]).

Theorem 2 Let b >0 and B = [b,00). Then

Q) = Ry (2, N[BT (2 0], |2 <1, Rer=0. (3)
Proof. We use the relation
R_(2,M)Q0(z,A) = =R—(2,A) + R (2, 0) (1 - Q(=, ),
which follows from (1) and (1). The left-hand side of the above relation
belongs to S((—o0,b)), so

[ ~ R_(,\) + Ry (2, M) (1 - Q(z, A))] o)

Clearly, [R_(z,)\)} [boe) — . Further, under our conditions, Q(z,\) €
S([b,00)), so R7'(2,A)Q(2, A) € S([b, o0)). Hence,

} [b,00) } [b,00)

(BTN -0 )] = [REEN]TT — RE G NQ) =0,
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A symmetric reasoning establishes that

Q(z,\) = R_(z,)) [R:l(z7)